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1 Introduction

T-duality was born as an equivalence between string theories in different target spaces.
Geometrically distinct spacetimes (with different background fields) turn out to be phys-
ically equivalent solutions of a given string theory. An intriguing aspect of this duality
comes from the fact that dual solutions can have fairly different geometric properties; for
instance, it is not guaranteed that T-duality maps black hole geometries into other black
hole spacetimes. Since properties such as the entropy or temperature of spacetimes possess-
ing horizons [1, 2] are related to geometric features of the solution, it is a priori unknown
whether T-duality is going to respect them or not. This puzzle was answered in the af-
firmative by analyzing black hole solutions in the NS-NS sector of string theory [3]. Even
though the geometry is significantly affected by a T-duality transformation, horizons are
mapped into horizons, the entropy and temperature remaining invariant.



Things become less clear when higher-derivative corrections are introduced since, for
instance, the entropy ceases to be given by the event horizon area. Do black hole horizons,
their entropy and surface gravity, remain invariant under T-duality when these corrections
are included? One may be tempted to answer that this is guaranteed by the very fact that
these corrections to the low-energy effective action arise from a sigma model, and T-duality
is an exact discrete symmetry associated to its target space. In fact, contrary to generic
higher-derivative quantum field theories — no matter how rich their particle content may
be —, string theory is thought to possess more symmetries such as the one that tells us
that the physics at very small scales cannot be distinguished from that at large scales.

In spite of this observation, albeit T-duality constrains the possible higher-derivative
terms in the action [4], there is still room for at least a two-parameter family of four-
derivative T-dual invariant theories [5] — building up on earlier work [6] — which includes
but goes beyond String Theory. This brings about a possible additional puzzle: what is
the effect of T-duality when acting on the non-stringy black hole members of this family?
Does T-duality invariance of, say, their entropy and temperature hold only for those black
holes solving the equations of motion of low-energy string theory? It is natural to expect
the sigma model origin of the latter to be a crucial aspect behind the result. In particular,
given the expectation that the entropy accounts for all the constituent microscopic degrees
of freedom, both perturbative and non-perturbative. For that same reason one might
expect the counting to fail in a theory belonging to the swampland, much in the same way
as those theories are afflicted by other issues such as causality violation [7].

We studied this problem in an earlier paper [8], in the restricted context of three-
dimensional gravity and BTZ black holes. We showed that both the entropy and the
temperature of the black holes are unexpectedly invariant under T-duality for the whole
two-parameter family, to leading order in the derivative expansion weighted by the inverse
mass scale M 2. The AdS/CFT correspondence, though, enforces quantization conditions
on the parameters. The exceptional feature of three-dimensional gravity together with the
exactness of the BTZ solution simplified significantly the analysis. In this paper we aim at
completing the task and showing that those results are completely general; i.e., valid for
black holes in the higher dimensional case too.

Let us be a bit more explicit on the theoretical context where our result is derived.
Within the framework of so-called Double Field Theory [9], a very fruitful formalism allow-
ing to build low-energy effective actions which are symmetric under T-duality by construc-
tion, Marqués and Nunez [5] recently wrote a two-parameter family of theories governed
by the generalized Bergshoeff-de Roo [10] action:
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where the two parameters, ai, are often going to be dubbed a_ = a and a4 = b. Notice
that we added a cosmological term to the action presented in [5] — for free, it is T-dual



invariant on its own —, and we work in units where 167G = 1. We have further defined:
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of the pair of torsionful connections:
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(1.4)

where Q4% is the spin connection and Hjy 1B = EN  ERBH MNR, indices being raised
(and lowered) with the vielbein EM 4. It is convenient to introduce the 1-form,

HAB = HyppB daM (1.5)
for later purposes. The Riemann tensors, Rg\j;z)v AB , are also built from the torsionful
connections,
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It is important to realize that we work in a perturbative framework assuming our param-
eters a and b to be order M2, and therefore the quadratic (in a and b) terms appearing
in the previous action are just a convenient form of writing it and they must not be taken
into consideration. The part of the action (1.1) which does not contain the perturbative
parameters corresponds to the action governing the universal massless NS-NS sector, where
® is the dilaton and Bj;y the Kalb-Ramond two-form potential, which appears through
its curvature Hysnyg. For specific values of a and b, the first order corrections can be seen
to arise in the low-energy effective actions of string theories:

a=b=—d, bosonic,,
a=-ad, b=0, heterotic , (1.7)
a=b=0, type II.

The case a + b = 0 is also special [11]. However, for generic values of a and b not included
in the previous cases we do not know of any sigma model or CFT which could give rise
to the generalized Bergshoeff-de Roo action (1.1). In spite of this, the theory is invariant
under T-duality corrected rules whose precise form will be presented later on, provided
that we neglect quadratic terms in a and b. For the sake of completeness, let us present



the equations of motion derived from (1.1), already obtained in [8]:
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where V2 = V VM (V®)? = V;®VM®, and V) is the covariant derivative involv-
ing the connection with torsion Fg\?z)vR = FﬁN F %H wnT. The (anti)symmetrization is
always normalized with the factorial of the number of indices, for instance: vwpy =
%(UAU)B +vpwa).

The action (1.1) contains explicitly the gravitational Chern-Simons forms ©&), and
as a consequence it is not Lorentz invariant in general. It can be shown to be invariant

under an anomalous local Lorentz transformation [5]:
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where A4 is the infinitesimal parameter. For the heterotic string case, b = 0, this sym-
metry transformation is the consequence of the anomaly cancellation a la Green-Schwarz,
while for the bosonic case a = b we can avoid the necessity of this anomalous transformation
through a field redefinition [5]. Note that, despite the word “anomalous”, the symmetry is
exact to linear order in a and b; we will use the notation O(a,b). This is a generalization of
the well-known Green-Schwarz mechanism which cannot be circumvented via field redefi-
nitions (except in the bosonic string case), which will prove to be of primary importance
when we discuss entropy of black hole solutions in this theory, and it forces us to consider
the vielbein Ejy4, the two-form Bjy, and the dilaton ® as the basic degrees of freedom.

The paper is structured as follows. Section 2 contains a brief review of the leading
order Buscher rules implementing T-duality when a = b = 0, after which we present
the corrected rules, which constitute a symmetry transformation of the previous action.
Section 3 contains the discussion concerning the derivation of the entropy for any solution
of the theory containing a bifurcate Killing horizon, which has to take into account all the
symmetries present. The entropy turns out to be anomalous Lorentz invariant, as expected.
Finally, section 4 proves in a fairly general situation the invariance of the entropy and
temperature associated with a horizon under T-duality. Particularly convenient coordinates
and vielbein must be introduced in a neighborhood of the horizon, and this is discussed
before showing the actual invariance of the thermodynamic quantities associated with it.

In order to avoid distracting the reader with technical side details, several appendices
complement the main text providing all those which are necessary and relevant to follow



the more involved calculations. In particular, appendix A discusses how the corrected
T-duality rules are obtained from the Double Field Theory formalism, and appendix B
provides the complete derivation of the entropy formula. Appendices C and D prove some
key technical results needed to show the entropy invariance under T-duality; namely, the
fact that the dual of a stationary solution is itself stationary (in the sense required by the
entropy derivation) and the invariance of the horizon area under corrected T-duality rules.
Finally, in appendix E we present an independent check of our results by means of a series
of field redefinitions bringing the action to a frame first presented in [12].

2 Corrected T-duality rules

In this section we explain how to apply T-duality in the generalized Bergshoeff-de Roo ac-
tion (1.1). We start by reviewing the standard Buscher rules for the set of fields Gy, By
and ®. Then we introduce a convenient class of vielbeins, Ejs4, in order to apply T-duality
transformations and discuss the rules in the absence of higher-derivative corrections — i.e.,
when a = b = 0 —, using dimensional reduction. We work out the results for the Lorentz
connection Q374 7, which finally allow us to compute the (a,b)-corrected T-dual background
given by the fields EMA, EMN and .

Let us start with the review of leading order results to specify our conventions. The
uncorrected rules for E MA, By and @ are!

A
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where we denoted the fields obtained with these standard uncorrected Buscher rules by a
tilde, and Qun := Gy + By . Then the transformation of the metric is given by

~ 1 ~ Bw

Gyyp = =—, Gyp = —=2%, (2.2)
i wa Y wa

~ GyuGyyr — ByuBuyw

Gy =Gy — Yp ¢Gw¢ Ypyv (2.3)

Our spacetime is (D + 1)-dimensional, with coordinates {x*, 1}, where 1) is the coordinate
adapted to the U(1) symmetry we T-dualize with respect to, and p runs over the other D
coordinates. The T-dual fields in the presence of non-vanishing values of a and/or b will
be denoted by \Tl, where W stands for a configuration of the fundamental fields, namely

In order to obtain the T-dual of the vielbein, a doubling procedure must be invoked on general grounds;
i.e., a pair of vielbeins must be introduced (see appendix A for details). In particular, such procedure is
relevant in the derivation of the (a, b)-corrected rules. We have included only one of the two dual vielbeins
at this point since it is sufficient in the case of the generalized Bergshoeff-de Roo action we are dealing
with. This set of rules can be derived from Double Field Theory (see [5, 13]), and also directly in D + 1
dimensions (see [14] and references therein).



U = {EMA,BMN,Q)}. We note that ¥ #* \T', even if U may generically have corrections
linear in a and b.?

