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Abstract: An empirical model for the concentrations of monomeric and micellized surfactants in
solution is presented as a consistent approach for the quantitative analysis of data obtained with different
experimental techniques from surfactant solutions. The concentration model provides an objective
definition of the critical micelle concentration (cmc) and yields precise and well defined values of
derived physical parameters. The use of a general concentration model eliminates subjective graphical
procedures, reduces methodological differences, and thus allows one to compare directly the results of
different techniques or to perform global fits. The application and validity of the model is demonstrated
with electrical conductivity, surface tension, NMR chemical shift and self-diffusion coefficient data for
the surfactants SDS, CTAB, DTAB, and LAS. In all cases the derived models yield excellent fits of the
data. It is also shown that there is no need to assume the existence of different premicellar species in
order to explain the chemical shifts and self-diffusion coefficients of SDS as claimed recently by some
authors.
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Introduction
Because of their unique solution properties surfactants are an essential component of many industrial,
pharmaceutical, and environmental applications [1, 2].
Although surfactant self-aggregation has been extensively treated theoretically [3-9], none of the
elaborate thermodynamic models nor the increasingly complex numeric simulations has provided so far
a manageable quantitative description of the micellization process which could be used for the analysis
of experimental surfactant data.
The quantitative description of the properties of surfactant solutions, such as conductivity, NMR-shift,
surface tension, translational diffusion, light scattering or solute partition constants, requires knowledge
of the concentrations of monomeric [S1] and micellized [Sm] surfactants in solution, which in turn
depend mainly on the critical micelle concentration (cmc) of the surfactant system.
For the analysis of experimental data it is often assumed that the no micelles are formed below the
cmc and that above it all additional surfactant forms micelles. With the total surfactant concentration
[S]0, the concentrations of monomeric [S1] and micellized [Sm] surfactants in solution are then obtained
by the following approximation: [10, 11]
[S]0

cmc :[S1 ] [S]0 , [Sm ] 0

[S]0

cmc :[S1 ] cmc, [Sm ] [S]0 cmc

(1)

This simplification, although widely used, presents several problems: it introduces a discontinuity in
the concentrations at the cmc and requires that the value of the cmc is determined separately. It is further
generally accepted that the cmc has no strict meaning and that the transition from monomeric to
micellized surfactant does not occur at a sharply defined concentration but within a concentration
interval around the cmc [12].
It would be therefore desirable to have a continuous and well defined mathematical model of the
concentrations of the surfactant species in solution which includes a definition of the cmc itself.
The characteristic concentration taken as cmc can be defined in different ways. A plot of the monomer
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concentration [S1] or a physical property,

a[S1 ] b[Sm ] , which depends linearly on [S1] and [Sm],

versus [S]0 typically yields two straight lines with a more or less abrupt change in their slope at the onset
of the aggregation of free surfactant monomers to micelles. The cmc can be defined as the concentration
at the point of intersection of the two straight lines [13]. However, the choice of the two linear intervals
which define the straight lines is subjective and, in cases of very small changes in the slopes or of wide
transition region between them, this definition can be practically inoperable. Furthermore, strong
methodological differences in the determination of the cmc can be found, depending on the type of
experiment, the way the data are processed, and how they are plotted and then analyzed [13, 14].
A generally accepted criterion for the cmc was given by Phillips [15], who defined the cmc as the
concentration that corresponds to the maximum change in the gradient of a plot of the magnitude
against [S]0, given by a zero third derivative of :
(cmc)

d3
d [S]0

0

(2)

[S]0 cmc

This “Phillips-condition” is the basis of more objective methods for the determination of the cmc,
mostly developed for electrical conductivity data of ionic surfactants [16-19].
Based on the phase separation model [20, 21], and probabilistic arguments García-Mateos et al. [16]
propose that the second derivative of

with respect to [S]0 (the curvature of ) is well described by a

Gauss function (eq (3)) centered at the cmc, with amplitude H and a width

of the transition region

around the cmc.

d2
d [S]02

([S]0 cmc )2

H ·e

2

2

(3)

The determination of the cmc from conductivity measurements is based on the consecutive double
numerical integration of

of eq (3) by the Euler method combined with a least squares iterative grid

search for the best fitting parameters (cmc, , and H) [16]. This method is based on the phase separation
model, which best describes pure micellar systems having high aggregation numbers. Nevertheless, the
Post-print (final draft post-refereeing) of Journal of Colloid and Interface Science 370 (2012) 102–110
(doi:10.1016/j.jcis.2011.12.037)

3

authors applied it successfully to conductivity data of binary mixtures of ionic surfactants [16] and to
micelles with low aggregation numbers [22]. This method has been modified by Pérez-Rodríguez et al.
[18] using the Runge-Kutta method for the numerical integration of the Gaussian function and the
Levenberg-Marquardt algorithm for the least squares fitting. Both methods describe specifically
conductivity data and special programming effort is required for their application to experimental data.
Carnero Ruiz et al. presented a model for the conductivity

of ionic surfactants as a function of total

surfactant concentration [S]0 based on the observation that the first derivative of the conductivity data
can be adequately described by a Boltzmann type sigmoidal function [19]. By analytical integration of
this sigmoidal function they obtain a function for the dependence of the conductivity

on [S]0.

