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Rua Dr. Bento Teobaldo Ferraz 271, Bloco II, CEP 01140-070, Saõ Paulo-SP, Brasil
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T dual of the sigma-model and then replacing the coupling of the Lagrange multiplier
imposing flatness with a gauged F/F WZW model. The original sigma-model is obtained
in the limit of large level. The resulting deformed theories are shown to preserve both
integrability and the equations-of-motion, but involve a deformation of the symplectic
structure. It is shown that this deformed symplectic structure involves a linear combination
of the original Poisson bracket and a generalization of the Faddeev-Reshetikhin Poisson
bracket which we show can be re-expressed as two decoupled F current algebras. It is
then shown that the deformation can be incorporated into the classical model of strings on
R × F/G via a generalization of the Pohlmeyer reduction. In this case, in the limit of large
sigma-model coupling it is shown that the theory becomes the relativistic symmetric space
sine-Gordon theory. These results point to the existence of a deformation of this kind for
the full Green-Schwarz superstring on AdS5 × S 5 .
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Introduction

One of the most fascinating underlying features of the original AdS/CFT correspondence
is its integrability (see the reviews [1, 2]). In particular, the world-sheet theory for the
string moving in AdS5 × S 5 in the Green-Schwarz formalism is a sigma-model whose
target-space is a quotient of a Lie super-group by an ordinary Lie group known as a semisymmetric space [3] (see also [4]). In the context of AdS5 × S 5 , the semi-symmetric space is
PSU(2, 2|4)/Sp(2, 2) × Sp(4) where the numerator reflects the superconformal symmetry of
the dual N = 4 gauge theory. The bosonic sector of the semi-symmetric space can written
as a product of two ordinary symmetric spaces SO(1, 5)/SO(1, 4) × SO(6)/SO(5), that is
AdS5 × S 5 itself.
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It is clearly interesting to investigate deformations of the sigma-model which preserve
integrability, and whether these more general theories can be interpreted as strings moving
in deformations of the AdS5 × S 5 background. Questions of this type have been tackled
in various different ways. One approach, that is completely quantum, is to move focus
from the string background and to look for deformations of the exact S-matrix that describes excitations on the string world-sheet around a certain classical background. The
S-matrix for these excitations has a Yangian symmetry structure associated to the unbroken symmetry which takes the form of two copies of the triply extended super Lie algebra
h = psu(2|2) n R3 . One way to deform this S-matrix is very natural from the theory
of quantum integrable field theories; namely, to deform the symmetry into the quantum
group Uq (h). Here, q is the deformation parameter with the original structure given in
the limit q → 1. The S-matrix of the deformed theory is built on the R-matrix of the
quantum group written down in [5] and can be shown to satisfy all the axioms of S-matrix
theory as long as either q is real and arbitrary or q = eiπ/k for an integer k [6, 7]. In the
former case the S-matrix appears in the vertex form whereas in the latter it involves the
interaction-round-a-face (IRF) or restritced-solid-on-solid (RSOS) form [8]. This is crucial
in order to satisfy hermitian analyticity and unitarity. The restriction alluded to here follows from the fact that the deformation parameter of the quantum group is a root of unity.
This kind of restriction has been studied in integrable field theories in the past [9–11]. The
Thermodynamic Bethe Ansatz of the q-deformed model has been investigated in [12, 13].
The case of q real was studied from a sigma-model perspective in [14]. It involves
deforming the target-space background of the Green-Schwarz sigma-model [15–17]. This
kind of deformed sigma-model is a generalization of the so-called Yang-Baxter deformation
introduced by Klimčı́k [19]. The explicit background fields for this deformed theory, called
the η deformation, were found in [20]. Other work involving this or related deformations
appears in [18, 21–24].
In the present work we focus on the q deformed theory with q a root of unity. This
case is not covered by the Yang-Baxter type sigma-model deformation of [14–16]. If one
simply takes q form its real value to a root of unity then the action is no longer real. The
deformation is more subtle because k is quantized and the limit k → ∞ for which the
original theory is — at least naı̈vely — recovered is not a continuous limit. It is known
that the q root-of-unit deformation shares a common structure with the real q case in
that it can be described as a deformation of the symplectic structure of the underlying
theory [14, 15, 25]. What is missing in the q = eiπ/k case is a Lagrangian formulation of
the deformed theory and it is the main goal of the present work to fill this gap.
Generally, the string sigma-model and its deformation, once gauge is fixed, breaks twodimensional Lorentz symmetry. It was a fascinating observation [26–29] that the equationof-motion of the sigma-model could be written as a relativistic equation, which initiated a
detailed study of the resulting so-called generalized sine-Gordon theories at the quantum
level [30–32]. It was guessed that these relativistic theories should be obtained from a
deformation of the sigma-model. In the present work this picture is finally made precise.
In particular, we show that when the sigma-model coupling becomes large for fixed k, the
deformed theory becomes precisely the relativistic generalized sine-Gordon theory.