Let us now review the leading order transformation of the vielbein and Lorentz con-
nection using the results of [15] in the particularly convenient ansatz consistent with the
U(1) symmetry

d82 — (dm,ue“a)Q + eQU(dZL‘“VM + d¢)2’
B:b—i—%W/\V—i—W/\dw, (2.4)
1
o = gb =+ 50’,

where a runs from 0 to D — 1. This expression defines (up to D-dimensional Lorentz
transformations of the vielbein e,*) the reduced fields e, V,,, by, Wy, ¢ and o. Notice
the peculiar reduction of B, in which one would normally omit the term %W A V. The
(D + 1)-dimensional vielbein is chosen to be E4 = {E%, E¥}, with

E*=date,”,  EYL=e(da"V, +dy). (2.5)

It is convenient to define at this point a reduced field strength h,,, [15], which is not the
field strength of by,

3
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where V,,,, = 0,V, — 90, V,, and W,,, = 9,W,, — 9, W, are the usual field strengths of V,, and

W,. In all (D + 1)-dimensional quantities, the flat components are referred to the vielbein
EpA. Similarly, in the D-dimensional quantities, they are referred to the D-dimensional
vielbein, e,*. The decomposition (2.4) allows to write the uncorrected Buscher rules (2.1)
and (2.3) simply as:
V,=W,, W,=V,, &=-0, (2.7)
while e,%, b, and ¢ remain the same [15]. In particular, only the component EY of the
vielbein is modified.

We need to obtain the leading order transformation of the (torsionful) Lorentz con-
nection under T-duality in order to later find their (a,b)-corrected rules. These can be

(+) B

achieved by writing €2}, © in terms of reduced fields that then are transformed as in (2.7).

In other words, we perform the dimensional reduction of Qagc = EaMQupc,

ag
2

where wgp. is the Lorentz connection of e,?, Vi, = e, '€V, and 0,0 = e,0,0. From

e
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these expressions we obtain
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2For instance, when tllde acts on (a, b) corrected field configuratlons we must keep those corrections in
the result; e.g., if Gyyp = -

T

+ % then GWL, = r — 2 instead of wa = r. Still, wa # GM,, as we will
shortly see.



with hgpe = ea’es”ec” hywp = Hapey hyuwp being the reduced field strength previously defined
in (2.6). It is now very easy to know the leading order T-duality transformation of each
component of the spin connection following the rules (2.7), because wgpc, hape and e,* are
invariants and V,; <+ Wy, The behavior under T-duality depends on the type of index
where 1 appears and the sign of the torsion:

o) _ o) o) _ (-)

QAbc - QAbc’ QAbﬂ - _QAbg? 210
o) o) o) — o) (2.10)

aBC — **aBC> YAB — T ““YAB "

Thereby we see that for 9(}30 the relevant indices for the T-duality parity sign are the

last two, while only the first matters for QELBC.

Now that we have explained how to compute (~2(AiB),C, we present the complete (a,b)-
corrected T-duality transformation rules for Gy, Byny and @. For the latter two fields,

]EA?MN and @ read:

(k)2
> = ap 2 (k)2 *Fgy
B,, = B,, - — 19 - G By,
0 2 +k:i 1 Gy m G Ylp | Py
(2.11)
~ a1 [ome O
Bw = B¢ + Q — Gw ,
e ,2 4 Gyp \ " Gyy
and
6—2‘1’\/?@ = 2%/-G, (2.12)
where Qg\];)]\? is defined as
k)2 k k
b2 olh) Boh A, (2.13)

a similar definition holds for ﬁg\?}? in terms of ﬁg\];)AB . Regarding the metric, we remind

the reader that due to the lack of Lorentz invariance Fp4 — and not Gyn —, together
with By and @, provide the actual degrees of freedom of the generalized Bergshoeff-de
Roo action (1.1). Nevertheless, we shall not give explicit rules for EMA at first; instead, we
present formulas for the (a,b)-corrected T-duality transformed field Gy and thereafter
explain how to obtain E w from G MmN. Our results read:3

~ ai | < Qi(bk()zG P Q(k)2
G = Gu + Z * QL@Z - Q;(ﬁ/ﬂ + R %w (ququ - BWLB@ZJV) )
=4 Gyy e
_ N ok2p
=~ ag k)2 vy Pibp
Gy = Gy + ) T Q- | (2.14)
k== vy
5 _ A a (swe , W
Gyyp = Gyy + Z 1 Ql/ﬂb + 2 ,
k=+ vy

3The rules are valid when the initial vielbein is of the form (2.5), which is the one we will use throughout
this paper. See appendix A for the derivation and a possible extension to a general vielbein.



Notice that the (ng\’;)]\? are always multiplied by ay in (2.14). For this reason, when applying

the rules above it is enough to compute these quantities to leading order, as the sub-leading
term becomes irrelevant when multiplied by a.

Once Gy is calculated using (2.14), one needs a vielbein Ey? that along with Bun
and ® solve the equations of motion (1.8). The dual vielbein E w?, as any other quantity,
can be written as the sum of a leading order part plus terms linear in ag:

~

Ev? = (Ey™O + (EyMHW. (2.15)

The equations of motion are not local Lorentz invariant, so not any vielbein of G MmN will
solve them; it is necessary and sufficient that (Ep4)© = (EyA)©. All vielbeins of
G wmN which differ only in (EMA)(U are related by Lorentz transformations of the form
548 + O(a, b)A;lB , which are actually symmetries of the equations of motion to the order
we are working. This property follows easily because the only parts in the action which
are not Lorentz covariant are the Chern-Simons terms appearing in H’ (1.2), but the
compensating modification of By will be O(a,b)? and therefore negligible. We arrive at
the same conclusion from the anomalous Lorentz transformations (1.9) when A = O(a, b)A'.

3 Entropy considerations

Let us derive the entropy formula for a solution of the theory (1.1) exhibiting a bifurcate

Killing horizon and discuss its behavior under anomalous Lorentz transformations.

3.1 Generalized Wald procedure: theoretical introduction

Let us introduce in full generality the method that we will employ to derive the entropy
formula. We shall follow the conventions and line of reasoning of [16]. It is very important
to guarantee that the entropy satisfies the first law of black hole thermodynamics; the
subtleties concerning this requirement were analyzed in [17] and [18].

Our starting point is a Lagrangian (D + 1)-form L = e £ (with e the volume form)
which, under a general variation, satisfies:

SL = E; 60" +dO(T,67), (3.1)

where U = {¥?} stands for all of our fundamental fields, E; = 0 are the equations of motion
and the second term is a total derivative. A symplectic current can be defined as:

QT 5,0, 5,0) = 5,0(F, 5,0) — 5,0(F, 6, F) (3.2)

where 07 and J, are two generic and independent infinitesimal variations. This quantity
will be relevant in deriving an explicit form of the first law. For the moment, let us consider
generalized variations of the fields orW¥, where I' represents the set of parameters of the

transformation containing at least a vector field ¢ corresponding to diffeomorphisms.* This

T might contain extra parameters which account for other symmetries of the theory as well. For the
action (1.1), we will have I" = (¢, A, 8), where A and S are the parameters of the anomalous Lorentz and
gauge transformations, respectively.



variation is a generalized version of the Lie derivative and it must be a symmetry of our
theory, in the sense that

orL = [’CL +d=pr =d (Z'CL +Zr), (3.3)

where i¢ L defines the interior product (i.e., the contraction) of the differential form L with
the vector field ¢. This allows us to define the Noether current [19]

Jjr=0(¥,0rV) —icL — =r, (3.4)
whose divergence vanishes on-shell, djr = 0 (& stands for equality on-shell), thereby

Jr =dQr. (3.5)

This defines the charge Qr = Qr(¥). We need to study now the transformation law of 0
in order to obtain the first law of thermodynamics. In general, we write opf(W¥,¥) in the
following form

SpO(W,8%) = LO(T,60) + I (T, 5T) (3.6)

where IIp(W,0W) accounts for the non-covariant part — i.e., not captured by the Lie
derivative — of 6 [17]. Calculating ddrL in two possible ways (using ddr = 0rd) we obtain
ddZp = dIIp (W, 0W), thereby:

A8 (W, §0) 2 TIp(W, 60) — 6=p . (3.7)

Finally, applying § to (3.4) — and after some algebra — we can demonstrate that the
symplectic current evaluated on-shell reads

(U, 00, 5p) 2 d [6Qr — i0(T,6) — Sp(T,60)] . (3.8)

Defining kp(V¥,0V) := 0Qr —ic0(¥, V) — Xp(¥, V), where in the first term we are only
varying the fields of our theory (and not the parameters I'), we have that

QT, 50, 600) = dkp (U, 50) . (3.9)

This can be understood as a conservation law for the charge kp(¥,dV¥) between two in-
finitesimally close field configurations provided that dkp(¥,dW¥) = 0. In order to guarantee
this, we will restrict ourselves to symmetry transformations which vanish on-shell, ipW¥ = 0,
since being Q(W¥, W, or¥) bilinear in the variations this makes the left hand side of the
previous equation equal to zero.