Although this model has some similarities to the one presented here, it was derived specifically for
conductivity data and has different mathematical properties.
A model-free nonparametric approach to estimate cmc values based on local polynomial regression
has been proposed by López Fontán et al. [23] It determines cmc values from plots of properties with an
abrupt change in the slope at the cmc such as conductivity or osmotic coefficients and allows for an
exploratory data analysis without the rigidity of parametric models. However, the complex algorithm
requires a specific software-tool and the results seem to depend slightly on the chosen parameters of the
regression (bandwidth). Being nonparametric it does not yield physical parameters other than the cmc
itself.
Shanks and Franses presented conductivity models which are based on mass action micellization
thermodynamics and on the Debye-Hückel-Onsager theory. Their detailed model requires numeric
integration combined with a maximum likelihood method in order to obtain the best fit parameters [17].
Jalšenjak and Težak propose a model for the first derivative of conductivity versus total surfactant
concentration derived from the mass action model and different conductivity models [24]. Both models
are specific to conductivity data.
Starting from these definitions of the cmc it is now our task to find a compact analytical model of
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surfactant concentrations and derived properties which is suitable for the routine analysis of
experimental data from surfactant solutions without the need for further treatment or specialized
algorithms. We limit this empirical model to surfactant concentrations not too far away from the cmc
and we will concentrate here on the derivation and discussion of the concentration model and its
application to physical properties which are direct functions of monomer and micellar concentrations,
such as conductivity, surface tension, NMR and diffusion coefficient. In a forthcoming contribution we
will deal with experiments involving additional solutes, such as fluorescent dyes, which require a more
detailed analysis of the partition of the solute between the aqueous phase and the micellar pseudophase
and its distribution among the micelles. The empirical concentration model does not pretend to compete
with elaborate thermodynamic theories or simulations of surfactant self-assembly but to improve the
empirical methods used so far.

Material and methods
Materials. Sodium dodecylsulfate (SDS), Dodecyltrimethylammonium bromide (DTAB) and
Hexadecyltrimethylammonium bromide (CTAB) of purity higher than 99% were purchased from
Sigma-Aldrich and used as received. Linear alkylbenzene sulfonic acid (LAB) was kindly supplied by
Henkel AG (Düsseldorf, Germany) with a purity of 96%. This surfactant, commonly used in the laundry
industry, is a complex mixture of homologues and isomers with a mean chain length of 11.6. To avoid
pH changes, the corresponding sodium salt (Linear alkylbenzene sufonate, LAS) was obtained by
neutralization of the LAB solutions with NaOH (Sigma-Aldrich). NaH2PO4 and Na2HPO4 from Fluka
were used to prepare a phosphate solution of ionic strength 0.01 M.
Conductivity Measurements.
An electrical conductivity meter Basic 30 from Crison Instruments (Barcelona, Spain) provided with a
standard conductivity cell and temperature sensor Pt 1000 was used to measure the conductivity of
surfactant solutions of different concentrations. The measuring solutions were prepared by dilution of
stock solutions of the surfactants using two methods: (i) step-by-step dilution-extraction method [25]
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starting with the surfactant stock solution (titrations with less data points as for DTAB and CTAB); (ii)
addition with a burette of small volumes of the surfactant stock solution to a precise, much larger
volume of water, which allows to measure a high number of data points (titrations of SDS and LAS). In
both cases the temperature of the measuring solutions was controlled by circulating water through a
jacketed beaker thermostated with a VWR Cryostat model 1166D with a precision of ±0.05K.
Data Analysis. All data were analyzed with OriginPro 8.5 (OriginLab Corporation, US). All given
uncertainties correspond to one standard deviation from the fits and do not include calibration errors.
The Origin functions of the concentration model and all derived magnitudes used are given ready to use
in the supplementary data.

Theory
Empirical Model for the Surfactant Concentrations
In a strongly simplified picture, below the cmc all surfactant molecules are monomeric, whereas above
it all additional surfactant molecules self-assemble and form micelles with a mean size given by the
aggregation number n with a relatively narrow size distribution [1, 3, 26, 27]. As a result, the
concentration of monomeric surfactant [S1] is equal to the total surfactant concentration [S]0 below the
cmc and stabilizes then at the value of the cmc itself:

[S1 ]

[S]0, [S]0
cmc, [S]0

cmc
cmc

(4)

The concentration of aggregated (micellized) surfactants, [Sm], is the difference between the total
concentration and that of monomeric surfactants:

[Sm ] [S]0 [S1 ]

(5)

The concentration of micelles, [M], depends on the mean aggregation number, n, which can itself
depend on the surfactant concentration [S]0 (see below):

[M] [Sm ] / n

(6)

Our starting point are the empirical descriptions of Phillips (eq (2)) and Garcia-Mateos (eq (3)). In
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contrast to other authors [16, 18] we apply eqs (2) and (3) directly to the monomer concentration
=[S1] (and not to conductivity) and integrate [S1 ] in the following analytically, eliminating the need for
numerical integrations during the application of the model. Then the second derivative of [S1] is
described by a Gauss function centered at the cmc and with width

d 2 [S1 ]
d [S]02

[S1 ]

([S]0 cmc )2

1
A
2

2

e

as given in eq (7).

