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implications of our results and propose dual spin-2 operators.
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Introduction and summary of results

In the last two decades there have been significant developments towards the understand-

ing of the strongly coupled dynamics of supersymmetric quantum field theories in four

dimensions. In this paper we will study A/ = 2 supersymmetric theories using hologra-

phy [1]. One can understand these theories as arising from stacks of NS5 and D6 branes

with D4 branes stretching and intersecting them. At low energies the world-volume theory

of the D4 — NS5 — D6 brane arrangement is described by linear quiver gauge theories with



product SU(N.) gauge groups connected by bi-fundamental fields and SU(Ny) fundamen-
tal matter for each gauge group associated to the D6-branes. In the conformal case these
theories preserve SO(4,2) x SU(2) x U(1) isometries and arise as a compactification of M5
branes on a punctured Riemann surface [2].

Gravitational solutions holographically dual to these theories were found by Gaiotto
and Maldacena in [3]. Based on the previous work by LLM [4], it was found that by
considering a smearing of the M5 branes along the eleven dimensional coordinate one can
reduce these solutions to type-IIA supergravity. This generates a whole class of solutions in
terms of a function solving an axisymmetric Laplace equation with appropriate boundary
conditions that ensure regularity of the solution and proper quantization of D-brane fluxes.
Given a solution one can construct the dual quiver field theory with the rules spelled out
in [3] (see also [5]). One can then use holography to compute observables and learn about
the A/ = 2 theories at strong coupling. Recently, using this approach, several new formu-
las computing field theory observables in terms of geometric data were presented in [6].
Generic solutions for this class of geometries and some particular interesting examples were
studied in [5, 7-9]. Finding new examples belonging to this class of geometries however is
challenging and solution generating techniques like non-Abelian T-duality have proven to
be very useful to construct new examples [10].

In this paper we obtain the linearized equations of motion for the fluctuations of the
type-IIA supergravity fields around an arbitrary background. We restrict our attention
to a consistent truncation, namely that of spin-2 excitations of the N/ = 2 geometries
discussed above. As a result we have to deal with a second order differential equation
which coincides with the analysis in [11] (see also [12-16] for similar studies of the spin-2
excitations). We provide a generic expression for the wave operator given in terms of the
function that solves the axisymmetric Laplace equation. We use the above operator to
study the spectrum of two interesting examples. The first of them is the Abelian (Hopf)
T-dual (ATD) of the AdS5 x S° solution [17, 18]. Regardless this solution does not satisfy
the appropriate boundary conditions for the axisymmetric Laplacian, it is still a good
solution. The second example is the Sfetsos-Thompson solution [10] obtained after applying
non-Abelian T-duality (NATD) along the SU(2) isometries inside the S° of the maximally
supersymmetric solution in the type-IIB supergravity. It turns out that this solution defines
a singular geometry. Despite this issue, this solution has some interesting properties that
make it stand out from others belonging to this class of geometries. For instance, it was
shown to be an integrable background [19] as opposed to the generic “smooth” non-singular
solutions of the large class of Gaiotto-Maldacena geometries [20, 21]. A detailed study of the
field theory dual of the Sfetsos-Thompson solution including a completion to the geometry
can be found in [18]. It is worth noticing that the ATD solution can be obtained as a
limiting case of the NATD one! [18]. We also see this relation at the level of the operators
describing the spin-2 excitations. Using holography we can then shed some light towards
the understanding of the operator spectrum of the dualized solutions. In the BMN limit
this problem was studied in [23].

!Though the dilaton and the RR fields did not match, this issue was solved in [22].



In order to analyze the spin-2 spectrum of the solutions, we transformed the equa-
tion for the fluctuations into a Schrédinger-like problem of a particle in certain potential.
The resulting potential is very similar to the one considered in the study of marginal de-
formations of supersymmetric backgrounds [24, 25]. In both ATD and NATD examples
we were able to find analytic solutions only for the zero value of a quantum number n.
For non-zero values of this quantum number we solved the equation numerically using the
shooting method. For large masses we compared these solutions with a WKB analysis
finding agreement. The analysis of the NATD solution shows a continuous spectrum of
masses. This issue is associated with the fact that the “field space” coordinate p in the
solution is unbounded. A discrete spectrum arises whenever we bound the value of this
coordinate. This hard cut-off in the geometry is ascertained by placing D6 branes at a
certain position p, [18]. The situation with the ATD solution is very similar, though in
this case the “field space” coordinate is periodic giving rise to a discrete spectrum.

The analysis of the spectrum of the above discussed examples gives states dual to spin-2
operators of 4d N/ = 2 SCFT's described by linear quivers involving vector multiplets as well
as hypermultiplets in the bifundamental representation. Such operators have dimension
A =4+ 20+ |m|+v. We use the field content of the dual SCFTs in order to define an
intuitive structure of these spin-2 operators with the appropriate dimension and R-charges.

The paper is organized as follows. In section 2 we briefly review the Gaiotto-Maldacena
class of geometries. In section 3 we study the spin-2 excitations of these geometries by per-
turbing the metric components along the AdSs sector. We write down a generic expression
for the operator describing the fluctuations in terms of the function that solves the axisym-
metric Laplace equation. In section 4 we study the spectrum of two particular examples of
Gaiotto-Maldacena geometries: the ATD and NATD solutions. In both cases we performed
analytical as well as numerical methods to obtain the spectrum and its lower bound. In
section 5 we discuss the field theory interpretation of our results. We conclude in section 6
with a brief summary of our results and future directions. We provide detailed appen-
dices with the machinery needed to present the results of this paper. Appendix A is a
compendium of formulas that are useful to derive the fluctuation equations. Appendix B
contains the equations for the fluctuations of all the fields in type-IIA supergravity in the
Einstein frame. Finally in appendix C we discuss the WKB approach that we used to give
support to our numerical study of the spectrum in section 4.

Note added. When we were finishing this paper we became aware of [16] which has
some overlap with the content of our section 3.