Let us concentrate then on a particular set of symmetry transformations of our ac-
tion (1.1) that generate the entropy charge when they vanish on a particular solution:®

5B = LB+ EP (A )t =0, §e® = L =0, 510
b 3.10
0¢B = LeB — %d(/\gE)AB AN gt Zd()‘gE)AB AN pA 4 dag 20,

®Note that we have a change of sign with respect to [16] in the definition of (z\f)AB7 due to the different
conventions used for Lorentz transformations. This implies (AE)AB|B = —KNAB.



where
(NE)AB = Lo (B g(BP)S, (3.11)

¢ is the Killing field generating the horizon and o is a suitable gauge parameter ensuring
d¢B = 0 (we will discuss this choice later on). The transformations J¢ denote exactly
the same thing as dp for I' = (&, (/\gE)AB, ag). Furthermore, notice that £ vanishes at the
bifurcation surface because we assume a bifurcate Killing horizon.%

Integrating then (3.9) on a hypersurface with boundaries at B and at infinity we obtain:

/ ke (W, 50) = / ke (W, 50) (3.12)
B oo
This is the fundamental result behind the first law of thermodynamics. We will not be
concerned here with the form of the right hand side term, which should contain the variation
of all the charges (energy, angular momentum, gauge charges, ...) assuming that the fields
are regular at the bifurcation surface 5. However, the left hand side is T3S allowing us
to define the temperature and entropy as

_27r

Ty=2", §S= / k:g(\l’,é\lf)‘ (3.13)
B

27 K E—0,V\EN—RNMN |
where we have employed £|p = 0 and Vyén|p = knun, provided that £ is properly
normalized and njsn is the binormal to B. The variation 65 can be written in a different
form under some extra assumptions. First of all, £ vanishes at the bifurcation surface, so
the term i¢0(V,6¥) does not contribute to the integral in B if our fields are all regular. In
this paper, we will work with exactly invariant lagrangians (Ep = 0) and our 6(¥, §¥) will
also be taken such that 3¢(W¥,6¥) has no relevant contribution at the bifurcation surface
on-shell. We are then left with:

2
55 =" 5/ v : 3.14
K BQS( )‘g—ﬂ),VMfN—mnMN ( )

where Q¢ was introduced in (3.5). Finally, since terms linear in £ in the integral will
not contribute at the bifurcation surface, we find that the relevant contribution in Q¢(¥)
is linear in Vj;&n, and thus linear in x when evaluated at B. The surface gravity s is
constant (zeroth law), and dx = 0, understanding ¢ as a variation leaving the Killing field
¢ fixed [19, 20]. As a consequence, under the previous assumptions we obtain an expression
for the entropy as an integral over the bifurcation surface:

S =2 g . 3.15
" /B Qg( )‘5—>07VM€N—>TLMN ( )

In the next section we will present the computation of the entropy charge for the generalized
Bergshoeff-de Roo action (1.1).

5This makes the entropy computations easier in specific cases. In general, terms of k¢ that are linear in
& will not contribute when evaluated at the bifurcation surface. For this reason, the relevant terms must
have at least one derivative. In the following sections this will be made more precise.

~10 -



3.2 Entropy of the generalized Bergshoeff-de Roo action

Let us now apply the previous general argument to the generalized Bergshoeff-de Roo
action (1.1). For the sake of simplicity, we will work in this section (and only here) with
the Killing field normalized so that Vx| = nan. In addition, we will split the action
as Ipqr = Zo + Zy»2 + Zg2, where

T :/e e ?® [R—2A + 4V 2V O] |

1 1
Tin=—15 | € e 2 HY g HMNE — —Q/eQ‘I’*H’ NH', (3.16)

Tre = Z % /6 e_zq)Rg\]j[)szBR(k)MNBA = Z Cif/e_zq’ *RXC)B A Rg)A.
k=% k=4

We have performed an innocuous integration by parts in Zy in order to obtain a more
convenient form of the dilaton kinetic term. Given this action, we have to follow the
general lines we presented in the previous section, starting from the computation of the
boundary term (W¥,0¥) and going all the way to the final result for the entropy charge
Q¢(¥). In appendix B we show in full detail how this is achieved. Here we will only
quote the main results. Taking into account that we are using (3.10) as the symmetry
transformations to compute the entropy charge, we obtain:”

Qe = Qo+ Qp2 + Qre + Qo ,

where
Qo = —2e 2*VMN (aP 1), v+, (3.17)
is the contribution coming from Z;y, whereas
Qur = e 2*« HA [QV_QAB + ’Y+7‘[AB] ()\fE)BA +...,
_ 1
QRQ = —e 20 |:2’}/+ * <RAB + ZHAC VAN %CB) (318)
+ 7o K (dHAP + 204 A HEP) ] M)t +...
with H4? given by (1.5) and
atb
T e (3.19)

are the contributions of, respectively, Zy» and Zp2, except those arising from the gauge
transformation parameter ag in (3.10). This latter contribution is isolated in Qq,,

Qae = 6EMV (ag)p (A7), - (3.20)
where EMNE .— TIMNRE] _ VQSQ[MNR], with
oL oL
TMNR _ 7 SEMNR _ — 3.21
OHyNR OVoHuNR (3.21)

"The reason for this splitting is made clear in appendix B.
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where L = € £ is our full Lagrangian. Notice that the equation of motion for the B-field is
simply VyEMNE = () (see appendix B for details).

Some comments are in order here. First of all, when convenient, we are using a
notation for differential forms that follows [18] and is presented in appendix B. The dots
in the entropy charges denote omitted terms which do not contribute when evaluated
at the bifurcation surface (that is, terms proportional to & thereby vanishing from the
assumption of regularity applied to all fields). Finally, it is important to remember that
ag is not a free parameter of a gauge transformation. It is determined (up to the addition
of a closed form) from the condition that the variation of the B field given by (3.10) has
to vanish on-shell. In section 4 we will set a¢ = 0 in a region near the horizon but, for
the moment, let us keep track of a¢ as it will be necessary to show the invariance of the
entropy under anomalous Lorentz transformations.

Before presenting the full form of the entropy, it is illustrative to see which would be
its value if we had only considered the action Zy. It would have been given by

So = 2 / v ‘
‘ BQO’g( )§—>0,VM5N—>7LMN

= —47T/Be_2¢nMN (dD_lm)MN = 47T/Be_2©€,

where we used (dDilx) MN‘B
form on the bifurcation surface B (see appendix B). This is just the expected Einstein-

(3.22)

= nyn €/2 and nyunnMN = -2 € being the induced volume

Hilbert contribution corrected by the dilaton term. Now, the entropies coming from the
other terms can be obtained after some manipulations and are given by

Sy = dx / e 2 % H A (7_QAB v %*HAB) AR, (3.23)
B
1
Spe = —4m+/ e 2% & (RAB + ZHAC A HCB> naB, (3.24)
B
Sa5 = 67['/ EEMNRHMN(O%)R. (3.25)
B

All in all, writing the fields in tensorial form and using the fact that, given that the
binormal can always be written as nyny = 2vp wy), where v,w are some 1-forms [18],
it obeys nynyngg) = 0, the two terms of the form v, HHnn in (3.23) and (3.24) can be
combined together yielding the following result for the entropy:

3
S =S, — 27r/ o 20 [’Y+ (RMNRS _ 4HTMNHTRS) AINTLRS
B (3.26)
— - HTMNQTRSTLMNTLRS] + Say 5

where QS = QpABE RERS. In appendix E we use the field redefinition method to
derive the entropy for a¢ = 0.

Given that our theory is invariant under anomalous Lorentz transformations (1.9), we
strongly expect this symmetry to be present in the entropy as well. Let us check this
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explicitly by considering the following transformation to a new set of fundamental fields:

EIA:EA+EBABA, @/:(D’
3.27
B':B+7,QABAdABA+%+HABAdABA. (3.27)
The new ()\f’) for this vielbein becomes:
Mt = M)t + (A BOAc? — ApC(NE)c? — LeAp™. (3.28)

Now, for these Lorentz transformed fields we must be sure that the symmetry transforma-
tions we employ to compute the entropy (3.10) vanish on-shell. The new transformations
are related to the old ones by:

0B = 6B + (6¢EP)Ap™,
0¢B' = 6¢B + -4 A dAp? (3.29)
g
+ 5 0cHa” NdAp® +d [oaap — 29 (M) aPdAs"]

where o = aé — ag. It follows from 6¢¥ = 0 that 5§QAB = 0 and 557-[,43 = 0.
Consequently, we need d[dpa¢ — 27_(/\€E)ABdABA] = 0 in order to satisfy d¢B’ = 0. We
choose dpo¢ = 27_()\5) 4BdAp4; that is, the choice of the suitable gauge parameter ag
must generically be changed under anomalous Lorentz transformation in order to guarantee
5§B/ = 0.

Let us go back to our computation of the anomalous Lorentz invariance of the en-
tropy. Given the fact that, to first order, the only non-Lorentz covariant terms in the
entropy (3.26) are Sae and the one containing the spin-connection, we conclude that:

1
oAS = 271'/ ge 2% |:7_HMNR5AQRABHAB — §HMNR5A(05§)R NN
B

(3.30)
= 2my_ / ee 2P HMNEYRAAB [nup + (M) aB] naun =0,
B
where we have used ()\gE)AB|B = —nap, the fact that SEMNE — O(7v+), and
TMNR _}672‘1>HMNR (3.31)
6 ’ ‘

where = denotes that the quantities differ at most at linear order in a,b. This shows that
the entropy is invariant under infinitesimal anomalous Lorentz transformations around a
generic vielbein. Note the key role played by the parameter a¢. To get an invariant entropy,
one needs to impose an invariant stationarity condition like 6¢B = 0, and this is only
possible by means of a¢ and its non-trivial anomalous Lorentz ‘transformation’. We can
summarize by saying that stationarity and anomalous Lorentz invariance are compatible
via gauge symmetry.
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4 T-duality invariance of the entropy and temperature

In this section we show that the entropy is exactly invariant to linear order in a,b under
the corrected T-duality rules. The invariance occurs for all values of a and b, even those
not corresponding to effective string theories. Furthermore, the horizon temperature turns
out to be invariant as well.