A
1
e
cmc 2 r

2

( s0 1)2
2r2

The amplitude A>0 is determined later as a normalization constant. The width
measure of the concentration range of the transition region. The smaller

(7)
of the Gaussian is a
is, the sharper is the

transition between the two linear regions below and above the cmc. In order to facilitate the comparison
of widths

of surfactants with different cmc values, we define the relative transition width r as given in

eq (8).1
r

(8)

cmc

Only to simplify the expressions, we also define a relative total surfactant concentration s0 as ratio
between [S]0 and the cmc:
(9)

s0 [S ]0 cmc
Integration of [S1 ] in eq (7) gives the slope [S1 ] :

[S1 ]

[S1 ] d [S]0

s 1
A
erf 0
2
2r

C1

s 1
A
1 erf 0
2
2r

(10)

The error function erf(x) is a sigmoid type function centered at x=0 (in this case at the cmc where
s0=1) with limiting values: erf 0

0 , erf (

)

1 , and erf ( ) 1 .

1

The “transition width”
(and r= /cmc) is the width of the Gaussian used to describe the second
derivative [S1 ] around the cmc. The width is proportional to the mathematical “radius of curvature”
3
[62] R of [S1], R([S1 ]) (1 [S1 ] 2 ) 2 [S1 ] , ( R(cmc) 3.50· ), and is inversely proportional to the
1
(2 ) 2 1 . It is interesting that,
curvature K=1/R and to the second derivative at the cmc: [S1 ] (cmc)
because K([S1]) depends on both, [S1 ] and [S1 ] , the maximum of the mathematical curvature K is
found at a slightly higher concentration than the cmc, which is defined by the maximum of [S1 ] alone
according(final
to thedraft
Phillips
condition of
(eqJournal
(2)) ( [S]
).
Kmax ) and
cmcInterface
0.36· Science
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The integration constant C1 in eq (10) is determined by the condition that at high surfactant
concentration the monomer concentration is constant ([S1] = cmc) so that its slope [S1 ] approaches
zero:
lim[S1 ]

0

s0

A
2

C1

(11)

A second integration already gives the concentration [S1] itself:

[S1 ]

[S1 ] d [S]0

A
cmc
s0 e
2

( s0 1)2

2

2r2

r ( s0 1) erf

s0 1
2r

C

(12)

Now we choose the integration constant C so that [S1] is zero at s0=0:
[S1 ](0) 0

C

cmc

A
e
2

1
2r 2

2

r erf

1
2r

(13)

As last step we select the normalization constant A so that lim [S1 ] cmc :
s0

2

A

(14)

1

1

2 re

2r2

erf

1
2r

After some rearrangement we finally get the correctly normalized model (eq (15)) for the monomer
concentration [S1] with the properties we were looking for.
A
[S1 ] cmc 1
2

2 re

( s0 1)2
2r2

( s0 1) erf

s0 1
2r

1

(15)

As long as the width r is not too big (see below) the monomer concentration [S1] is linear at low
concentrations with an initial slope [S1]’ of unity. The straight line [S1] = s0 at low s0 always intersects
with the line [S1]=cmc at the cmc (s0 = 1) itself.
For small values of r the amplitude A of eq (14) is approximately A 1 . Although this is an excellent
approximation for values of r below 0.5 it leads to strong deviations in [S1] for higher values of r and we
strongly recommend to use the full eq (14).
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Figure 1 shows plots of the correctly normalized functions [S1], [S1 ] and [S1 ] , as given by eqs (15),
(10), and (7), respectively, for different values of r and cmc = 1. The model function for the monomeric
surfactant concentration has the expected properties. It also fulfills the criteria for the cmc mentioned
above: the value of the cmc coincides with the concentration of maximum curvature [15] and the
limiting straight lines intersect exactly at the cmc [28, 29]. A change in the relative transition width r
does not affect the position of the cmc or the limiting slopes of [S1].

[S]

1.0

r=
0.1
0.3
0.5

0.5

[S1]

[Sm]

a
0.0
1.0

[S1]',

m

[S1]'

[Sm]' =

m

0.5

b
0.0

[S1]''

-1
-2

[S1]''