2 Gaiotto-Maldacena solutions

The theories that we are going to deal with here are N' = 2 supersymmetric solutions of
the type-ITA supergravity, which have been found in [3] and whose metric in the Einstein
frame has the following form:

dsty = =3 fo (dshas, + 1A + fo(dn® + do?) + fadB?), (2.1)



with dQ3 = dx? + sin? xd¢? being the line element of a two-sphere. The dilaton ® and the
functions f; depend only on the coordinates (n,0) and they can be expressed in terms of
a function V(n,0) as:

V-2V .. . . V-2
P NS RN (13
VVVA g 4 (2.2)
4% 1% 1
fl__20'2A’ f2__20_2"/7 f3_v_2v

Notice that due to the normalizations we adopted here the AdSs5 space has a unit radius.
Moreover, primed symbols correspond to derivatives with respect to 1 while dotted symbols
correspond to the action of the operator ¢0d,.

The geometry of this class of solutions is supported by a NS two-form and a set of RR
potentials:

1L(vV! 1 vy 1 V2V
By = —n|Volg,, Ci=2-——=dB, Cs=——~
2 2<A 77) olqo, , 1 82V—Vﬂ’ 3 160’2A

dB AVolg,, (2.3)

where Volg, = sin xydx A d§ is the volume form on the two-sphere {22 and the RR fields F»
and Fj are defined through the potentials C7 and C3 as Fy = dCy and Fy = dC5+ Cy A Hg
with H3 = dBQ

As it is understood by the previous expressions, any background that fits into the
Gaiotto-Maldacena classification is fully determined by the function V'(n, o). However this
function is not arbitrary but instead it has to satisfy the following second order differential
equation:

V+a2V"=0. (2.4)

In addition, the above equation is supplemented with boundary conditions for the
function V (o, n) and its derivatives that fully determine the solution and ensure the geom-
etry and matter fields obtained via (2.2) are regular and properly quantised. We requiere
V(e — o0,n) — 0. In addition, by defining the charge density A(n) the remaining boundary
conditions read

V(e,m)lo=0 = A(n), A(n) >0, A0)=A(n.)=0. (2.5)

The above function is also required to be piece-wise continuous, made out of linear segments
A(n) = a;n + bi, a; € Z with a; — a;—1 < 0. The change in slope a; between consecutive
segments must be in addition an integer and is related to the presence of D6 branes in the
geometry. Therefore a background constructed by a given V satisfying the above conditions
is dual to 4d A/ = 2 SCFTs of the GM class.

In the section that follows we will study perturbations of the metric (2.1) along the
AdSs5 directions.



3 Metric perturbations

In this section we look for a consistent truncation of the equations for the fluctuation of the
supergravity fields. Before we start this analysis it is worth to mention some properties of
the geometry of the solutions that we are interested in. The first property is that the metric
in the FEinstein frame is conformal to a direct sum of two five-dimensional spaces. More
specifically it is conformal to the sum of AdSs with a five-dimensional internal space Mjs:

ds® = ds*(AdSs) + ds*(Ms) . (3.1)

Thus, it is useful to adopt the following notation for the indices:

M,N,P,K,A\,X,...: ten-dimensional indices,
Vs Py Ky A, Ty indices in AdSs,
m,n,k,p,q,8,...: indices in Ms.

Moreover we will consider the splitting of the coordinates X = (z#,4™), where z are the
coordinates in AdSs and y the coordinates in Mj. The ten-dimensional line element (3.1)

can be written as:
gun dXMax™N = g, da" dx¥ + G dy™ dy™ (3.2)

where the metric components g, depend only on x and g, only on y. Using matrix
notation the metric reads:

(3.3)

Guv (T 0
Gan(z,y) = (g’” ) ) .

0 Jmn(y)

The second important property of the geometries that we are going to consider is that the
metric is diagonal.

Next we would like to turn on only the fluctuations of the metric components along
the AdSs5 sector, while the fluctuations of the rest of the fields are taken to be zero, i.e. we
take into account only the following:

59;11/ = egAh,uy , (3.4)

or
dS% =2 |:(§Nl/ + huy)dx“dx” + Gmndy™dy" | . (3.5)

In addition we take h,, to factorize as:

Ty (,y) = B (@)Y (y) (3.6)

where h,[f,t,] is transverse with respect to V# and traceless, i.e.

verlifl =0, gvnlil =o. (3.7)



Under these considerations we see that the fluctuation of the dilaton equation and also those
for the Maxwell equations are trivially satisfied. However from the Einstein equations we
see that the only terms that contribute are:

1oy 1oy 1~ ~ ~ ~ -
0= 5 VI Varhen +5 VIV ha =5 Va4V AV phasy —hary V2 A=8 sy (VA)?

4
1 B _
+§hMNZﬂp’yp€2(l p)A+ap¢A12,, (3.8)
p=2

where the notation of flg is explained in appendix B.2.1. In order to simplify the above ex-
pression we took into account the structure of the background fields (coordinate dependence
and index structure) of the Gaiotto-Maldacena solutions. This can be further simplified if
we change the order of the covariant derivatives of the first two terms. Using (A.7), we get:

@ZﬁthN = ﬁMﬁthN + §PP' RP’M hpn — f]KZ RPNKM hsp. (3.9)
The first term vanishes due to the transversality condition. Now the Einstein equation
becomes:
0=0"" Rophpw—3" R hop+3" Row hop—3" R, hop— V2l
SP A =2 & 42 - 2(1—-p)A+ap® f2 (3.10)
8V AV phyy — 21y, VP A= 16, (VA) 41y, > Bpyp e DA 12
p=2
We recall that the Riemann and Ricci tensors of the AdSs of unit radius are:
R,u,l/pcf - gyagup - gupgua = RVO’ =—4 gvo . (311)
So
" Roy hpy = =4 hyy i Rpww hop = huw . (3.12)

Therefore, the equation that we need to solve is:

4
~ ~ ~ ~ ~ 2 _ = ~
0= V2hyu+10 by +8VEAV phyy + by |2VPA+16(VA)" = By 207D ATr® L2
p=2
(3.13)
It turns out that, for all the solutions that belong to the Gaiotto-Maldacena class, the term
in square brackets equals to —8, thus the equation that we have to solve is:

0=VoVahu +2hu + V"Vl + 8V ™AV by . (3.14)
Notice that the last two terms can be written as:

V"V by + 8 VAV, = e SAY™ [eSA@th} = L(h). (3.15)

This has exactly the same form as the operator £() in [12]. Also, since the indices of Py
are along the AdSs subspace we understand that h,, behaves like a scalar for the covariant
derivative V,, and the operator £. Now the action of £ on a scalar f can be written as:

1
O (V/Grts 57 0uf ) 48" DA (3.16)
5

N

L(f) :@m@mf‘i‘S V™A @mf =



Moreover, the equation (3.14) can be recognized as the equation of motion of a massive
graviton of mass M propagating in AdSs [26, 27]. This is given by the Pauli-Fierz equation:

0=VVohu + (2= M?) hy, . (3.17)
Using this, the equation (3.14) reduces to an eigenvalue problem for the operator L:
L(hy) = —M?hy,, . (3.18)

In terms of the coordinates of the metric (2.1) the operator £ has the following form:

L(f)=

1_, 1, 1

1 Afofivfs ) (Afoflx/ﬁ
i b Afofiv s 677< Ol ) +0r

2 — % )] (3.19)

where V%Q) is the Laplace operator on the two-sphere £25. This operator looks quite compli-
cated and for this reason finding its eigenvalues for the general case of an arbitrary solution
of (2.4) is a non-trivial task. However, as we will immediately see in the following section,
one can focus on specific solutions of (2.4) which lead to a solvable eigenvalue problem for
the operator L.

4 The spin-2 spectrum

It is known [10, 18] that the T-dual of AdS5 x S° as well as its non-Abelian T-dual version
are both examples of Gaiotto-Maldacena backgrounds. This fact motivates us to look for
solutions of the eigenvalue problem (3.18) in the aforementioned two cases. This is feasible
because as we will see shortly the operator £ simplifies significantly in both examples. Let
us see this in more detail.

Operator £ in the ATD. The Abelian T-dual solution is derived by the Gaiotto-
Maldacena ansatz by choosing the potential V'(n, o) to be [18]:

2
VATD (. 6) =Ino — % +n. (4.1)

One has also to perform a change of coordinates in the following manner:?

n=2, o=sina. (4.2)
As a result, we end up with a simple expression for the operator L:

cos? o
4

1

1’1204

4
cos? o

LATP(f) =02 f+ (cota—3 tana)@af+si Bf+ o5 f+ Vinf,  (43)

where V%Q) is the Laplace operator on the two-sphere Qa(x, ).

2In this notation ¢ is the coordinate associated to the T-duality transformation.



Operator £ in the NATD. In the non-Abelian T-dual case the potential V(n,o)
reads [10]:

2 3
The change of coordinates that gives the NATD solution is the same as in eq. (4.2) where

VNATD _ o’ UK
(ny,o)=n{lnoc—— | + —. (4.4)

now we are going to rename 1) by p.?> The operator £ in this case is:

NATD/ gy _ a2 _ 1 5, cos’a ( 2 1
L (f)=03f+ (cota—3tana)daf+ o5f+ f+=0,f+—=Vinf
“ sinZa 4 pLT TP 52 0 (2)
4 2
+6052av(2)f' (45)

This operator organizes nicely in terms of a Laplacian on the two-sphere Q2(x,&) and
a Laplacian in spherical coordinates (terms in the parenthesis) on the three-dimensional
Euclidean space parametrized by the radial coordinate p and the two-sphere Q2(x, ). The
eigenfunctions of the last are spherical Bessel functions that depend on the eigenvalue £.
Notice that at p > 1 we have LNATP(f) = LATP(f) with the identification p = ).

[’ATD ENATD

Let us now try to solve the eigenvalue problem for the operators and

starting with the Abelian T-dual example.

4.1 The ATD case

The form of the operator £ATP suggests that we should expand Y (y) in eigenfunctions of
2

the operators 8[23, 05 and V(Z):

Y(y) = Z fm,n,f(a)ei(mﬁ—i—nw)yf()(a f) ,
m,n,l,k (46)

mmnesZ, £=0,12,..., k=—4—L+1,....0,

where V¥, are the spherical harmonics on the two-sphere Qa(x, &) and fo, , ¢(c) are func-
tions to be determined. Using such an expansion the eigenvalue problem (3.18) translates
to a second order differential equation for the functions f, , ¢(c):

2 2 4000 +1
L RPN P Ch )

M? —
sina 4 cos? o

0=02f+ (cota—3 tana)daf +

f, (4.7)

where for convenience we have suppressed the indices m,n, ¢ in the function f(«). If we
perform the following change of variables:

z=sin’a, z €10,1], (4.8)
then the differential equation that we have to solve becomes:

2 2 2
0=2(1—2)82f + (1 —32) 0.f + ]\Z—g(fjj)—zlz—%(l—z)]f. (4.9)

3Here the coordinate p is a radial coordinate that together with the Qa(x, &) results after non-Abelian
T-dualizing a three-sphere inside the five-sphere of the AdSs x S°.

4Since the index k does not enter anywhere else, we expect that the mass spectrum is (2¢ + 1)-times
degenerate.



For n = 0 this equation can be brought into a hypergeometric form and thus it can be solved
analytically. For n # 0 the above equation has two regular singular points at z = 0,1 and
one irregular singular point at z = co. Thus it can be brought to the form of a confluent
Heun equation by setting:

[m]

f(z)=2z2 (1-2)%(z2). (4.10)
Indeed, if we do this the function f has to satisfy the following DE:

az —q

~ 0
0=0%+ L+ —— O+ —— L5 4.11
i (42 ve) o e 2 (a.11)
with
n? M? n? [|m] ’
= 1, 6=2(0+1 = =—— = | 1) +1, (4.12
v=|m|+1, ((+1), =0, a=—1c, g=——1c—| 5 HH1]+1, (412)

which is the confluent Heun equation.
Eq. (4.7) can also be put in a form of a Schrédinger-like problem. To do this we
redefine f(«) as:

(o)

o) = . 4.13
fe) 2 cos3/2 asin'/? o (4.13)

Then the function f(a) satisfies the Schrodinger equation:
— O2f+ V(a)f = M7, (4.14)

where the potential V' («) is:
4m? —1 1600 +1)+3 n?
= — —14. 4.1

Vi) 4sin? o + 4 cos? o + g e (4.15)

Potentials of this type were also considered in the study of marginally deformations of
supersymmetric backgrounds [24, 25]. To the best of our knowledge, it is still not known
how to solve analytically eigenvalue problems with potentials like the one above and thus
we will use numerical methods.