4.1 Convenient coordinates and vielbein near the horizon

We will deal with horizons of the kind described in [21]. Their main characteristic is that
they are stationary spacetimes with a bifurcate Killing horizon. Every regular Killing hori-
zon with constant surface gravity s # 0 is of bifurcate type and viceversa; we can take k > 0
without loss of generality. These horizons can be extended to include a regular bifurcation
surface B,% where we will evaluate the entropy. It is very convenient to use a generalization
of the Kruskal coordinates in some neighborhood of the horizon. As in the Schwarzschild
black hole, they cover smoothly an entire neighborhood of the horizon, and in particular
the bifurcation surface. The general line element in any spacetime dimension reads

ds? = GAUAV + VF, dUdz® + yog da®' dz? (4.1)

where G, F,,y and 7,4 are regular functions. The null Killing field in these coordinates is
given by ¢ = k(UOy — Vdy), where & is the surface gravity with respect to £.” The coordi-
nates labeled with a primed Greek index, 2%, include 2%, a = 1,...,D — 2, and ¥, a coor-
dinate adapted to the U(1) symmetry required for T-duality, as in section 2. Consequently
O0yGun = 0 and the same holds for G, F,y/, 74/ Now we choose a vielbein for (4.1) as'0

1 /1 1
B = V2 [(2 + 4V2e—20F$> AU — G AV + V(e Fyypa — Fa) dxa} ’

1 /1 1
B = V2 K2 - 4V262"F$> dU + GdV — V(e > Fyypa — Fa) dxa} ’

E' = dz%,', i=2,...,D—1,
1
EY — iVe*UFzﬂdU + efg%padxa +e7dy, (4.2)

where the e, ' constitute a vielbein for Yag; i-€., 5ijeiej = Yop dz®da?. This vielbein choice
is convenient for three reasons. The first is that it contains d¢ only in the component E¥
and therefore it is of the form (2.5); consequently, the corresponding uncorrected simple
rules (2.7) and (2.9) apply to it. The second is that all components are smooth and so
is the inverse vielbein, E4™. Therefore, the connection components Q42 are regular as
well, even on the bifurcation surface B. Notice that regularity is crucial in the derivation

8B can be defined as the locus of vanishing null Killing vector &; see [3].

In asymptotically flat spacetimes, it is customary to normalize the Killing vector such that £ = —1 at
infinity. But this criterion cannot be applied in all cases, for example in AdS spacetimes. Therefore we will
not impose any particular normalization.

19T identify this vielbein one should first find E% as defined in (4.2). After that, we take a null vielbein
of the form ds? = —2ETE~ +(E*)? 4 (E*)?* +- - -+ (E%)? with E™ oc dU, and convert it to a usual vielbein.
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of the entropy formula [16] performed in section 3. Note also that in this vielbein the
stationarity condition 55EMA = EgEMA + EMB()\g)BA = 0 is fulfilled with ()\?)BA being
the generator of a uniform boost along the E' direction. This is a consequence of:

LBy = KkEN', LeEyt =RkEN, (4.3)

while L¢En' = LeEyY = 0. Using (3.10), we see that ()\?)01 = —()\gE)lo = —k while the
remaining components vanish; therefore we have

d(A) A" =0. (4.4)

We will consider a two-form field B such that £;B = 0. This leads to the third good fea-
ture of the vielbein: the stationarity condition (3.10) for B is simplified with (4.4) to the
form 6¢B = dag = 0. In this way we will take ag = 0 in what follows. The reader should
keep in mind that d(Ag )8 = 0 only holds in a neighborhood of the horizon covered by
U,V,z%. The knowledge of the fields in such neighborhood is the only necessary data to
compute the entropy and the temperature, which are invariant under anomalous Lorentz
transformations. Furthermore, we demand also the stationarity condition on the dilaton
0¢® = L@ = 0. Finally, the vielbein also fulfills éw,EMA = 0 while for the matter fields
we require the U(1) symmetry for T-duality:

OpyBun =0, Op® =0. (4.5)

We will also demand Gy, # 0 everywhere to prevent curvature singularities in the T-dual
solution.

4.2 Invariance of the entropy and temperature

In this subsection we compare the horizon entropies before and after T-duality. As a matter
of fact, it turns out that they are the same for all values of a and b. This generalizes the
result of the uncorrected a = b = 0 case [3].

Before proceeding to compute the entropy of the T-dual solution, it is necessary to
show that we actually have a bifurcate Killing horizon after the corrected T-duality rules
are applied to a black hole spacetime. A basic requirement is the regularity of the dual

metric, which follows from G # 0 and the non-singular €2,/ 4P and QS\?L‘B before duality.

Furthermore, in (2.10) we see that ?25\213 must be regular. Then, we obtain a regular dual
metric when we apply the corrected T-duality rules (2.14).

In order to have a bifurcate Killing horizon one needs a Killing vector that is null on
the horizon and vanishes on a codimension-2 surface. In fact, the same Killing field £ of
Gy will also satisfy such conditions with Guw as the metric; in appendix C we establish
that ¢ is a Killing vector of Gun. Furthermore, £€M does not depend on the fields and
then it is the same after T-duality, vanishing on U = V = 0. To show that it is null and
orthogonal to the horizon we follow an argument similar to that of [3]. As G MN is regular
and £M |5 = 0, the scalars fMﬁNéMN\B = §M(80/)N6MN|B = 0. Moreover, L¢(9,)M =0,
so these scalars are symmetric under £&. From any point of UV = 0, one can get arbitrarily
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close to B through the flow of the Killing vector &. By continuity, the scalars ¢M¢N G MN
and &M (8a/)N G MmN also vanish for any point in UV = 0. There is a spacelike codimension-
2 surface where ¢ vanishes, namely U = V = 0. In the remaining points of UV = 0, there
is a non-zero normal Killing vector ¢ with respect to the metric G mnN- Consequently, there
is a bifurcate Killing horizon in UV = 0 after the duality [3, 21].

It is important to mention that the dual fields satisfy the stationarity conditions (3.10)
with ¢ = 0; this is detailed in appendix C. There is an aspect of the T-dual configuration
which is not determined by the corrected T-duality rules; namely, the range of the dual
coordinate @ In the case of string theory, calculations using the path-integral of the
underlying worldsheet description show that the ranges should be equal, Ay = @.11
We assume this is the case for all values of a and b; otherwise, we would both spoil the
entropy invariance for a = b = 0 already found in [3] and the invariance of the action under
T-duality, as long as the Lagrangian itself is invariant.

Now, we are going to present the expression for the entropy in terms of our vielbein. Be-
fore applying T-duality, n = E°AE! and a¢ = 0, which implies that the entropy is given by:

3
S =92r / dP~1ze 2% /G, [2 + 4y, <R0101 - 4HA01HA01> — 4y QM H 1|, (4.6)
B

where dP~1z := dypdP2z. After T-duality, the components of the binormal at the bi-
furcation surface, nysy|p, are the same to leading order. Actually, it is exactly the same,
as explained in appendix D. In turn, this implies n45|g =~ nap|s, the leading order being
enough for our computation as stated before. Since a¢ = 0, the integrand of the entropy
after T-duality is given by the same expression (4.6), just placing a hat on each field.

The next step is to relate the integrands before and after duality. In fact, it turns
out that they have both the same value. Let us elaborate on this. The factor e 2®y/G},
contributes to both leading and subleading order in a and b, so we need to know how it
transforms under the (a,b)-corrected rules (2.14). It ends up being an invariant, and the
details are presented in appendix D. It is possible to summarize the derivation by saying
that the stationarity conditions (3.10) constrain the dual metric to the form

R 0 Guvls 0
Gunls= | Guvls 0 0 : (4.7)
0 0 Galﬁl‘g
Therefore, the dual determinant factorizes when evaluated on the bifurcation surface,
G| = G1|gGhl, where G| |p = —GQUV\B is the determinant of the metric orthogonal

to B. Given that G 1| = G1|B, and noticing that the determinant before T-duality also
factorizes on the bifurcation surface (4.2), we obtain

6_26\/5;1}8 = e_m\/CTh‘B , (4.8)

where we relied on the invariance of e~?®y/—G under the general corrected T-duality
rules (2.12).

"Eor isometries corresponding to a compact U(1), Ay = m = 2m; in general, Ay and 31\/) must be
reciprocal to each other [22].
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We have to investigate how the expressions in the square brackets of (4.6) transform
under T-duality. The term contributing to the so-called area law corresponds to the first

summand, which is invariant as it is constant, multiplied by e~2®

G, and integrated on the
bifurcation surface. The other two summands are already O(a,b). Our vielbein (4.2) and
its leading order T-dual are of the class specified in (2.4), so we can use the dimensionally-

reduced uncorrected T-duality rules (2.7). To do so, one has to perform first the dimensional

reduction:
3 3 3 oy
Rm01 . EHAOIHAM _ 7,0101 . Zha(nham . Z(620‘/01‘/01 e 2 W01W01) ’ (4.9)
1
Q“%um:wmmm—iwwwy (4.10)

The results for the reduction of Rypcp and Hapc were already presented in [15], while
we gave those of Q4pc in (2.9). The reduced Riemann tensor, field strength and Lorentz-

01017 haOl and wa[)l

connection r are invariant up to O(a, b) terms, and the reduced rules (2.7)
imply ¢ ~ —o, 1?01 ~ Wp1 and /Wm ~ Vp1. As a consequence, both (4.9) and (4.10) are
T-dual invariant to leading order. Notice that the V'V and WW terms stem respectively
from R and HH in such a way that the actual relative factor —% is crucial to yield the

invariance. We have attained entropy invariance,

5=, (4.11)
which is the main result of our work. It is also possible to derive the T-dual invariance of
the temperature, Ty = k/2m, using the form of Gy/n|p. In fact, it is straightforward to
compute the dual surface gravity % in the bifurcation surface:

R 8 = Ve s = omeN s = V5. (4.12)

The second equality follows from €|z = 0 and the latter is the consequence of V&V |5 =
knpN|g. Notice how 93,&V |5 does not depend on the dual fields at all. It follows from (4.7)
that na Y| = nyN|g. In fact, the binormal is also the normalized volume form of the
2-dimensional subspace orthogonal to B. In this case the latter is spanned by dy and Oy,
and the corresponding part of the metric does not change under the corrected T-duality
rules. This means that 7ip/™ |5 = nas’¥ |5, consequently:

R=r. (4.13)

Therefore, we have established the T-duality invariance of the temperature. This result
may seem somehow expected from the fact that the corrected T-duality transformations
are a sequence of field redefinitions (see (A.5) in appendix A) followed by the uncorrected
Buscher rules and, finally, corresponding inverse field redefinitions. Each of those operations
are expected to preserve surface gravity on their own. Indeed, it was proven in [23] that, in
the case of a regular bifurcate Killing horizon, the surface gravity is constant irrespective
of the underlying gravitational dynamics provided Gy — Gun + Ayrn, where Ay is a
regular tensor such that L;Apy = 0. In our particular case, both conditions are satisfied
for our vielbein (4.2) because Qp74% is finite and ESQS\IZ)J\? ~ nglg\’fl)]\? ~ 0 (see appendix C
for a derivation).
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5 Discussion and concluding remarks

In this work we deal with a family of perturbative four-derivative actions describing gravity
coupled to a Kalb-Ramond field and a dilaton, involving two parameters a and b weighted
by the inverse mass scale M2 [5]. For all values of a and b the Lagrangian is perturbatively
invariant under T-duality. Nevertheless, only a few choices of @ and b correspond to effective
string actions, and in this sense it is possible to speak of T-duality beyond String Theory.