-3

c

-4
1.0

X1,Xm

X1
0.5

Xm=
0.0
0.0

d

m

0.5

1.0

1.5

2.0

s0=[S]0/ cmc

Figure 1: Different representations of the model for the concentration of monomeric surfactant [S1] as
function of relative total surfactant concentration s0=[S]0/cmc (eq (15)) with cmc = 1 and three values of
the relative transition width r (solid: r = 0.1, dot: r = 0.3, dash: r = 0.5). (a) [S1] and [Sm]. (b) First
derivative d[S1]/d[S]0 (eq (10)) and (differential) degree of micellization γm = d[Sm] /d[S]0 (eq (16)). (c)
Second derivative d2[S1]/d[S]02 (eq (7)) . (d) Molar fractions X1 and Xm and degree of mizellization αm
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(eq (17)). The vertical thick line indicates the cmc.
It should be kept in mind that the concentration model given by equations (15), (5) and (6) is based on
two assumptions, which, although commonly accepted, should be evaluated in each case. First, we
assume that the concentration of monomeric surfactant is constant above the cmc, [S1] = cmc (eqs (4)
and (11)). It is known that [S1] decreases slowly at high surfactant concentration and several authors
give empirical mathematical forms for some well-studied surfactants.[17, 30] Second, we assume in eq.
(6) a constant aggregation number n both around the cmc and at high concentrations [S]0. Around the
cmc this assumption is supported by thermodynamic descriptions of the micellization process, which
show that amphiphiles can only decrease their free energy significantly by forming large aggregates [29].
Small aggregates are not stable. Simulations [31] and thermodynamic models [7] seem to be in line with
this assumption. Small deviations from this ideal behavior around the cmc would affect mainly the value
of the width r. On the other hand, it is well known that the aggregation number is not constant at higher
concentrations [S]0. For ionic surfactants such as SDS or DTAB n increases slowly with [S]0 due to the
influence of the increasing concentration of counterions in solution [30, 32, 33]. Models for the
dependence of n on [S]0 can of course be introduced in equation (6). These approximations have
different impact depending on the derived property as discussed below.
Care has to be taken with too high values of the relative transition width r. In a surfactant solution
with a well-defined cmc no micelles are present at very dilute solutions so that the initial slope of [S1] in
eq (15) should be unity (eq (4)). However, the higher the width r, the broader the transition region
around the cmc (Figure 1). For relative widths r above approximately 0.5 the surfactant concentrations
[S1] and [Sm] show no initial linear region anymore and a significant fraction of micellized surfactant
[Sm] is predicted even in very dilute solutions. As we see in the following such high values of r
correspond to surfactant mixtures or very weakly associating molecules which cannot be described by a
single cmc.
The position of the cmc as defined by eq (15) coincides with the inflection point of the (differential)
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degree of micellization γm(cmc)= 0.5 [16]:

d [Sm ]
d [S1 ]
1
d [S]0
d [S]0

m

(16)

The value of the (fractional) degree of micellization αm [34, 35] or molar fraction of micellized
surfactant Xm at the cmc is given by

m

(cmc)

[Sm ]
[S]0

[Sm ]
[S]0

n·[M]
[S]0

Xm

m

2

(17)

r

1
cmc

2

1

re

2r2

erf

1
2r

r
2

0.4 r

(18)

For a typical value of r = 0.05 to 0.1 the degree of micellization αm (cmc) is 0.02 to 0.04, which means
that at the cmc only 2% to 4% of the surfactants form micelles (See Figure 1, d). This compares very
well with the value of ε = αm (cmc) = 0.02 used in the mass action model for the definition of the cmc
[17, 36]. This approximately linear relation between αm(cmc) and r is valid up to quite high values of r,
with an error of less than 0.5% at r = 0.5.
As next step we use the concentration model to derive specific equations for different physical
properties: conductivity, surface tension, NMR shifts and self-diffusion coefficients. It is not our aim to
give an exhaustive or critical review of each of the properties, but we mainly illustrate the use and
validity of the model.
Electrical conductivity of ionic surfactant solutions
The conductivity (specific conductance) of a solution of an anionic surfactant of concentration [S]0
with monomer concentration [S1] and micelle concentration [M] is given by [37]
(

C+

S-

)[S1 ] (

a

a[S1 ] b [M]

z

Mz

C+

)[M]

Mz

(19)

s

with the molar conductivities of monomeric surfactant anions
micelles

s

b

S-

, of counter-cations

C+

, and of

. Each micelle of net charge z·e and aggregation number n incorporates (n – z) counterions,
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and leaves z counterions free in solution.

s

is the residual conductivity of the solvent without

surfactant. With [M] = [Sm] / n and b = b’/n we get

a[S1 ] b [Sm ] / n
The parameters a, b and

s

a[S1 ] b[Sm ]

s

(20)

s

can be determined by fits of eq (20) to conductivity data using eqs (15) and

(5) in order to calculate the concentrations [S1] and [Sm] as functions of total surfactant concentration
[S]0.
The parameters a and b have units of molar conductivity and are the slopes of the limiting straight
lines

1

and

2

observed at low and high concentration of surfactant, respectively.

The degree of ionization

1

a[S]0

2

a·cmc b·([S]0 cmc)

1

and

2

are given by:

s

(21)
s

n z n of the micelle can be calculated according to Evans [38-41] as

4bn2/3 (a

C+

C+

2n2/3 (a
The molar conductivity (equivalent conductance)

(

m

s

) [S]0

C

m

+

Mz

(22)

)

is given by:
(23)

a [S1 ] [S]0 b[Sm ] [S]0

The molar conductivities of monomeric surfactant anions
S-

2
C+

)

a
n (1

S-

, and of micelles

Mz

are given by:

C+

)

C+

b

(24)

The equations for cationic surfactants are analogous.
A concentration dependent aggregation number n affects the contribution of the micelles to the overall
conductivity in two opposite ways: an increase of n reduces the concentration of micelles [M] but at the
same time increases the molar conductivity of each of the micelles. In the case of SDS a dependence of
the conductivity of micelles

Mz

·[M] on [S]0 of the order of [S ]1/6
0 is predicted [17, 24, 33].