4.1.1 The analytic case n = 0
Let us consider now the case where n = 0. It is easy to see that the confluent Heun
equation (4.11) reduces to a hypergeometric differential equation:

0=12(1-2)02f+ [c — (a+ b+ 1)2]0.f — abf, (4.16)

where the constants a,b,c are given in terms of the eigenvalues ¢, m and the mass M
through the following relations:

M? M?
a:1+€+‘73|— 1+T, b:1+£+’77712|+ 1+T, c:\m]—i-l (417)



The hypergeometric equation above admits two linearly independent solutions. Since in
our case ¢ is a non-negative integer one of the two solutions is singular at z = 0 and thus
we will not consider it. Hence the only permissible solution is:

f(z) = 2F1(a,b;¢;2) . (4.18)
However in our case ¢ —a — b = —2¢ — 1 < 0. For this reason the behavior of the
hypergeometric function near z = 1 is given by the formula [28]:

. oFi(a,b;c;2)  T(e)l'(a+b—c)
i (11—z)c—a—b OO (4.19)

Thus the only way to make the solution (4.10) regular at z = 1 is to require that a = —v
with v =0,1,2,.... From this condition we end up with the following tower of masses and
conformal dimensions:

M2 = (2(u+€)+\m|>(2(u+€+2)+|m|), A=2w+0+2)+|m|,
mez, v l=012,....

(4.20)

Taking x = 2(v + ¢) 4+ |m| we can write the above formula as:
M? = k(k+4), k=0,1,2,.... (4.21)

The last formula matches the result found in [29] for the excitations of the metric along
the AdSs directions in the case of AdSs x S°. This is expected as the modes with n = 0
that we considered here are inert under the T-duality transformation.

4.1.2 The non-analytic case n # 0

As it was already mentioned, we are not aware of any method that allows us to solve eq. (4.9)
analytically for n # 0. For this reason we restrict ourselves to find an approximate formula
for the masses M which is valid for large enough values of M. This can be done using the
WKB method of the appendix C.

In order to be able to apply the WKB method we first have to express eq. (4.9) in
terms of a suitable variable which we call r and it is related to z as:

z

r= ,
1—=2

r € [0,400). (4.22)

The next step is to bring eq. (4.9) into the form (C.1). As a result, the functions p(r), w(r)
and ¢(r) of eq. (C.1) are:

P=15 Y= gamE 1= e 16(1+r)?

1 2 24160(04+1)(147)2
r m P H160(0+1)( +7“). (4.23)

Expanding these functions in the vicinity of the two end-points we find:

p(r)=r+0(r%),  w(r)=,+0(r),

m? m? n? 80(0+1)+n?—3m?
= —— _— 1
ar) ==ty g DT 4

at r~0 (4.24)

r+(’)(r2)

~10 -
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Figure 1. Comparison of the masses that are computed numerically with the ones computed using
the WKB formula. For the computation we fix the quantum numbers as (n,m,{) = (7,4, 5).

and

p(r)=14+00"1), w(r):i—l-(?(r_zl),

4r3
O L(0+1) | 8U(0+1)—m?  8m%—n?—48(((+1) 5
q(r)=-— 2 + 13 + 16,4 +0O(r™?)

at ra4oo. (4.25)

The reason for keeping more terms in the expansions of the function ¢(r) is to exploit all the
different possibilities that one can obtain from its asymptotic behavior. More specifically,
one can consider the cases where (m # 0, # 0) or (m # 0,£ = 0) or (m = 0,¢ # 0) or
(m =0,¢ =0). It turns out that all of them give the same WKB formula for the masses,
which is:

M? = 4v(v + |m| + 20), v=1,2,.... (4.26)

Notice that the previous formula does not depend on the quantum number n.

As an independent check, we solved eq. (4.9) numerically (using the shooting method)
for given values of the quantum numbers m,n and £. As it can be seen from figure 1, the
values for the masses that are computed numerically are in a good agreement with those
computed by the WKB formula (4.26) when the mass is large enough.

In order to illustrate that the masses do not depend on the quantum number n as M
is getting higher and higher, we plot the tower of masses for fixed values of m and ¢ and
different values of n. In figure 2, each line corresponds to a different value of n. It turns
out that the lines tend to merge in the sector of large masses.

The above feature is not manifest when we fix n and m and vary £ or when we vary
m while keeping n and ¢ fixed. This can be seen in the following plots where any possible
convergence of the different lines seems to happen much slower compared to the figure 2.

- 11 -



Figure 2. Mass spectra for fixed m and ¢ (m = 10,¢ = 8) and different values of n. The horizontal

line represents the lower bound for the masses given in eq. (4.36).

4.1.3 Bound on the spectrum

We will now recast eq. (4.11) in the Sturm-Liouville fashion:

d d
0= Sf+ AW (2)f, S = o (P(Z)dz> +Q(z). (4.27)
This is done for:
P(e) = 2P =222 QU= —D (- 92 W) = (1 - e
(4.28)
and )
A= Z[M?— (20 + |m]) (20 + |m] +4)]. (4.29)

Let us also introduce the following inner product with respect to the weight function

W(z):
1

(Fis )y = /dz W (2)1(2) f2(2) . (4.30)
0

We will impose boundary conditions such that two eigenfunctions of different eigenvalues
are orthogonal. Then we have:

0=Sf1 + MW (2)f1,

(4.31)
0= Sy + AQW(Z)fQ .
If we multiply the first by f2 and the second by §; and then subtract them we find:
d dfq d dfa
0= (P(Z)dz) —hig (P(Z)dz> + (M= X)W (2)fifa. (4.32)
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Figure 3. The figure on the left represents the mass spectra for n = 10, m = 8 and different values
of £. The figure on the right shows the mass towers for n = 4,¢ = 7 and different values of m. The
horizontal lines represent the lower bounds for the masses given in eq. (4.36).

Integrating the last from 0 to 1 we get:

d di \ |
(A = X2) (f1, f2)y = P(2) <f1 £ — 2 ;;) B (4.33)
Hence we impose:
il _prdf|
Pf@ ZZO_P 7 B =0, (4.34)

which in our case is satisfied as long as f and df/dz are finite at the endpoints of the interval
[0, 1], or if they diverge they do it slow enough.

We can now derive a lower bound for the mass spectrum in the following way. From
the Sturm-Liouville equation (4.27) we have:

1 1 2 1
A<f,f>W=—/dszf=/dzP<g> - [dzap =0, (4.35)

0 0 0

which implies that A > 0 or:
M? > (20 + |m|) (20 + |m| +4) . (4.36)

Notice that the bound does not depend on the number n.