Our main conclusion is that the entropy and temperature of a generic non-extremal
black hole solution are invariant under T-duality, thereby extending the original analysis
of [3] to next-to-leading order in the derivative expansion. This happens for all values of
a and b, whether they are stringy or not.'> This is somehow surprising since T-duality is
not expected to be a symmetry of theories based on point particles. We have therefore
extended our previous results for the invariance of entropy and temperature found for the
BTZ black hole well beyond its particular symmetry and dimensionality [8]; it is well-known
that gravity in 2+1 dimensions is special. In order to attain this result it was necessary
to deal with the (a,b)-corrections to the T-duality rules, which we explicitly derived. This
further supports the idea put forward in our previous work that T-duality may be relevant
in providing physical equivalences beyond the realm of String Theory.

Another interesting result concerns the derivation of the entropy formula. In particular,
its anomalous Lorentz invariance requires non-obvious stationarity conditions adapted to
such symmetry. The gauge invariance of the B-field, while usually disregarded in most
derivations of the entropy, becomes absolutely necessary in this case. It is possible to
check the resulting expression with an independent derivation based on the method of field
redefinitions.

The fact that bifurcate Killing horizons are mapped onto themselves with exactly the
same surface gravity, generalizing the results of [3], can be explained as follows: for a given
metric, (a,b)-corrected T-duality is a sequence of field redefinition, uncorrected Buscher
rules and another field redefinition. As mentioned in section 4, each of those operations
preserve surface gravity on their own. Therefore, the same must happen for their successive
application.

The invariance of both the black hole entropy and temperature are in line with the
generic expectations of [26] for higher derivative corrections derived from Double Field The-
ory with a generalized metric. Such conclusions must be taken with a grain of salt, though,
since our action is derived from Double Field Theory with a generalized vielbein and a
generalized anomalous Lorentz symmetry [5]. Therefore we suspect that their assumptions
do not apply exactly to our case, even if the results are consistent. It would be certainly
interesting to bridge the gap between the construction presented in [26] and our results.

In the bigger picture, we would like to explore T-duality as a symmetry principle to
constrain effective actions with degrees of freedom given by Gy, Byny and ®. This
is much more stringent than diffeomorphism invariance, and we hope that some of the
appealing properties of T-duality in String Theory will be inherited by effective actions,
like the equivalence of small and large compact directions or the equivalence of momentum

12For a recent discussion on o/-corrected T-duality in heterotic string theory, see [24, 25].
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and charge [27].'> However, there is one caveat in this program. By requiring T-duality
as a symmetry principle we will certainly make it a generating technique, but it is not
guaranteed that it will become a physical equivalence in the way it is in o-models defining
string theories for generic values of a and b.

A general answer to this question for the moment seems beyond our reach; nevertheless,
the analysis of the entropy and temperature in the two-parameter family of theories studied
in this paper is intended as a first step. As mentioned above, we found that the invariance
of entropy and temperature holds non-trivially for all @ and b; this is a necessary condition
to behave as a physical duality, albeit it is unclear if it is also a sufficient condition. In fact,
contrary to our expectations we could not find any distinctive behavior in the stringy cases
that proves them to be special. It therefore becomes necessary to test this proposal with
further checks. The most obvious extension would be to study the behavior of the other
thermodynamic quantities entering the first law; in particular, to scrutinize if the mass is
invariant for asymptotically flat spacetime and momentum and charge get exchanged like
in [27]. It would also be interesting to explore whether our results hold for higher orders
in the derivative expansion. Building these actions seems a quite difficult challenge, albeit
substantial progress has been achieved recently [29, 30].

Even though T-duality is agnostic regarding the range of allowed values for the two
parameters a and b, there are restrictions coming from the holographic description pre-
scribed by the AdS/CFT correspondence — we had already discussed contraints imposed
by modular invariance of the two-dimensional dual CFT in [8], and similar limitations
should exist in higher dimensions albeit they are harder to obtain — as well as from the
requirement of causal propagation of high-energy gravitons [31]. This is an avenue that
most certainly deserves further exploration.

Another important issue is to study the consistency of anomalous Lorentz transforma-
tions with corrected T-duality. Specifically, one must be sure that two solutions related by
anomalous Lorentz transformation will have physically equivalent T-duals. There is good
reason to think that this is the case for the bosonic action a = b, since it can be fully
rewritten in terms of Gy, Byny and @, and the anomalous piece of the Lorentz trans-
formation disappears [5]. It would be interesting to see if this requirement can set stringy
cases apart from generic a and b, as the heterotic case b = 0 also has peculiar properties
under anomalous Lorentz symmetry.
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A T-duality rules and generic vielbein

Our generalized Bergshoeff-de Roo action was originally found using so-called Double Field
Theory (DFT); in particular, a vielbein formulation of it. For further details the reader
is advised to go to [5] and references therein — especially [13] for a review of DFT in the
a = b = 0 case. In this formalism the fields live in a space of doubled number of dimensions,
namely 2(D + 1)-dimensional in our case. For the purposes of this work we can understand
DFT as a way to write the (D + 1)-dimensional actions as manifestly invariant under T-
duality. In fact, we derived the corrected rules of T-duality transformation using DFT. We
are going to explain the procedure in this appendix, and the frame (2.5) will be particularly
convenient.

Let us briefly review some necessary rudiments of Double Field Theory. 2(D + 1)-
dimensional fields are parameterized in terms of D + 1 fields as explained in section 3.4
of [5]. There are two of them, namely the generalized DFT vielbein,

ooa_ L ESr)M _GABE](B—)M A1)
M NG E](\}_)BGBA B E,(4+)RBRM E](\;)A I GABE(B_)RBRM ’ :

where G zp is the (D + 1)-dimensional Minkowski metric, and the DFT dilaton, e=2¢ =
e 22\/—G. We denote with a bar those fields appearing in the DFT parametrization.
Their properties under T-duality and the relation with the unbarred fields will be specified
later in this appendix. In DFT there is a symmetry that allows to rotate the two vielbeins
E](j)A independently, with different Lorentz generators [5]. In particular, a generalized
infinitesimal transformation generated by

ADA 0
B _ B

induces the following transformation dAEp* = EpBARA + NE IViad

onEn = EnPAs™ + (aOMACE Fi €~ bOhP FNE) €4, (A3)
where FF) are generalized fluxes whose specific form is not important for us, whereas
underline and overline indices mean that either of the pair of complementary projections
in double space was applied to the corresponding index (see [5] for further details). One
important case in which )& ™t = 0 is when the transformation is uniform and then
I Ap? vanishes; for such cases, S,Ep? = EMBARA.

Notice from (A.1) that (A.3) involves non-trivial transformations in both E](\;)A and
B, as well as in G 7y and ®. The fact that Double Field Theory is the right framework to
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incorporate T-duality is transparent in the simple expression of the action written in this
language:

Topr = / dXe 2 (R —9A+aR) + bR<+>) , (A4)

where R and R™®) are generalized diffeomorphism scalars whose explicit expressions can be
found in [5]. We can use the previous DFT symmetry transformation to obtain a unique

A Eg}r)A through a gauge fixing condition.

vielbein, or, in other words, to make Eg\;
Once this is done, the DFT action can be rewritten as a (D + 1)-dimensional theory with
only one vielbein Ey4 = E](\;)A = E](J)A. Notice that the barred fields are not the
unbarred ones appearing in the rest of this paper, whose dynamics is described by the gen-
eralized Bergshoeff-de Roo action, Zpgg, given in (1.1). Nevertheless, it can be shown that

Iprr = Ipdr [5] provided the following relations between barred and unbarred fields hold:

By =By, Bynx=Buy, ¢ *V-G=e*/-G, (A.5)

whereas the only constraint in the choice of (Ep4)™) comes from demanding that the
corresponding Gy fulfills

1 k) B ~(k) A
GMN:GMN_zL’;[akQSV[)A QSV)B . (A.6)

This is all we have to say about the relation between the DFT and the generalized
Bergshoeff-de Roo actions. Now we will derive the T-duality rules for the latter start-
ing from the former. The idea is to describe how the barred fields transform under T-
duality. Once their transformation rules are known, we simply rewrite them in terms of
the unbarred fields, finding in this way their (a, b)-corrected rules. This last step will be
exemplified for CAJ,M,.