Surface Tension
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The surface tension of a surfactant solution can be approximately described by the Szyszkowski
equation:
(25)

a ln(1 Kad ·[S1 ])

0

with the adsorption equilibrium constant Kad , the surface tension of the solvent
a

R·T

,

0

, and the constant

being the cross sectional area of the surfactant molecule at the surface per mol [42-44].

In contrast to monomers, micelles are not surface active. Therefore we use [S1] as concentration which
defines the surface tension. Surface tension is not affected by variations in the aggregation number n.
Chemical Shift in NMR Experiments
Due to the fast exchange [4, 45] of a surfactant molecule between the aqueous and the micellar
pseudo-phase, the chemical shift

obs

of the resonance peak of the surfactant observed in NMR spectra

can be expressed as weighted mean of the chemical shifts

1

and

m

of monomeric and micellized

surfactant, respectively: [46]

obs

[S ]
· 1
[S]0

1

m

[S ]
· m
[S]0

(

1

m

[S ]
)· 1
[S]0

m

(26)

Since each of the surfactants in a micelle contributes to the signal the observed shift is weighted by the
concentration of micellized surfactants [Sm] and not by [M] and is therefore also not affected by
variations in n. Shifts of several nuclei can of course be fitted globally.
Diffusion Coefficient
Self-Diffusion coefficients as measured by NMR or Taylor dispersion are average diffusion
coefficients, weighted with the concentration of monomeric and micellized surfactants: [47]

Dobs

[S ]
D1· 1
[S]0

[S ]
Dm · m
[S]0

(27)

The weighting is specific to each technique and care has to be taken to apply a correct expression.
Light scattering measures mutual diffusion coefficients [48], whereas PGSE-NMR yields self-diffusion
coefficients [47].
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Eqs (26) and (27) are of the same type, where the observed property
properties of monomeric

1

and micellized

m

obs

is the sum of the individual

surfactants weighted with their molar fractions X1 and Xm.

As for the chemical shifts, these self-diffusion coefficients depend on the concentration of each of the
micellized surfactants [Sm]. Depending on the technique variations in the aggregation number n can
affect the diffusion coefficient Dm.

Results and Discussion
The concentration model (eqs (15) and (5)) and the functions of the derived properties are used to
analyze experimental data of several surfactant systems studied with different techniques. First,
conductivity, surface tension, NMR shift, and diffusion data of the well-studied anionic surfactant SDS
are studied, then conductivity data of other surfactants with lower cmc values and polydisperse
surfactants which are notoriously difficult to treat by graphical extrapolation procedures.
SDS, Conductivity: Figure 2 shows the conductivity of the anionic surfactant sodium dodecyl sulfate
(SDS) in pure water at 25ºC. SDS is a well-studied surfactant with a well-defined cmc of 8.1- 8.2 mM
and an aggregation number of 62-64 at 25ºC [10, 13, 28]. The fit of model (20) to the data, with [S1] and
[Sm] given by eqs (15) and (5), respectively, is excellent (see Figure 2). The model reproduces the data
remarkably well,with randomly distributed residuals, only limited by the digital resolution of the
conductivity meter used for the measurement. Even around the cmc the deviation is less than 0.2%, of
the order of the reproducibility of the instrument.
The cmc = 8.099 mM is determined with high precision and coincides well with reference data
(Table 1). The relative width r = 0.112 corresponds to a width of the transition region
eq (7)). The interval cmc 2

= 0.9 mM (see

is shown as inset in Figure 2. The slopes a = 66.74±0.03 S cm2 mol-1 and

b = 26.43± 0.01 S cm2 mol-1, the derived micelle ionization degree α = 0.236 (eq (22),

C+

(Na ) = 50.08

S cm2 mol-1) [49] and the slope ratio b/a=0.396 coincide well with published data [41]. From this data
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the molar conductivities of monomeric surfactant anions
Mz

S-

= 16.66±0.03 S cm2 mol-1, and of micelles

=732±24 S cm2 mol-1 are obtained.

The straight lines

1

and

2

calculated with the parameters of the fit and eq (21) intersect exactly at the

cmc, which is an intrinsic property of the model (20).
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Figure 2: Conductivity

of SDS in aqueous solution at 298K. Circles: experimental data (the 330 data

points appear as thick line). Black solid line: fit of model (20) to the data. Dashed grey lines:
concentrations [S1] and [Sm] from eqs (15) and (5). Dotted grey line: second derivative of [S1] (eq (7)).
Vertical grey line: cmc as given by the fit. Insert: Zoom of the interval [S]0 = [cmc 2 , cmc 2 ] =
[6.3 mM, 9.9mM]. Grey lines: limiting straight lines

1

and

2

as given by eq (21). Lower panel:

residuals of the fit.
It is well known that different ways to plot the same experimental data can give significantly different
values of the cmc determined by graphical extrapolating procedures [13]. A typical example is the
comparison of plots of conductivity
m

to that of molar conductivity (equivalent conductance)

represented against the total surfactant concentration (or against its square root). The limiting

straight lines which can be drawn through the data within a sufficiently small concentration interval
around the cmc, do not generally intersect at the same concentration in the two types of plots. Figure SI1
in the Supporting Information shows the same data as in Figure 2, converted to molar conductivity
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m