2

Deformed principal chiral model

In this section, we will investigate the simpler case of the principal chiral model drawing
on existing work in the literature to provide inspiration for the symmetric space case
considered in section 4. In particular, we turn to the work of Balog, Forgács, Horvágh and
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In the present work, we will lay the ground work for an investigation of the q = eiπ/k
deformed string theory by focussing on the bosonic sector of such theories. To this end,
we consider a new class of deformations of integrable bosonic sigma-models with ordinary
symmetric space target-spaces F/G. The deformations we find are completely different
from those associated to the Yang-Baxter sigma-model found by Delduc et al. in [14];
however, they share the same deformed Poisson structure albeit related by a simple
analytic continuation.
The paper is organized as follows. In section 2 and 3 we focus on integrable deformations of the principal chiral model which are a useful warm up for the symmetric space
sigma-models. We first recall some old work on deformations of the SU(2) principal chiral
model by Balog et al. [33] and at the quantum level in [34]. We then describe how Sfetsos [35] generalized these kind of integrability preserving deformations to arbitrary groups.
The key feature here is that the deformation can be formulated at the Lagrangian level as
a deformed WZW model. We show that the underlying integrability can be understood
in a very simple way in terms of this WZW formulation. In section 3, we investigate the
Hamiltonian structure of this deformed WZW model and show that the constrained Dirac
brackets consist of two commuting classical current, or Kac-Moody, algebras. These brackets are related by an analytic continuation in q to those constructed in [14] relevant to the
q real case.
In section 4 we turn to the main focus of the work. We show that the formalism applied
to the principal chiral model can be suitably modified to apply to symmetric space sigmamodels. In particular, we show how integrability can be maintained in the deformed theory.
In section 5 we turn to the Hamiltonian structure of the deformed theories. The analysis
here is more complicated than the principal chiral model as there are a mixture of first
and second class constraints that must be disentangled. We show how the Poisson brackets
derived by Delduc et al. [14] for the Yang-Baxter type deformation of the symmetric space
sigma-models are related to those of our deformation by a simple analytic continuation.
Section 6 is devoted to studying string motion on a symmetric space target-space
after gauge fixing. This involves imposing the Virasoro constraints in a process known as
Pohlmeyer reduction [26] reviewed in depth in [36]. The additional constraints must be
implemented on the phase space and lead to a new Dirac bracket. In section 7 we show
that in the limit of large sigma-model coupling, at fixed k, this new Poisson structure is
precisely that of a generalized sine-Gordon theory.
The final section addresses some issues about the deformed theories at the quantum
level as well as setting out how the picture we have established for the bosonic sector
of the string theory can be lifted to the complete superstring theory including all the
fermionic fields.

Palla in [33]. The starting point is the principal chiral model whose action can be written1
Z

κ2
(2.1)
SPCM =
d2 x Tr ∂µ f −1 ∂ µ f ,
4π
for a field f (x, t) valued in a Lie group F .2
If we define the current Jµ = f −1 ∂µ f , then the equations-of-motion are simply the
conservation condition
∂+ J− + ∂− J+ = 0 .