In Double Field Theory, the application of T-duality generates two different dual viel-
beins even if before the duality E’](V;)A = E](J)A in (A.1) [5].1 In particular, the two dual

vielbeins EE\Z)A and E%}F)A are given by:

- B Q(ﬁ B ~ 7 A
E®HA_fp A_ Zou EwA7 EEA _ - 1 7 (A7)
: Gy v e
where
— :l: - —
Q) = G+ By, (A.8)

Albeit not obvious at first glance, notice that both dual vielbeins lead to the same metric.'®

For the T-duals of By and @, the rules are formally identical to the Buscher rules (but
with barred fields). Now we have to use the freedom (A.2) to rotate one of the vielbeins

"Tndeed, even if @ = b = 0 in (1.1), it is well-known that the T-dual of type ITA/B string theories contains
two different dual vielbeins [14].
15 Transformations (A.7) were also presented — exchanging the names of the dual vielbeins; namely, our

EE&FM,E’S\;M are equal to &_),", €4)," — in [14].
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so that they both become equal. This is explicitly achieved by means of a finite Lorentz
transformation, £4,
- ~ oo A
ECAZ EHBf A Lph =654 — o Bunby” (A.9)
Gyy

)

which satisfies LoPLp? = dc? and det Lp? = —1 [14]. We will refer to this procedure of
equating one dual vielbein to the other via a Lorentz transformation as compensation. Be-
cause of the Double Field Theory generalized transformation rule (A.3), this compensation
may induce changes in the other fields. On the other hand, a finite version of (1.9) is not
available, and for this reason we do not derive the T-duality rules for a generic (D + 1)-
dimensional vielbein. This problem is solved, though, for a vielbein of the form (2.5), which
has the nice property that Ejy4 is also given by (2.5), thereby £47 = diag(1,...,1,—1).
As mentioned earlier, these uniform Lorentz transformations, 9y £4? = 0, are symmetries
of the full action in Double Field Theory and entail no anomalous modification of the fields.
Consequently, the dual vielbeins in Double Field Theory are given by the rules (A.7), and
we choose Ep4 = Eg\;)A as the dual vielbein in the (D + 1)-dimensional theory written in
barred fields.

We summarize the previous discussion by saying that no anomalous compensation is
ever necessary in a frame of the form (2.5), and for this reason in the rest of this appendix
we work in such frame. As there is no anomalous compensation, the duals of Bysn and ®
are simply:

§MN = E[\/[N7 72(1) V — G = 672@ VvV — (A.lO)

that is, they are given by the standard Buscher rules. The same happens for the dual
metric G MN, N _
Gun =Gun, (A.11)

which follows from the form of E MA. At this pomt it only remains to relate the dual
barred fields EM ,BMN, <I> to the unbarred ones, EM BMN, <I> by means of (A.5).

We just saw that Gy, B mN and <I> are given by the uncorrected Buscher rules.
This allows us to obtain the corrected T-duality rules for G MN, EMN and ® displayed
n (2.11), (2.12) and (2.14). Let us point out how to compute @W, to illustrate the proce-
dure. Essentially, we begin with the standard Buscher rule for G’ww,

1

(A.12)
Gy’

Gy =
and then substitute the barred fields in terms of Gy, Byny and @ according to (A.5),
1 akQ(k)

~ Al A (k) 2
Gyyp = ) 7y = +>
Pl Gy i 4Gy,

(A.13)

O (k)2

This expression is valid to linear order in a and b, which allows us to substitute akQW} for

akﬁfflf; regardless of the actual expression of the corrected rule for QE\?L‘B , this substitution
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is valid because its leading order part will always be the same as 525\213 . This is all we

need to rewrite the previous equation as
A o_a a (w2 o
Gyp = Gup+ > [ U+ —— | » (A.14)
k== 4 wa

where ﬁgﬁf can be readily obtained using (2.10); this is the result presented in (2.14).

Using a similar procedure we derived the rest of the corrected T-duality transformation
rules for Gysn and Bysn. For the dilaton, we apply the following equalities:

VAR N R N arc) (A.15)

where we have relied on the fact that the standard Buscher rules leave e~2®v/—(@ invariant.

B Detailed computation of the generalized Bergshoeff-de Roo entropy

In this appendix we will explain in full detail the computations leading to the results in
section 3.2. After a brief review of our conventions for differential forms, we present the
derivation of the entropy charge associated with each one of the three terms presented
in (3.16).

B.1 Notation and conventions for differential forms

Given a (D + 1 — p)-form F, we can consider F to be the Hodge dual of F with a change

of sign and upper indices: FN1-No = —(x[F)N1--No | Then:
~ 1 ~ _
Fe (D+1—p)1FM1...MD+17pda:M1/\- AdaMPtior = pNNp (@D o (B
where
1

(dD+1_p$>N1~~-Np — |€N1...NpM1...MD+1,pdle A A dxMD+17p , (B.Q)

pl(D+1—p)

¢ being the volume (D + 1)-form. As an example, for a Lagrangian (D + 1)-form L = e L,
we have that the dual (in the previous sense, change of sign included) is L = £ and then
L = £dP+'z. This also shows that e = dP*!z. Another useful result is:

icL=LcMdPz)y. (B.3)
Finally, under exterior differentiation we have:
dF — VPFNl...Np_lp (dD_p+2x)N1...Np,1 , (B4)

so the dual to dF is VpENNp—1P ip this language. To compare this notation with the
standard for differential forms, let us rewrite the defining equation of Qr, i.e., dQr = jr,
which reads V NQIM N~ le . If we can write the current vector, le , as a total derivative
on-shell, we can immediately read the associated charge (up to innocuous ambiguities). Of
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course, if one manages to write j as the exterior derivative of some codimension-2 form,
one can achieve the same goal with differential forms. Nevertheless, in some particular
calculations one notation is more convenient than the other. For this reason, we used
tensors to compute Zy’s charge, and differential forms in the case of the other two terms,
Ile and ZRQ-

There is also an important result concerning the integration of differential forms. We
will be mainly interested in integrating a (D — 1)-form (the charge) on the bifurcation
surface B, so it would be useful to understand the form of (d”~'2)3;n when restricted to
B. As presented in more detail in [18], it can be shown that:

_ 1 _
(a” lx)MN‘B = 5MN €, (B.5)

€ being the induced volume form on the bifurcation surface B.

B.2 Entropy charge of Zj

Consider now the Lagrangian form Lo = € e=2® L corresponding to the action Zy presented
in (3.16). Using the fact that, under a general variation of the fields, de = %GMNéGMNe,

6Lo=ee?® [ —2L06® +8VM OV 60 + Vi XM [5G
. (B.6)
+ (—RMN —4VMovNoe + QGMN&)) 5GMN} :

where XM[6G] = GPQ(SFAP/[Q - GMP(SFgQ. Now, terms with 0® or 6Gyn will be part of
the equations of motion (the other parts coming from Zy~» and Zg2 in (3.16)). We can
thus forget about them for the boundary term. To simplify the remaining terms, we have
to take into account the symmetry transformations dr we employ to obtain the entropy
charge. Considering both anomalous Lorentz invariance and the gauge symmetry of the B
field, the following are the Lie-anomalous Lorentz transformations:

5FEA = ﬁCEA + EB)\BA, orGun = ECGMN , ord = ﬁC(I),
(5FQAB = ,CCQAB + d)\AB + QAC/\CB — )\ACQCB ,

B.7
orB = L:B+ - Q4P Adrg? + %HAB Adrp? +dB, (B7)

5FHAB S ﬁ(HAB — )\AC'HCB + HAC)\CB ,

where I'=((, A, B) are the transformation parameters. Recall that H 4% = Hy 4P doM (1.5),
and that ~ means that we neglect O(a,b) terms. Now, in order to compute the entropy
charge the first step is to find the charge Qr in terms of generic transformation parameters
((, A\, B). Then one simply substitutes those parameters by (£ ,)\f ,a¢), which make the
previous variations to vanish on-shell. The reader should keep in mind that the charge has
to be evaluated on the bifurcation surface B, and also that M|z = 0. For this reason,
terms in Q¢ which are linear in £ vanish at the bifurcation surface and will not contribute
to the entropy integrand. Since we obtain the charge by doing two integrations by parts on
0L, the terms of Q¢ with V& come from those of L with three or more derivatives. Other
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terms with less than three derivatives are not relevant for the entropy and will be ignored
in the derivations that follow. A similar procedure was applied in [23].

Based on this discussion, V;0:® has at most two derivatives of the vector field, and
is therefore irrelevant. However, the term with X [§G] will be relevant, and thus we are
left with:

6Lo = ee 2V XMG) + ... = eV (e 2P XM[5G]) + ... (B.8)

This is the relevant part of dfy(¥, V), and using the dual notation introduced earlier we
can easily read:'6

0 (W, 00) = 2% (GPQ5F]‘P4Q _ GMPaFgQ) +... (B.9)
= 2672CI>GMNGPQV[})5GN]Q + e

It is now a simple matter to construct the current j% = 9(])\/[(\11, o) —(Me=2® L. Keeping
only the relevant terms, it is given by

jor = e 22GMNGPR (VpVoly — VNVlp) + ...
= e 22gMNGPQ (VPVQCN —2VinyVgilp — VQVNCP) RIEEE
=e 2Vp (VIM - VM) + L.
—9Vy (e—zq’v[NgM}) ¥

(B.10)

Notice the use of the Ricci identity in the second line to discard one of the terms. This
is already in a suitable form to read the associated charge; using V NQ(])\{FN = jé%, it is
immediate to conclude:'”

Qo = —2e 22V N (P 1a) (B.11)

MN T

Defining Qg as Qo for I' := (, A, B) = (&, )\éE, ag), we find the charge of Zy (3.17) presented
in the main text.