Obviously the spectrum we found in eq. (4.20) satisfies the above bound and it saturates
it for v = 0. From the numerical analysis we get strong evidence that the bound is not
violated for non-zero values of n, as it can be seen in the figures 2 and 3.

4.2 The NATD case

Though in the non-Abelian T-dual case things seem to be similar to the Abelian example,
one has to be careful with the range of the coordinate p as it runs in the semi-infinite
interval [0, +00). The unboundedness of the p coordinate makes the NATD solution a
non-regular solution of the Laplace equation (2.4) since it does not satisfy the last of the
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boundary conditions in eq. (2.5). We will see in this section that our analysis will set a
bound to this coordinate.

The separation of variables scheme for the operator £LNATP is:
00
VW)= [ an fone e iV ),
mlk (4.37)
meZ, neRsy, £=0,1,2,..., k=—4—-0+1,...,¢,

where jy(np) are the spherical Bessel functions that are regular at the origin. This scheme
leads to the differential equation (4.7) where now the index n is continuous. As a result
one expects a non-discrete spectrum of masses with respect to the index n. Notice however
that the space of admissible solutions of the eigenmode equation must involve normalizable
eigenfunctions. That is to say that the measure C,, ¢k, in the effective action for the 5d
graviton must be finite. The effective action results from the second variation of the type-
ITA supergravity action and in our case it is

o0
Sia=Y / dnCotgon | P2y/—Gaasy (W2 )™ pAdSS +(2- Mz)} (B ko)
m,&k 0
1
Contkn = o / Py, € }Ym,z,k,nlz- (4.38)
10
Ms

(o0}
It turns out that Cy, ¢k » involves an integral of the form [ dpp? ( jg(np))2 which diverges un-

less the integration is done on a finite interval. Finite pe(l)"turbations then instruct us to im-
pose a bound for p which corresponds to a hard cut-off in the geometry. Let us work for the
moment with the solution with finite p and leave some comments to the end of the section.

Since now p is of finite range one has to make a choice for the boundary conditions of
the function Y (y) at p = p,. Let us assume for example that Y|,—,, = 0. This implies
that n can take only those values where:

e =P8 s=1.92,..., (4.39)

*

with pgs being the roots of j;(p). The separation of variables scheme now reads:

Y() = > fmes(@)e™ jelnesp) Vi (x,€)
m,lk,s (440)

mezZ, s=1,2,..., £=0,1,2,..., k=—L—L+1,...,0.

Again, the functions f, , ¢(c) must satisfy the DE (4.7), but now the parameter n
has to be replaced by nys;. Consequently, when nys = 0, it is possible to find analytic
solutions for (4.7). Since we are dealing with the same DE, one expects to find the same
mass spectrum as in eq. (4.20). In the case where ngs # 0 the DE (4.7) can only be solved
numerically. Since the only difference with the previous examples is the fact that now we
have to deal with the values of ny, instead of the integer or positive real values of n, we
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do not attempt such an analysis. For large quantum numbers one can perform a WKB
analysis which should give as a result the same behavior for the masses as in eq. (4.26).
Moreover, the mass bound for the aforementioned two examples turns out to be the same
as in eq. (4.36). This is due to the fact that one has to deal with the same DE (4.9) as in
the ATD case.

Let us finally point out the problems regarding the finiteness of the p coordinate in
the NATD solution. In principle, there is no reason to end the spacetime at some finite
point p, consistently without adding extra sources to the solution. Let us briefly explain
this. As we pointed out in the introduction, generic D-brane configurations describing MG
backgrounds involve an arrangement of D4-NS5-D6 branes. In this vein the NATD solution
corresponds to an infinite set of NS5 branes located at some finite positions along p with
pNg D4-branes stretched between the pth—(p + 1)th NS5 branes. There are not D6-branes
in the solution. This can be seen from the fact that the potential function describing the
NATD solution eq. (4.4) gives a charge density which is an ever increasing (non piecewise)
linear function® \(n) = Ngn with zero change in slope, a; —a;_1 = 0, signalling the absence
of D6 branes (see discussion around eq. (2.4). It is then evident that a decreasing change
in slope such that the p coordinate is of finite size can be ascertained by adding D6 branes
to the solution. The solution of the Laplace equation V(n, o) is then modified. A generic
solution satisfying the appropriate boundary conditions can be written as [5]

o
c ) nm
Vion) = =3 FKolwno)sinwnn),  wn =" 0<n<m.,
_ n *
=t (4.41)
An) =V(0,1) = Z Cn Sinwy 1,
n=1

where ¢, are the Fourier coefficients associated to A(n). Eventhough our analysis in this
section was based on the NATD solution one can prove that the bound in the mass found
in eq. (4.36), and correspondingly the dimension for the operators, is universal for the MG
class of solutions described by eq. (4.41) in agreement with the results in [16]. In addition
to this, it can be shown that the solution in eq. (4.41) -using Poisson resumation formula-
close to o,m ~ 0 behaves as the NATD solution (see e.g. [6] for details). This suggest
that the NATD solution gives a good description of the physics as long as we are in this
parameter region, far away from the end of the space determined by the finite range of 7
(or p in our notation). Interestingly, the absence of D6 branes in the NATD solution is the
key feature for integrability [19], contrary to the generic solutions of the MG class. We will
propose in the next section operators belonging to this integrable subsector, that is to say
when fundamental fields are not considered.

5 Some comments about the field theory interpretation

In this section we close with some comments related to the field theory interpretation of

our analysis.

®We have perfomed a rescaling in the metric such that A — NgA [3].
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Figure 4. Dual quivers associated to the ATD (left) and NATD (right) solutions. We use N’ =1
language to represent N = 2 hypermultiplets with two arrows.

Generic SCFTs dual to MG class of solutions are described by linear quivers with
product gauge groups [[;"; SU(N;) and 4d N = 2 supersymmetry with SU(2)g x U(1),
R-charge. The field content of the theory involves a vector multiplet for each gauge node
as well as hypermultiplets transforming in the bifundamental representation of consecutive
gauge groups. In addition we have fundamental fields attached to particular gauge nodes.

We studied the spin-2 spectrum associated to two interesting examples dual to the
above SCFTs. Following the rules spelled out in [3] the quivers encoding the information
of the field theory duals to the ATD and NATD solutions were worked out in [18]. The
field theory dual to the ATD is described by a circular quiver and describes the Zj orbifold
projection of N' = 4 SYM. The dual quiver for the NATD solution is given by a linear quiver
of infinite size (see figure 4). In the following, we will mostly concentrate the discussion on
the NATD case.