(

s

) [S]0 . Within a smaller concentration range around the cmc (interval indicated in the

figure as dashed rectangle) straight lines may be drawn through the data with intersections at
concentrations of 7.71mM in the plot of

m

vs. [S]01/2 and 7.64mM in the plot of

m

vs. [S]0. These

concentrations do not coincide and both are significantly smaller than the cmc = 8.099 mM determined
from the conductivity in Figure 2. This problem does not arise if eq (23) (with eq (15) for [S1]) is fitted
to the molar conductivity, which gives of course the same parameter values as in the case of the
conductivity, with exactly the same cmc. The parameters of model (15) are independent of whether we
analyze the same data as

or as

m

plotted against [S]0 or [S]01/2 (see Table 1). The only differences

arise due to slightly different weighting of the experimental errors in the fits, as can be seen in the
residuals of the two types of plots (Figures 2 and SI1).
Thus the fit of model (15) allows one to determine consistent values of the parameters between the
different plots.
Table 1: Values of the cmc, r, micelle ionization ratio α (eq (22)), and slope ratio b/a for different
surfactants and techniques obtained from the fits of eqs (19) - (27) together with model eq (15) for [S1]
and (5) for [Sm] to the data shown in the corresponding figures. The uncertainties are standard deviations
from the fit.
Refa

Figure

cmc / mM

Conductivity

2

8.099±0.005 0.112±0.001

0.236 0.396 298

SDS

Molar
conductivity

SI1

8.099±0.004 0.112±0.001

0.236 0.396 298

SDS

Surface
Tension

[50]

3

7.7±0.1
7.6±0.2

0.03±0.04
0.1 fixed

-

-

293

SDSb

NMR,
Diffusion

[51]

4

7.35±0.09

0.10±0.03

-

-

298

DTAB

Conductivity

5a

14.5±0.2

0.16±0.04

0.18

0.24

298

CTAB

Conductivity

5b

0.88±0.07

0.1±0.2

-

0.75

293

LAS

Conductivity

5c

1.64±0.02

0.48±0.02

0.280.35

0.53

293

Surfactant

Technique

SDS

c

a

r

α

b/a

T/K

Source for experimental data. bin D2O, cin phosphate solution, ionic strength = 0.01M.

SDS, Surface Tension: Figure 3 shows surface tension data obtained with SDS solutions at 20ºC by
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Watanabe et al. [50] The data are plotted against SDS concentration [S]0 both with a linear scale (lower
axis) and with logarithmic scale (upper axis). It is not our aim to discuss neither the technique nor the
results of the authors, but merely to illustrate the application of our concentration model to this type of
data. The authors determine the cmc as the point of intersection of two straight lines in a plot of surface
tension

versus SDS concentration to be about 2200 mg kg-1 = 7.6 mM. Figure 3 shows that no linear

behavior of the data below the cmc is found in such a plot and drawing a straight line in this interval is
quite arbitrary. The analysis with the Szyszkowski eq (25) together with model (15) for the surfactant
monomer concentration is independent of the type of plot and yields an excellent fit with a value of the
cmc of 7.7±0.1 mM, a relative transition width r = 0.03±0.04, and the other fit parameters: a = 28±2 mN
m-1, Kad = 0.3 mM-1 and γ0 = 68.3±0.4 mN m-1 (Table 1). The width r is not well defined, which is
mainly due to the small number of experimental points. Furthermore, it is also well known that already
very small concentrations of surface active impurities affect the transition region around the cmc [27].
However, the value of r has nearly no influence on that of the cmc, and the fit with fixed value r = 0.1
gives the same cmc-value with higher uncertainty due to a slightly worse fit (Table 1). This value of the
cmc coincides well with that determined from extrapolation in the logarithmic plot in Figure 3, but is
somewhat lower than that of the conductivity data, which is probably due to the different measurement
temperature and the mentioned sensitivity to impurities.
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Figure 3: Surface tension