B.3 Entropy charge of Iy~ and Zg-

Let us start by analyzing the contribution of Zy2. First of all, we need the following result
for the general variation of a Chern-Simons form built out of a connection 2:

1 1
50 = gRAB NP 4 — 5 (45 A 30E L) . (B.12)

This is valid for any Lorentz connection, with or without torsion, and R4 g is the curvature

()

2-form associated with 2. In particular, the functional form of §®'*/ is exactly the same

just including the appropriate superscripts (4). The previous result allows us to write the

15Up to the addition of a closed form to §(¥,§¥), which does not modify the entropy [23].
17 Again, the primitive is defined up to closed form, but this ambiguity does not alter the entropy
result [23].
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variation of H’ after some algebraic manipulations as follows:
6H' = d6B — 29y_RaP N 6Qp? — v RAP A OHB? — v dHAB A 6QpA
- %’y_dHAB ASHBY = 29, Q4 AHE NSO — 7 QU A HE A SHBA
- %W_HAC ANHeP A 6Qp™ — iw{AC NHe” N oHE" (B.13)
+d [V_QAB AoQpA + %HAB NOHpA + %*QAB AOHpA + %*HAB A mBA} .

Two further results are needed in order to write down the general variation of our La-
grangian. The first follows from the Hodge dual definition,

1
SxH = 5GMNaGMN*H’ +%6H', (B.14)
and the second is the identity xF' A G = xG A F for any pair of p-forms F' and G. Then,
we obtain the full variation of Lz = —3e™2® « H' A H' as
1
6Lprn =e 2% |60 — ZG]‘“V(SGM]\, *H' NH —e2®x H NGH', (B.15)

where §H' is given by (B.13). Notice that the first term in the previous equation is going
to contribute to the equations of motion without any further integration by parts and,
therefore, 62 (¥, V) will be obtained completely from the second term — albeit not all
of it is part of the boundary term, since it also contains contributions to the equations of
motion. Now, there is an obstacle to apply the derivative counting argument presented
in the previous subsection. It is correct for the part of the transformations depending
explicitly on ( since at the end of the calculation we are going to set ( = £ and evaluate at
the bifurcation surface. It is also valid for the contribution proportional to A, since we will
evaluate for A = )\gE , which is defined in (3.10) and contains a single derivative of . But
we cannot proceed in the same way with the gauge term df appearing for the B field. As
a consequence, we will derive first the contributions to the entropy charge arising from ¢
and )\, leaving that of 3 for later analysis.'®

Suppose then for a moment that we are working with the symmetry transforma-
tions (B.7) without d8. As we said, all the contribution to the boundary term comes
from the last part of (B.15), and since dH' is given by (B.13) we can start our derivative
counting process. First of all, in (B.7) we provided §: xH4® just to leading order, but this
is enough given the form of (B.13); it is always multiplied by 74 or v_. Since A4 will
have at most one derivative of the vector field when evaluated on A = )\£E , its differential
appearing in d¢ yB and ¢ x\ (2 4P will have two derivatives. It is then easy to find the only
terms containing three derivatives in 6 Lg2. After an integration by parts, these produce
the following relevant part of the boundary term:

B2 (0, 50) = (—1)P1e=22 [« B/ A §B + 5 H A (fy_QAB + %*HAB) A 5QBA] T

18To be as clear as possible with the following calculations, we write explicitly the parameters of the
transformation we are considering instead of I'. Parameters taken to be zero are not written.
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where we used the fact that H' ~ H. Now, in the current only terms containing two
derivatives of ( are relevant,

Jaeea = (—DPTe 2P« HA [29-Qa% + v HAB AdA s + .. (B.16)
and another integration by parts leads us to the charge presented in (3.18),
Queca=e 2P xHA[27-Qa® +HAP| Apt + .., (B.17)

after we take ( = £ and A = )\f . Similar calculations to the ones just presented allow us
to obtain the contribution of Zg2; again, if we do not consider the gauge transformation
term df in (B.7). First of all, the variation of the Lagrangian is given by:

1
=Y %’fe—% K_(sq) n 4GMN5GMN> *RWB A REIAY 4 9y RIB £ spkIAL
k=+

where:

ORYE = (5007 46 (PO A 0 F)

Note that now all the relevant contribution to Og2 (¥, V) will come from the first term
() B

containing the differential of 0§2,”*. It takes a simple calculation to conclude that
Op2(,80) = (~1)P+ Y %e% « RPB A sQpt 4 ... (B.18)
k=%

We can rewrite this expression in terms of the parameters v as

(_1)D+1 —2P B 1 C B
0R2(\II75\I/):_T€ * (44 | Ra +ZHA ANHe

(B.19)
+27_ (dHAZ + 2049 AHP)] A 5QBA} +...
The current is now given by
1
JR2 (N = —(—1)D+1€_2¢{2’y+ * (RAB + Z'HAC A 'HCB> AdrgA
(B.20)
+ - x (dHAP + 2049 A HE) A d)\BA} +.o
and the corresponding charge for the entropy would be
1
Qr2cx = —e2% [2’Y+ * <RAB + Z/HAC A ’HCB)
(B.21)

fy_*(dHAB+QQACAHcB)])\BA+...

—97 —



This is the result in (3.18) (taking ( =& and A = )\f ), but it is puzzling at first sight. We
seem to have a y_ contribution to the entropy, but appendix B of [5] shows that the action
Zg2 in (3.16) has no y— part. Their proof relies upon Bianchi identities, and using them
we can also conclude that the v_ part of the entropy vanishes. Let us sketch the proof as
follows. First of all, we can use the antisymmetry of A\g“ to rewrite:

o (AHAP + 2949 A HP) Mgt = % (AHAP + Q4% A HE +HAC A QP) A
This is a Lorentz covariant derivative for H,

YAB . = qHAE + QAC A HP + HAC A QP

B.22
= (EMM(EPYNV rHyrng daft A da® (B.22)

This expression, when evaluated on B, will be contracted with the binormal n 45, since for
A= /\éE we know that ()\gE)BA]B = np. Besides, taking also the Hodge dual we obtain:

*(YABTLAB) =% (nMNVRHMNS dzft A dxs) = 2nMNVRHSMN (dD_lzv)RS .

Using now (dD_lm)RS |B = nrs €/2, we can show, as a consequence of dH = 0, that

1
TLMNHRSVMHNRS = §HMNTZRS [V[MHN}RS + V[RHS}MN] =0. (B23)

So the v_ terms in Qg2 ¢\ vanish as they should. We finally obtain

SR2 = —47T’Y+/

1
e 2% & <RAB + ZHAC A HCB> NAB , (B.24)
B

which is the expression for the entropy presented in (3.24).

Let us now come back to the issue of the gauge symmetry of the B field parametrized
by B. The first thing we have to realize is that these kind of gauge contributions to the
entropy charge arise when considering both Zy» and Zgpe. It will prove to be a good idea
to tackle the full problem all at once, instead of isolating the two separate pieces. Consider
then our full Lagrangian form L = L ¢, which depends on Bjsn only through Hjsngr and its
first derivatives; the latter appearing from RE\:/l[:])V AB and 953;1)\[ p- From a general variation
just involving the B field, it is easy to obtain

oL =¢ [TMNR5BHMNR + SQMNR(SBVQHMNR}

B.25
= —3€VMEMNR5BNR + 3eV [EMNR(;BNR + SM[QNR}VQ(SBNR , ( )

where we have made use of the definitions (3.21). The Euler-Lagrange equation for the B
field has the form:
VuEMNE =~ (B.26)

whereas the boundary term is just

0 (,6B) = SEMNES By + SMIONEISH N (B.27)
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We can now easily obtain the contribution from the gauge parameter S of the symme-
try transformations (B.7), that we denoted by é3. Clearly, 0gHynr = 0, and thus the
contribution to the current and charge, proportional to £, will be:

i = 6EMNEV N BR MY = gEMNE g, (B.28)

where we employed the fact that VyEMNE =0, This is (3.20) if we define Qo = QB ae-
As a byproduct of this result, we can also conclude that the addition to a¢ of an exact
form will not change the entropy value, since taking ag = dy we can write Qq, as a total

derivative to be integrated over the bifurcation surface, which we assume has no boundary,
as in [23].

C Stationarity of the corrected T-dual
In this appendix we show the stationarity of the T-dual fields, namely that
(5§EMA = 5§§MN = (55(5 =0.
(k)2

It will follow automatically from L¢Q/y ~ Cgﬁg\lf[)]\? ~ 0, so let us focus on this identity.
We begin by noting that

3ea” = LeQna® + Dy(A\)a® =0, (C.1)
k k k
02\ ~ L), P+ D (WE)AP ~ 0, (C.2)

which hold because d¢Ep? = 0 and §¢B = 0. The first equality is taken from [16] and
that of the second line is a consequence of (B.7) with { = £ (the value of f is irrelevant
because Bjsn only appears through Hy;nyg). The operator D®) is defined as the Lorentz
covariant exterior derivative D with Q%) instead of Q. Since d()\f )48 = 0, we can simplify
the latter expression as

LD + AP0 — 0E)a " = 0. (C:3)

We see that the leading order effect of the Lie derivative on Qg\lf[)AB is exactly a homogeneous
Lorentz transformation with generator _()\g YaB. From the previous equation one easily
arrives to

coM2~0. (C.4)

Let us address now the T-dual configuration. Since we want to repeat the argument above,
we show first that 6¢ &/ v =0and L¢B = 0. Indeed, under uncorrected Buscher rules (2.7),
the components E of a vielbein of the form (2.5) are invariant, while E¥ transforms into

EY = e (W,da 4 dip) . (C.5)

Since L¢o = 0 and LW, = —L¢ By, = 0, it immediately follows that £5E’£ = 0. The Lie
derivatives act therefore on the Buscher-transformed vielbein the same way it does on the
original one (4.3):

LeEr® = kEyY,  LeEn' = kEN°, (C.6)
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while LeEns' = LeEy® = 0. This means that §¢ By = Le By + EyB(AF) 5 = 0, where
the only independent non-vanishing component of )\gE is ()\f Jo1 = —k, and d()\gE AP =0.
Furthermore, Lgé = 0 because of (2.1). Taking a¢ = 0, we have the stationarity of E,

namely

§eB=LcB+— (bQ( B _ a0 B) A d(AE) g + dde = 0.