As pointed out, the dual field theory to the NATD solution corresponds to an infinitely
long linear quiver with gauge group H;il SU(pNg). The infiniteness of the linear quiver
represents a problem whenever we compute certain physical observables [18]. The results of
the preceding section showed that in order for the spin-2 spectrum to have a well-defined
Hilbert space for the eigenfunctions of the wave operator it is necessary to restrict the
infinite range of the p coordinate to a finite one. The boundedness of the p coordinate
in the geometry implies, for the dual field theory, the finiteness of the linear quiver. A
consistent way to obtain a finite quiver is ascertained by adding extra fundamental fields
attached, for instance, to the last gauge node the number of which such that we preserve
conformal symmetry. This is yet another way to see that the field theory dual to the NATD
needs to be completed and is along the lines of the CFT completions studied in [18].

In the previous section we showed that both ATD and NATD solutions (for v = 0)
have spin-2 operators with dimension A = 442[+|m/| where ¢ and m are identified with the
SU(2) and U(1) spins respectively. The structure of the multiplets containing the spin-2
states with the corresponding dimension dual to the MG class of solutions were identified
in [16]. Using the notation [j, j]g%’r) where j, j label the representation of the conformal
algebra, the two-sided chiral multiplets and the representative primaries are

20,0 - 20,—2m — 20,2m
AsAs s (0,035, ,,,  AoL: [0,0](AZQ+2€)+2m, LA : [o,o]g:%;éw (5.1)
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We can then use the field content of the theories we studied here in order to construct
operator candidates dual to the spin-2 states belonging to the above multiplets. Intuitively
they may involve a gauge invariant combination of fields times the stress energy momentum
tensor which is dual to the massless spin-2 state and has dimension® A = 4.

Let us start with the ATD case. As discussed above the dual quiver is circular con-
taining k£ gauge groups and bifundamental mater. We then have k different colour indices
associated to each scalar in each of the vector multiplets, QSZZ, as well as bifundamentals
with k indices of different kind between adjacent gauge nodes, Ag:ﬂ. The above fields have
dimension 1 and R-charges ¢ : (0,2), A : (1,0) under SU(2)g x U(1), respectively. We can
then consider operators of the schematic form

k k
O = Tr (¢’;1A{1¢32A§2 . qﬁzmﬁ) T S mi=m, S L=20, (52
=1 =1

with R-charge (2[,2m) where [ is an SU(2)g index. This operator may be thought of as
generalizations of the BMN operators studied in [23]. In the NATD solution this kind of
operators are not well-defined since they will have a very long dimension -infinite- and
therefore they will be so heavy to be excited. We do not expect them to be part of the 4D
N = 2 dynamics. This is in fact due to the infiniteness of the quiver describing the dual
SCFT. As we discussed before in order for the quiver to be finite we need to add extra
fundamental fields.

In the absence of fundamental fields, there are still well-defined operators that we can
study. As we pointed out at the end of the last section, the NATD solution is the universal
behaviour of any solution belonging to the MG class close to o,n7 ~ 0. One may then
expect to define operators in the regime where we can ignore the presence of flavours. For
instance, we can form mesons with the bifundamentals in the hypers M7 = A5Bp. A
spin-2 operator then may have the form of a dimeric-like operator [32]

O = Tr(¢" M T, (5.3)

with R-charge (2¢,2m). We argue this operator belongs to the integrable subsector of
generic SCFTs dual to MG class of solutions according with the results of [19].

To conclude this section let us mention that the above analysis goes through also
for v # 0. In this case we can add SU(2)g or U(1), singlets inside the trace of the
operators (5.2) and (5.3) to achieve the v dependence in the dimension.

6 Discussion

In this paper we have written down the whole set of linearized equations of motion for
fluctuations of warped geometries in type-1TA supergravity with AdSs factor. In particular
we studied the spin-2 excitations of the Gaiotto-Maldacena class of geometries. We gave a
generic expression for the wave operator describing these fluctuations in terms of the solu-
tion to the axisymmetric Laplace equation characterizing these geometries. We studied two

Following the conventions of [31] that we will use from now on.
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interesting examples: the Abelian (Hopf) T-dual and the Non-Abelian T-dual geometries
of the maximally supersymmetric solution AdSs x S°. The wave operator for these solu-
tions turned out to be the same when the “field space” coordinate p of the NATD solution
is large. We were able to find an analytic solution for the spectrum only when the quantum
number n vanishes. For the rest of the spectrum we resort on numerical methods. For large
masses we showed that our results are in perfect agreement with WKB expectations. Since
in the ATD case the “field space” coordinate is compact, we obtained a discrete spectrum of
masses. A bound for these masses was found. However, in the NATD case, the “field space”
coordinate is unbounded, which originates a continuous spectrum of masses. By imposing
a hard cut-off in the geometry that bounds the value of this coordinate a discrete spectrum
of masses emerged. We conclude our work with a field theory interpretation of the spin-2
excitations in the two examples of our interest by proposing dual operators belonging to
the multiplets of the SCFTs dual to generic MG class of solutions identified in [16].

An immediate application of the equations for the fluctuations written in the appen-
dices is to study the full spectrum of excitations for any solution in type-IIA supergravity.
In particular, the marginally deformed Gaiotto-Maldacena solutions studied in [6]. These
geometries are also characterized by the function V(o,7) that solves the Laplace equa-
tion (2.4). It is then possible to write down generic formulas in terms of this function to
calculate the full spectrum. We plan to report these results in a future collaboration.
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A Useful formulas

In this appendix we list some of the most useful formulas and identities that are necessary
to derive the linearized equations of motion for the fluctuations of the supergravity fields.