of SDS in water at 293K from Watanabe et al. converted from mg kg-1 to

10-3 mol dm-3 (mM) [50]. Linear plot (lower axis) of experimental data (filled circles) and fit of eq (25)
to the data (solid lines). Lin-Log plot (upper axis) of the same experimental data (open circles) and of
the fit data (grey line). Vertical grey arrows: cmc as given by the fit. Lower panel: residuals of the fit in
the linear plot.
SDS, NMR: Data of chemical shifts δobs of protons H1 and H5 and self-diffusion coefficients Dobs of
SDS in D2O from NMR experiments published by Cui et al. are shown in Figure 4 [51]. The authors use
plots of δobs and Dobs against reciprocal surfactant concentration [S]0-1 and determine the cmc from
straight lines drawn through some of the experimental points. We performed the fits of eqs (26) and (27)
to the data which are excellent in each case, also in the region around the cmc. We find no evidence for
the formation of “premicelles” as the authors propose.
The use of the eqs (26) and (27) in standard nonlinear optimization routines makes it now possible to
perform a global analysis of all three data series together in one fit, sharing the cmc and r as common fit
parameters. Global fitting is preferred over single fits as it reduces the number of fit parameters and the
correlations between them and improves the statistics of the fit [52].The global fit of δobs(H1), δobs(H5)
and Dobs is excellent, as shown in Figure 4, with shared values of cmc and r given in Table 1 and
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D1=5.04±0.03 10-10 m2s-1, Dm=0.28±0.06 10-10 m2s-1, δ1(H1) = 0.92±0.02 ppm, δm(H1) = 0.97±0.04
ppm, δ1(H5) = 4.12±0.02 ppm, δm(H5) = 4.09±0.04 ppm. (The analysis software used for the global fit
does not allow the use of different fitting functions is the same fit. However, we take advantage of the
fact that both equations (26) and (27) have the same mathematical form.)
This example illustrates the great potential of the concentration model for the quantitative analysis of
NMR data, and even for global analysis, which are, in our opinion, very superior to the graphical
extrapolation methods typically applied.
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Figure 4: 1H NMR chemical shifts δobs (upper panel) of protons H1 (quadrats) and H5 (circles) and
NMR self-diffusion coefficients Dobs (middle panel, triangles) of SDS in D2O at 298K published by Cui
et al. [51] Grey solid lines: global fit of eqs (26) and (27) to the data. Vertical line: cmc as given by the
fit. Dashed grey lines: simulated concentrations [S1] and [Sm]. Dotted grey line: second derivative of
[S1]. Lower panel: residuals of the fits.
DTAB, Conductivity: Figure 5a shows the conductivity of DTAB in aqueous solution as function of
surfactant concentration at 298K. The fit with eqs (20) and (15) gives a cmc of 14.5±0.2 mM and a
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width of r = 0.16±0.04 with slopes a = 103±1 S cm2 mol-1, b = 24.4±0.4 S cm2 mol-1 (Table 1). The cmc
coincides well with reported values of 14.5 mM-15.3mM [13, 53, 54]. In spite of the low number of data
points, both cmc and r are still reliably determined. The relative transition width r is similar to that
obtained for SDS (Table 1). From the slopes and eq (22) the slope ratio b/a=0.24 and a micelle
ionization degree α = 0.18±0.01 are obtained (with

(Br ) = 78.1 S cm2 mol-1 [49] and n = 50 [4, 54]).

The value of α is lower than reported values of 0.21[11, 54] or 0.26±0.01 [33]. The data yield the molar
conductivities of monomeric surfactant cations

S+

= 25±1 S cm2 mol-1, and of micelles

Mz

=

(1.76±0.02) 103 S cm2 mol-1.
This example shows that, even in the case of a low number of data points, the model fits conductivity
data satisfactorily and yields precise values for several properties of the surfactant.
CTAB, Conductivity: The conductivity of CTAB in phosphate solution (ionic strength = 0.01M) as
function of [S]0 serves here as an example of a system which is notoriously difficult to analyze
graphically. The plot of

against [S]0 (Figure 5b) shows only a very small change in the slope around

the cmc which makes it difficult to determine the point of intersection of the limiting lines graphically.
On the contrary, eq (20) for

with eqs (15) and (5) for [S1] and [Sm], respectively, fit fast and reliably

to the data and give a relatively precise value of the cmc= 0.88±0.07mM. This value is lower than the
reported value [16, 55] of 0.92 mM, due to the higher ionic strength of the solution.
The low number of experimental points and the small change in the slopes increase the uncertainty in
the value of the relative transition width r = 0.1±0.2, but its mean value is reasonable and similar to the
values determined before. The fit yields slopes of a = 33.2±0.9 S cm2 mol-1, and b = 25.0±0.4 S cm2
mol-1, and

s

= 1417.1±0.4 μS cm-1 with a ratio b/a= 0.75 (Table 1).

Due to the additional salt in solution both the aggregation number and the molar conductivity of the
counter-ion is changed with respect to the known values in pure water.
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Figure 5: Conductivity

of DTAB (a), CTAB (b), and LAS (c) in aqueous solution at 298K (CTAB in

phosphate solution, ionic strength = 0.01M). Open circles: experimental data, grey solid line: fit of
models (20) and (15) to the data. Dotted grey line: second derivative of [S1] (eq (7)) with a width given
by the fit. Vertical grey line: cmc as given by the fit. Dashed grey lines: limiting straight lines

1

and

2

as given by eq (21). Lower panels: residuals of the fits.
LAS, Conductivity: LAS (Sodium linear alkylbenzene sulfonate) is an important commercial anionic
surfactant which consist in a complex mixture of homologues of different alkyl chain lengths (C10 to
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C13 or C14) and phenyl positional isomers with polydisperse chain lengths n and m, with a mean value
of 11.6 (see structure in Figure 5c) [56]. Again this is an example with a small change in the slopes of
the conductivity-concentration plot (Figure 5c). Additionally, each isomer with different chain lengths n
and m has a slightly different cmc which results in a wider transition region in the conductivity plot. The
fit of eq (20) with [S1] and [Sm] given by eqs (15) and (5), respectively, converges reliably with cmc =
1.64±0.02 mM and a width r = 0.48±0.02, which is high, as expected for this polydisperse surfactant.
The cmc is similar to that determined by surface tension (1.8 mM) [57]. The slopes are a = 69.9±0.5 S
cm2 mol-1 and b = 36.86±0.06 S cm2 mol-1 with a ratio b/a= 0.53 (Table 1).
The micelle ionization degree α (eq (22)) depends weakly on the aggregation number n. For LAS
values of n between 27 and 65 were reported.. These values lead to ionization degrees α between 0.28
and 0.35 (with

C+

(Na ) = 50.08 S cm2 mol-1) [49].

