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1 Abstract

The aim of this note is to make a brief consideration about the Index Law in
fractional differentiation. We are not interested in any particular definition of
fractional derivative, and that is why we will not introduce any. We make an
exception in the section of examples, but in any case the full document can be
understood without it.

We show, roughly speaking, that it does not exist any linear operator which
is an n-th root of the usual derivative in a very general framework.

2 Introduction

From now on, we will denote by D the operator that consists in differentiating
a function one time.

Probably the first mention about fractional calculus, at least in a naive
sense, comes with the anecdote about L’Hôpital and Leibniz. The most natural
answer that anybody would have expected to the question “What happens if
the order of differentiation is n = 1

2
?” would be something like “It has to be

something that, when it is applied twice, it gives the usual derivative”.
The previous answer invites us to make the following discussion. Let’s

think about derivatives as operators that, when applied to a function, they
give another function. We would expect to have the property that, when one
composes two times the 1

2
derivative D

1
2 , one gets D

1
2 ◦D 1

2 = D. In general,

when we compose n times the derivative of order 1
n
, which we will call D

1
n , we

would like to get the usual derivative D. An interesting discussion about what
should be called “fractional derivative” is performed in [4].

We know that the usual definitions for fractional derivatives (Caputo,
Riemann-Liouville,...), which are presented in the classical monographs [5], [6],
[7], [8] do not satisfy, in general, that property. So, in general, the following
identity does not hold

D
1
n ◦ · · · ◦D

1
n = D,

where the left composition has n factors.
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3 Some examples

We will compute explicitly, for some particular definitions of fractional deriva-
tives, the kernel of the operator consisting in applying n times the correspond-
ing fractional derivative of order 1

n
. When we work with fractional derivatives

which are non-local we will develop all our computations with 0 as the base
point and for orders α ∈ R+. As we said before, these basic definitions of
fractional integrals and derivatives can be found in the monographs [5], [6],
[7], [8].

3.1 Riemann-Liouville fractional derivative

We know that the Riemann-Liouville fractional integral is given by, provided
that it exists,

Iα0+f(t) =

∫ t

0

(t− s)α−1

Γ(α)
f(s)ds.

It is widely known that Iα0+ ◦ I
β
0+ = Iα+β0+ .

Furthermore, we define the Riemann-Liouville fractional derivative as

Dα,RL
0+ = DdαeI

dαe−α
0+ , (1)

where dαe is the smallest integer which is greater or equal than α. It is also
widely known that Dα,RL

0+ ◦ Iα,RL0+ = Id, which implies that Iα,RL0+ is injective

and Dα,RL
0+ is surjective.

From (1) we know that dim(kerDα,RL
0+ ) ≤ dαe. In fact, it is easy to check

that the equality holds, because fk(t) = tα−dαe+k, with k ∈ {0, . . . , dαe − 1},
conform a family of dαe linearly independent elements of the kernel.

In fact, it is not very difficult to check inductively that for

Dαn,RL
0+ ◦ · · · ◦Dα1,RL

0+

the kernel is conformed by any linear combination of the functions f(t) = tγ

where

γ ∈
n⋃
j=1

{ j∑
i=1

αi − dαje+ kj : kj ∈ {0, 1, . . . , dαje − 1}
}
.

The dimension of the kernel is exactly dα1e + · · · + dαne. In particular, if all
the αi = 1

n
, we get that γ ∈ {0,− 1

n
,− 2

n
, . . . ,−n−1

n
}.

3.2 Caputo fractional derivative

We define the Caputo fractional derivative as

Dα,C
0+ = I

dαe−α
0+ Ddαe. (2)
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From (2) we know that dim(kerDα,C
0+ ) = dαe. Indeed, we can find explicitly

the kernel because fk(t) = tk, with k ∈ {0, . . . , dαe − 1}, conform a family of
dαe linearly independent elements in kerDα,C

0+ .
In fact, it is not very difficult to check that for

Dαn,RL
0+ ◦ · · · ◦Dα1,RL

0+

the kernel is conformed by any linear combination of the functions f(t) = tγ

where

γ ∈
n⋃
j=1

{ j−1∑
i=1

αi + kj : kj ∈ {0, 1, . . . , dαje − 1}
}
.

The dimension of the kernel is exactly dα1e + · · · + dαne. In particular, if all
the αi = 1

n
, we get that γ ∈ {0, 1

n
, 2
n
, . . . , n−1

n
}.

4 Main result

We have checked in the previous section the well-known fact that the identity
D

1
n ◦ · · · ◦D 1

n = D, where the left composition has n factors, does not hold for
two of the most relevant fractional derivatives. In fact, in both cases, the left
side has a kernel of dimension n which strictly contains the kernel of D, with
dimension 1.

It is a very reasonable question if the previous identity can not hold for
any fractional derivative. We will show that the identity is impossible over any
functional space S that contains the constant functions, where the existence
of primitives is ensured and where the operators involved are well-defined. For
instance, one can think in Ck(R), with k ∈ Z+ ∪ {∞} ∪ {ω}, where Cω(R)
denotes the analytical functions over R. The only assumption is that the
fractional derivative is linear. Now, we state and prove the main result.

Theorem 4.1. Given n ∈ Z+, there is no linear map F over S such that
F n = D holds, where F n denotes the composition of F with itself n times and
where D represents the classical derivative.

Proof. It is well-known that the functions that lie in the kernel of D are the
constant functions. So, we are saying that kerD = {f ∈ S : f is constant}.

We will assume that there is some F , which is a linear map over S, such
that F n = D holds and we will achieve a contradiction.

Note that kerF 6= 0, because if kerF = 0 then D would be injective because
of F n = D and we would get kerD = 0, which is not true. Furthermore,
it is evident that kerF ⊂ kerD, but kerD has dimension 1 so necessarily
kerF = kerD.

On the other hand, F has to be surjective because of the combined fact
that D is surjective (any function in S has as preimage any of its primitives)
together with F n = D. Consequently, the operator F n−1, which consists in
n− 1 compositions of F , is surjective.
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This means that, if 1 indicates the constant function with value 1, there
is an f ∈ S with F n−1(f) = 1 and, evidently, f 6∈ kerF = kerD. However,
remembering that 1 ∈ kerF = kerD we have that

0 6= D(f) = F (F n−1(f)) = F (1) = 0

which is clearly a contradiction.
This means that such F can not exist, i.e., D

1
n can not exist with the

mentioned property.

The main conclusion of this note is that the perfect fractional derivative
does not exist. The Index Law can not hold for fractional derivatives, although
it might be true if we restrict our space to eliminate the functions that cause
troubles. This restriction is usually imposed in Fractional Calculus requiring
that the function considered and some of its derivatives vanish at some point.

In short, it is not a whim that in the common definitions of fractional
derivatives (Riemann-Liouville, Caputo, Grünwald-Letnikov, Caputo-Fabrizio
[1], [2], Losada-Nieto [3]...) there is no additivity on the orders. It is compul-
sory if we just demand fractional derivatives to be linear!
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