A.1 List of formulas in the Riemannian geometry

The Christoffel symbols and the covariant derivatives acting on tensors are given by:

1
Ty = 3 97" (Omgsn + Ongsm — Osgun) | (A1)
n
vMTAl.NAnBl--.Bm = Oy By.Bm T Z Totp TAI"'P"'AnBl...B,,L (A.2)
k=1

m
§ : P Ar.. Ap

- I‘MB;C,T B1...P..By °
k=1
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Notice that when the upper index of the Christoffel symbols is contracted with one of its
lower indices then:

1
Dty =5 9™ (

1
5 Omgsn +Ongsm — Osgun) = = 9" Ongus = OnIn /g, (A.3)

2

where g := det (gMN).
The Riemann tensor is defined through the Christoffel symbols as:

R MEN = aEF?/[N - 3NF?42 + FﬁNF/I\(E - F]\K42F/I\(N . (A.4)

In this form it is clear that the Riemann tensor is antisymmetric under ¥ <+ N. The Ricci
tensor is defined by contracting the first and third indices of the Riemann tensor, i.e.

Run = R sy - (A.5)

Obviously the Ricci tensor is symmetric under the exchange of its indices. Finally the Ricci
scalar is given by the contraction of the Ricci tensor with the metric:

R .= gMNRMN . (AG)

Another useful object is the commutator of two covariant derivatives acting on a tensor.

This can be written in terms of the Riemann tensor as:

n m
Ay A B Ay AyS. A B 9 Ay A,
[V, VN]T "Br.Bm = E :R sun T "By..Bm E :R ByMN T B3 B *
=1

k=1
(A.7)
A.2 Metric variations
We consider variations around the background metric gasn of the form:
gun = gun +ogun,  g"N =g +54MY (A.8)
where:
5gMN = —gMP sgps g™ . (A.9)

We will also take all the geometric quantities (such as the Christoffel symbols, the
covariant derivatives, the Riemann and Ricci tensors and also the Ricci scalar) to be con-
structed with the background metric gasny. As a consequence:

Vpiun = VngN =0. (A.10)

The variation of the Christoffel symbols reads:

1
ST iy = 3 "% (Vimbgsn + Vndgsu — Vsdgun)
(A11)

1
(SF%N = §§ME VN(ngM .
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Using the above we can compute the variation of the Riemann tensor which simply
becomes:
SR™ yysy = Vol — Vol s . (A.12)

From this we find that the variation of the Ricci tensor is:

SRyn = Vpol'ly — VNolE b

1 (A.13)
=3 (V¥Vamdgsy + VZVNdgsm — Vgun — 37> VN Vaidgsp) -
Finally, for the variation of the Ricci scalar we have:
SR = Ryn 6g™N + VMY Nsgyn — g7V V2ogun
MN Mo N MN o2 (A.14)
= —RMY 590N + VMV Sgun — 7MY VE3gun -
A.3 Conformal rescalings
Let us now consider the conformal rescaling of the background metric to be:
gun = gun . (A.15)

Using this, the Christoffel symbols constructed with the background metric gasny are
given by:
Py =Dy + Tagw (A.16)

where fﬂ n are the Christoffel symbols that are constructed with the metric gy ny and we
defined”

TZ\IZN = 5]{; @MA+5]@@NA—§MN @PA (A17)

. P . . . . . . . P _ P
Notice that T}, is symmetric in its lower indices, i.e. T}, = T'y;;- Moreover here we
raise/lower the indices using gy/n .

Using the above we can write the Riemann tensor as:

RY vy = RY sy + [51@ Vs VmA = gun VsVAA+ 88 VAV A
- L (A.18)
— 0% Gun (VA)2 +gun Vs AVAA - (2 & N)} _

The Ricci tensor is found after contracting A with X in the expression above giving:

Ryn = RMN + (2 — D) @M@NA — JMN @214

+(D—2) ViAVNA+ (2= D) gun (VA)?, (A.19)

where D is the dimension of the spacetime. From this we can obtain the Ricci scalar:

R=e?|R-2(D-1)V24- (D-1) (P -2) (VA)"]. (A.20)

"We use the fact that for any scalar f it is Oy f = Ouf = Varf = Varf.
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Another useful quantity is the variation of the Christoffel symbols in terms of the
metric gyrny. From the first eq. in (A.11) this is found to be:

1 _ps e ) . ) . ~

0Ty = 3 7" (Vahsn+Vnhoy —Vshyn —2dun hox VEA=2hyn Vs 4),  (A21)
where for convenience we set:

Sgun = > hyn = SgMN = _2ApMN (A.22)

Notice that the indices are raised with g™V. The expression (A.21) is useful when we want
to express variations of covariant derivatives acting on tensors in terms of the metric gysn-

B The type-IIA supergravity equations of motion and their fluctuations

In this appendix we review the equations of motion of the type-ITA supergravity and present
general formulas for their fluctuations.

B.1 The equations of motion of the type-IIA supergravity

Let us start by writing the equations of motion for the type-ITA supergravity fields [12]:

1 63@/2 P 1 )
OZRMN—53M¢3N@— 5 (FMPFN —QMNF2>

16
e®/2 3 e ® 1
BT <FMPKAFNPKA_329MNF42> I (HMPKHJ\fK_ugMNH;%) ,  (B.1)
3 e®/2 e ?®
OvaVM®—§e3q’/2F22— e F42+EH§, (B.2)
B o®/2
0=V (e *Hunp)— 5 FnpraFEM+ 2_4,_4,EMl...MgNPFMl"'M4FM5"'M8 . (B3)
o®/2
0= vM(e3‘I’/2FMN)+TFPKANHPKA, (B.4)
1
0=vM (eq’/ZFMNPK) - mé‘Ml...M7NPKFM1”'M4HM5”'M7 ) (B.5)

where €p7, . ary, is the totally antisymmetric Levi-Civita tensor.

An alternative way to present the dilaton equation (B.2) is by eliminating its de-
pendence in the RR fields. For this reason we first consider the trace of the Einstein
equation (B.1):

_ 1 2 3 3022 R
O—R—2(8<I>) T F2—192F4—24 Hj . (B.6)
Using this we can re-write eq. (B.2) as:
M 2, e
0=-2R+V"Vy®+ (09)" + o Hs. (B.7)
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B.2 Fluctuations of the equations of motion

Here we derive the linearized equations of motion for the fluctuations of the supergravity
fields. For this purpose we consider the following perturbation scheme:

IMN = GMN + OgMN , P=0+¢p, H3 = H3 + 6Hj3,

) i (B.8)
Fy =F>, 4+ 6Fy, Fy=F;+6Fy,

where we use the bar notation for the background values of the various fields. Notice
that the background metric gasn is the metric in the Finstein frame which is conformally
related to the metric gasn through a warp factor as in eq. (A.15). Let us now continue
with the fluctuations of the equations of motion.