Therefore, we can repeat the reasoning applied before T-duality to conclude that £§§S\]})]3 ~
0. Now that we have checked that EgQ%Z)N ~ EgQ%Z)]\? ~ 0, it is easy to see in the corrected
rules (2.14) that £5GMN = £5BMN ££<I> = 0. This is enough to ensure the stationarity
conditions taking a¢ = 0 and using d)\E R d)\E = 0:

EgéMN =0, (therefore 5£EMA = 0) (C.7)
0eB=LeB+ - (bQ(H —aQP) A () + dde = 0, (C.8)
Lee™® =, (e* G (—G)*W) ~0. (C.9)

The implication between parenthesis in the first equation is discussed in reference [16].

2

D Invariance of e~ G, under corrected T-duality

—20

In this appendix we study the invariance of e G, under corrected T-duality, which

plays an important role in section 4. Let us start with the following property:
Gyuls = Bypls =0, (D.1)

where fi can be either U or V. This metric component can be read from (4.1) at U =V =0
(in fact in the whole horizon V' = 0). That of B is derived from L¢Byy = 0. Then, it
follows that:

Gupls = Gapls =0, Gpols = Gpols.- (D.2)
We can use these results in the expression of the corrected T-dual fields (2.14). Further-
more, we can resort to 5595\?}3 R ﬁfﬁg\?j\? ~ 0 (this was shown in appendix C) to make
all Qg\?j\% components appearing in the expressions of @¢ﬂ\ 5 and @aﬁ’ B vanish. Indeed, for
any regular tensor T y:

LeTyn ~0 = Tﬂa’|8 ~0. (D.3)

Notice that fZS\IZ)AB is regular because EMA, EAM and EMN are; see (2.1).19 Thereby the
desired property follows:

(k)2 k)2

Q0’8 ~ Q%5 ~ 0. (D.4)

9The reader should keep in mind that we always assume Gyy # 0, as mentioned at the end of section 4.1.
We also rely upon 6_26\/—76 = ¢~ 2%\/=@G, which holds as well for a = b = 0, and therefore 6_2$\/T =
e ??\/—G. Using this expression and (2.3), one can prove that the determinant satisfies det En? =
G;i det EMA, and then E'AM is regular.
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Substituting back in (2.14) we find that

~ P =~ ag k) k)2
Gyuls = Gapls =0, GurlB = W\B+Z (Q(—- - E_u—/) >’B- (D.5)

The last two terms in CA},],;| B cancel each other. To see that this is the case, we convert
curved U, V indices to vielbein components 0, 1, taking into account that Fy°|s and Ept|s
are non-vanishing only when M = i (4.2). With a simple application of the dimensionally
reduced T-duality rules (2.7), one arrives at

akQ ’|s = anEp B Q%25 = 0, B0 BP W5, (D.6)
*17 |B = akEﬂaED Qé,;) B, (D.7)
where @, b can be either 0 or 1. Then:

Guvls = Guvls, Guuls =0, Gvvls=0. (D.8)

So in the end the corrected dual metric has a very simple block structure, and the compo-
nents normal to the horizon turn out to be invariant under corrected T-duality:

R 0 Guvls O
GMN’B: GUV|B 0 R 0 . (D.Q)
0 0 Ga/5/|3

Notice that @UU|B = @VV|B = éﬂa/|5 = 0 also follow from Eg@MN = 0. Neverthe-
less, Gyv|p and Gy/p|s are not constrained by it and, in fact, they do not vanish. This
convenient block structure allows to establish:

6—26\/5}1‘626—%\/_7@ 1
\/—G

and therefore the corrected invariance of the area law integrand of the entropy as presented

—2@\/7

_GJ_ e_m\/Gh’B, (D.10)

B

n (4.8). In the second equality we have used that e~2%/—G is invariant under corrected
T-duality (2.12).

E Independent check of the entropy formula

The purpose of this appendix is to give an independent check of the entropy result (3.26)
when a¢ = 0, which is the case in section 4. Let us start by introducing the generalized
Metsaev-Tseytlin (MT) action [12], which is equivalent to the generalized Bergshoeff-de
Roo (BdR) action (1.1) using field redefinitions of O(a,b). The relation between the BAR
and the MT fields is given by

Gunlmr =GuNn — 7?JFHMRSHNSR,

Bun|ur = Bun + 7+ (VEHRyuN — 2VRPH  yn — H[MABQN}BA) ; (E.1)
QlmT =@ + %HMNRHMNRy
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and the MT vielbein must also satisfy Ez(\g)A’MT = Ej(\g)A. Notice that the ambiguity in
E](é,)A|MT is irrelevant as long as the metric is given by (E.1). One can check this in the
form of the MT action:

Tur = / dPHay/=G e 2 (Lyp + L + LYT) (E.2)

where

LYt =R —2A + 4V, VMo,

1 1 1
LﬁQT _ ’Y% (RMNRSRMNRS _ iHMNRHMSLRNRSL I ﬂH4 _ gHJQ\/[NHQ MN) . (B3)
Ly = _E(HMNR — 67-Ounr)?,
and
H* = HMNEH " HyrY Hew® Hiny = Hu™ Hysr, (E.4)

all the fields in the previous equations being MT fields. We have added the cosmological
constant term and also discarded a boundary term, that, as such, does not yield any
entropy [19, 23]; its precise expression is given in reference [5]. The zeroth order part of
the action is the same as in (1.1). In L{;; we have also discarded the same boundary term
as in the beginning of section 3.2, as it does not contribute to the entropy. The first order
in four-derivative corrections was obtained in [5], which encompass the results in [12].

Let us now compute the entropy of the MT action (E.2). The contribution of LR/[T
and LﬁzT can be found with the standard Wald method [19, 20]. We have computed the
entropy of LI\H/[/; using the generalization of that method presented in section 3.2° Adding
the results for all terms in (E.2) we arrive at:

1
SMT — 271_/ dD—lxe—Q@ /Gh’MT |:2 _ <’Y+ <RMNRS . 4HTMNHTRS>
B

(E.5)

— - HTMN QRS ) nMN nRS] ,
where the leading order part and the terms proportional to 4 and «_ come respectively
from L, Lﬁ%r and Lﬁ; At this point we have the form of the entropy of the generalized
Metsaev-Tseytlin theory. The expression is already very similar to that of BdR (3.26) for
ag = 0, but the coefficient of the term v, HH is different.

The entropy integrals computed in both theories must have the same value [23], namely
SMT = Spar. Therefore if we rewrite the MT fields in terms of the BdAR ones we should
arrive to (3.26) with ag = 0. Notice, however, that the terms proportional to v4 and ~_
in (E.5) are already the same for both sets of fields to linear order in a and b. Thereby, key
contribution comes from the factor e =2%/G},|arr. In the following this is checked explicitly.

20A closely related action with anomalous diffeomorphism instead of anomalous Lorentz symmetry was
studied in [17], where it is assumed that the anomalous diffeomorphisms leave B exactly invariant; therefore
there is no term analog to dag (3.10) neither a contribution analogous to Qa, (3.20) in [17].
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It is convenient to work in the coordinates (4.1), in which the MT frame metric is of

the form?!

ds?|yr = G(1 + 74 HZy G H)dUAV + Gorpr e dz®' dz?” (E.6)

on the bifurcation surface. The leading order part of the binormal becomes
1
n|lp =nyydU AdV|g = §GdU ANdVg.

Consequently, the entropy reads:

SMT = 271’/ dDilx(i*Qq)\/ Gh|MT [2 + v+ (4RUVUV - HUVQIHUVO/)
B (E.7)
— 47—9“/’UVHanv} ‘

The next step is to rewrite e 2%/ Gp|lmr in terms of BdR fields. To do so we use the

invariance of e~2®y/—G under (E.1), and the fact that on a horizon v—G = /=G v/G},
where \/—G | is the volume orthogonal to the cross section. Using these two properties we
have that, when evaluated on B,

e 2VGrlur V=G 1|Bar

e 2®/Ghlgar  V—Gilur )
and we can use the identities
H?]V’B ~ -G HUVD/HUVO/‘B, ngls ~0, (E.9)
to conclude -
_ a /
e Grlur _ | HUYS Hs (E.10)

e~ 22/Ghlar
The first identity in (E.9) follows from L H = %d(aQ(’) — bQ(H) /\d(/\EE)BA ~ 0 (obtained
from 0¢B = 0) and a trivial generalization of (D.3) to a tensor with three indices. The
second identity, instead, is a consequence of L’gH]QV[N ~ 0 and (D.3). The location of
the bifurcate Killing horizon does not change under the field redefinition but the volume
orthogonal to the bifurcation surface is not the same in this case. In the generalized
Bergshoeff-de Roo frame /—G | |gqr = G/2, and substituting back in the entropy formula,

SMT = 27‘r/ dela?efm)\/ Gh‘BdR [2 + v+ (4RUVUV - 3HUVO/HUV&/)
5 (E.11)

- 47—QQI’UVH0/UV} 7

which coincides with the generalized Bergshoeff-de Roo entropy (3.26) for a¢ = 0, this
providing a quantitative check of our results.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

2IThere is a bifurcate Killing horizon on the MT metric, located in the same place as in the BdR metric. In
general, a bifurcate Killing horizon is invariant under regular stationary field redefinition of the metric [23].
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