In spite of the small change in the slopes and the wide transition region reliable values for the cmc and
the slopes are obtained in a single fit. However, in this case a small but significant oscillation of the
residuals is observed (lower panel in Figure 5c), in contrast to SDS (Figure 2). This may indicate that
this surfactant mixture is not adequately described by a single cmc with high r but should rather be fitted
with a cmc distribution.

Conclusion
The empirical concentration model presented here constitutes a useful tool for the quantitative analysis
of experimental data obtained with different techniques from surfactant solutions. The model establishes
an objective definition of the cmc and makes it possible to obtain precise and well defined values of
derived physical parameters such as molar conductivities, micelle ionization degrees, surface adsorption
equilibrium constants, self-diffusion coefficients, etc. The description of different properties with a
common concentration model eliminates subjective graphical procedures, reduces methodological
differences and allows one thus to compare directly the results of several techniques or even to analyze
them simultaneously in a single global fit. The concentration model can also serve as a robust and fast
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method to determine the cmc in automated high throughput applications [58-60].
The monodisperse surfactants with well-defined cmc, SDS, DTAB or CTAB, are very well described
with the models based on eq (15) with relative transition widths r around 0.1 and values of the cmc
which coincide well with published data. A higher value of the transition width r is obtained for LAS,
which is a complex mixture of homologues and isomers, each with different cmc values.
The values obtained for the cmc of SDS from the different experimental datasets (Table 1) show
significant differences, in spite of the use of the same concentration model in the analysis. Apart from
the influence of temperature, impurities and solvents, the differences in the cmc values also reflect the
fact that the data were measured with different techniques in various laboratories and with strongly
varying accuracy. The value obtained from conductivity in our lab with an estimated accuracy of about
0.5%, coincides very well with reported values [13, 28]. Surface tension data is known to be strongly
sensitive to even small surface-active impurities, and thus the coincidence is quite satisfactory [13]. The
chemical shift and diffusion data obtained from NMR give clearly a too low cmc-value, a fact that the
authors already mentioned, but did not justify [51]. Nevertheless, the data serve the only purpose of
demonstrating the application of the concentration model, and a critical evaluation of these values is
beyond the scope of this contribution.
The concentration model also allows us to plot in a quantitative manner the concentration dependence
of several physical properties of the same micelle-forming amphiphile, according to the schematic
representation published by Preston [61], and by Lindman and Wennerström [12]; and later reproduced
in many textbooks [27, 37]. Figure 6 shows such a plot with the properties studied in this contribution
for an aqueous SDS solution: conductivity, molar conductivity, surface tension, NMR chemical shift,
and NMR self-diffusion coefficient. In order to obtain a useful didactic representation, we plotted all
properties with the parameters obtained from the fits, except for the value of the cmc, which is set to 8
mM in all cases. We also added the concentrations [S1] and [Sm] and the second derivative (curvature)
[S1]´´. The simple implementation of the concentration model and the possibility to compare easily
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derived properties will hopefully also be of didactic use. It is instructive to see, that the effect of
micellization affects the properties already well before the cmc, and that the process of micellization is
not described by a sharply defined point, as often represented in textbooks, but rather by a gradual
change in the degree of micellization.
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Figure 6: Normalized physical-chemical properties of an aqueous SDS solution as function of total
surfactant concentration [S]0 with the parameters determined from the fits to the experimental data
presented above using the concentration model of eq (15). Solid curves: Conductivity
molar conductivity

m

(eq (23)), surface tension

(eq (20)),

(eq (25)), 1H NMR chemical shift δ (eq (26)) and

NMR self-diffusion coefficient D (eq (27)). Dashed curves: concentration of monomeric surfactant [S1]
(eq (15)) and concentration of micellized surfactant [Sm] (eq (5)) Dotted curve: second derivative of [S1]
(eq (7)). The curves of

m

, D, and δ(H5) overlap. The vertical solid line indicates the cmc. (cmc =

8mM, r = 0.1, all other parameters as given in the corresponding figure captions above and in Table 1 )
A natural consequence of the gradual change in micellization is the presence of micellized surfactant
already below the point taken as cmc. The concentration [Sm], its fraction [Sm]/[S]0, and the degree of
micellization all are expected to change already below the cmc, as can be seen in Figure 1. The models
based on eq (15) together with the assumption of constant aggregation number n describe extremely well
the conductivity data of SDS measured with high precision (Figure 2), but also the surface tension,
NMR chemical shifts, and the self-diffusion data. The gradual formation of low concentrations of
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micelles with full size n explains perfectly the variation observed in the experimental data around and
below the cmc. Therefore, at least in the systems studied here, we find no evidence for the formation of
surfactant aggregates such as the so called “premicelles”, with different properties to the proper
micelles.
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