B.2.1 The Einstein equation

Before we start fluctuating the Einstein equation (B.1) we would like to re-write it in a
more uniform way as:

0=Ryn — %aM(I) OND — Z’yp ap® [ MN - Bp gunNA } (B.9)

My..Mp_ .
where we denote (AIQ,) = Ay, Ay PP and we consider:

MN

3 1 1 1 3 11
Ap = (FQ)H37F4)7 Qp 1= <27_172) ) Bp = <167 12732> ) Tp = <17276> .

We also introduce the dot product for a tensor A, as:

(Ap) - (Ap) y = Aursy . x A
(Ap) - (Ap) y = Ale.._zp_l At

(Ap) - (Ap) = Az, A7,

) ) (B.11)
(Ap)- (Ap) = As, 5, A5,

&
&
where we use the bar and tilde notation in order to stress that the indices are raised with

the background metrics gysn and §yrn respectively. After some algebra one ends up with:

1 ~gn 1 ~gn 1~ 1~ -~ - -
0:5vathN+§v2thzM—§v2hMN—§vaMh+4v2AthgN

. - - - - - 1 _ 1 _
FAVEAV yhsy —han VEA—=8 by (VA2 —4VP AV physy — 5 O OND— 3 OnPONg

4
1 _ o & - - ~
—g 2 et [Wp)M'<Ap>N+<Ap>M-<6AP>N—ﬁphMNA,%
p=2
4
_(p_l)hPKAle B 2_,4 Xip— QK] _gz 2(1-p)A+ap® (AZ)MN+QMNt
p=2

(B.12)



where t is defined as:
- - R 1 ~ ~ -~ - -
t:=VZhspVIPA+ hsp VEVEA — 3 VAhVAA +8hpy VEAVE A

4 _ 4 _ 5
+ g Z ap Bp Yp 62(1_”)A+O"’®A?, + % Z Bp Yp e2(1-p)Atap® [2 (5Ap) . (.Ap) (B.13)
p=2 p=2

—phpr As, 5 T AEL"EP*K] :
Here by h we mean the contraction h := QMNhMN

B.2.2 The dilaton equation
If we consider the fluctuation of the dilaton equation (B.7) we arrive at the following result:
0=2RMN hpn—2VMVN by +2V2h 4 V248 VM AV 1o —hpry VMV &
VMBS hasy TIETY At TV DT h by BTN 42TV BV s

—36hy N VIVN A—144h v VMAVN A—36 VM AV hyyn +18 VM AV b
e—P—4A —d—4A B e—P—4A
e+ (0H3)- (Hs)—

B.2.3 The Maxwell equations

hpi HypnP HYVE (B.14)

Let us now continue with the variation of the Maxwell equations (B.3), (B.4) and (B.5).
The results are summarized in the following three equations:

o The equation for the NS three-form:
0=12hynVMAHY o, +hun VMO HYe o+ VMO Hyr, i, — 49 VM A Hyr i, i,
— VMo Hyg iy 4 VM ASHar i, 10, — VY @ S Harie i, — 0 VM Hyre e, + VM 0 Ho iy 1,

1. - o o . . . .
— (QVthM—Vgh)HEKIKQ—hMNVNH%lKQ—VNthIHN§<2+VNth2HN§(1
3
2

24 e e3®-24 _ . e3®—24 _ KA -

) CFr ko kA F 7 — OFk ko kA5 — Fr 5%, (0Fxa—2hgm F"))
eP TS FMy. My 2Ms...Ms | o xMj...M. " Ms... M,
+m ihEMl---M8K1K2F ! 4 s 842&1 ]‘\1/[5...M8K1K25FM1---M4F 5 8

~My M MaMsMy 7 Ms... Mg
_8hM1M{€ MQ...MsKlKgF ! F : (B15)

o The equation for the RR two-form:
- - 3 i~ 9 . - - -
O:12hMNVMAF][V<1—§hMNVMéF]}QNLZ@VMq)FMK1+9¢VMAFMK1
3oy = - 3 e
+3 VMo Furge, 46 VM ASFy e, + 3 VMO §Fyrk,

3 N e N N
+So VM Eye, + VM5 Py, —haun VN EYe =V nhs e, FV>

2
L oM N N pia € HAe FrPKA
—5( VY hsiy—Vsh) e + B eFprak, H 70+ 5 OFprar, H
e bk 70D
+ F Kl((SHPKA_?’hPEH KA)‘ (B16)
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e The equation for the RR four-form:

- - 1 o o
0:12hMNVMAF]}7(1K2K3—§hMNVMQ)F]}/(l[QKS—F%VMQFMKIKQKS

_ . 1 _ L _
+oVMA Fyri i, i +§ VMo Forre iy s +§ VM Eriie kot 2 VM ASFri ok

1 == 1, = O -y
+3 VMO 6 Frrre, iy ks — 3 (2VMhsy—Vsh) B, g, —hun VN Y% ok
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C WKB approximation

In this appendix we review the WKB approximation method following the lines of [30].
The formalism that was developed in [30] applies to eigenvalue problems for second order
differential equations of the following form:

0, (p(r)0,T) + <M2w(r) n q(r))llf —0, (C.1)

where M represents the eigenvalue (in our case it represents the graviton mass). The func-
tions p(r),w(r) and ¢(r) are independent of M. When eq. (C.1) is written in appropriate
variables there is a point r, where the above functions behave as:

prpi(r—r)’, w = wi(r—re)’?, g~ q(r—ry)’ as r—re, (C.2)
where p1,w1,q1 and s1, So, §3 are constants. Similarly, we assume
~ t1 ~ to ~ t3
DA por't w R wor'?, q =~ qor as 1 — 00, (C.3)

where again ps9, we, g2 and tq,to, t3 are constants.
Using the above expansions one can derive an approximate formula for the eigenvalue
M whose accuracy is good for large enough values of M. This formula reads:

2
= Gr(v-1e 2 )00, vet2 (C.4)

g/d[ ©5)

Also the constants aq, o and (i, B2 are determined by the expansion parameters:

where £ is given by:

a1 =89 — 81+ 2, b1 =1t —ty—2 (CG)
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and

ag = |81 — 1] or 042:\/(31—1)2—4(11 (if s3—s514+2=0),

- (C.7)
62:|t1—1| or ﬁgz\/(t1—1)2—4;§2 (lf tl—t3—220).
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