(2.2)

∂+ J− − ∂− J+ + [J+ , J− ] = 0 .

(2.3)

Taken together, these two equations can be written as a Lax equation, that is the flatness
condition
[∂+ + L+ (z), ∂− + L− (z)] = 0

(2.4)

for a z-dependent gauge field
L± (z) =

z
J±
z±1

(2.5)

where z, the spectral parameter, is an arbitrary parameter. It is well known that the
existence of a Lax connection implies that the field theory admits an infinite number of
non-local conserved quantities and renders the theory classically integrable [37–39]. For
example, the next simplest conserved current is defined by
1
J± = ±J± + [J± , φ] ,
2

∂± φ = ∓J± ,

(2.6)

which is non-local because of the definition of φ in terms of Jµ .
However, the same equations-of-motion for the current Jµ also follow from a completely
different theory by writing instead Jµ = µν ∂ ν Φ for a field Φ valued in the Lie algebra f of
F with action


Z
κ2
1 µν
0
2
µ
(2.7)
S =
d x Tr − ∂µ Φ∂ Φ +  [Φ, ∂µ Φ]∂ν Φ .
4π
3
Some properties of this theory are investigated by Nappi in [40] who showed that, although S 0 and SPCM have the same equations-of-motion, when written in terms of the
current Jµ , they are physically inequivalent having different renormalization group properties for instance.
We take 2d metric ηµν = diag(1, −1). We often use the null coordinates x± = t ± x and for vectors we
have A± = A0 ± A1 and A± = (A0 ± A1 )/2 so that the invariant Aµ B µ = 2(A+ B− + A− B+ ).
2
We take a basis of anti-hermitian generators T a for the Lie algebra f of F with [T a , T b ] = f abc T c . We
will take the normalisation Tr(T a T b ) = −δ ab in the defining representation.
1
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In addition, it follows from its definition that the current satisfies the Cartan-Maurer
identity

where
k̂ =

2κ2
√
,
(x̂ + 1) x̂2 − 1

(2.12)

and we have introduced an overall normalization factor N that will be fixed later. It is
important to recognise that the Kac-Moody currents are not chirally conserved as in a
WZW model. In addition, it is worth pointing out that the fact that the central terms
appear with signs ± is entirely conventional of classical Kac-Moody algebras, as opposed
to their quantum cousins; for example, see Bowock’s classic paper on the Hamiltonian
structure of (gauged) WZW models [42].
What was missing from Rajeev’s original work was a simple Lagrangian formulation
of the deformed theories. This gap was filled by Balog et al. [33] for the case of F = SU(2),
who showed that the deformed theories, for general x̂, could be derived from a conventional
sigma-model with torsion
Z
h
i
κ2
(2.13)
S=
d2 x Gab (X)∂µ X a ∂ µ X b − Bab (X)µν ∂µ X a ∂ν X b .
4π
The explicit expressions for the metric G and B-field are complicated and will not be
needed. However, what is significant for our narrative is that there are two distinct branches
of theories depending on whether x̂2 ≷ 1, denoted as case b), c), and d) in [33].3
3

There is another branch of solutions denoted as a) in [33] that will play no rôle in our discussion.
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In fact, Rajeev [41] had already pointed that the Poisson structure of the principal
chiral model admits a one-parameter deformation of the form
π
π
a
b
c
c
{J±
(x), J±
(y)}x̂ = 2 f abc (J∓
− (1 + 2x̂)J±
)δ(x − y) ± 2 δ ab δ 0 (x − y) ,
2κ
κ
(2.8)
π
a
b
c
c
{J+
(x), J−
(y)}x̂ = − 2 f abc (J+
+ J−
)δ(x − y)
2κ
for a parameter x̂. Then, the x̂-independent equations-of-motion (2.2) and (2.3) can be
written as
Z
κ2
a
a
2
2
(2.9)
∂t J± = {J± , HPCM }x̂ ,
HPCM = −
dx Tr(J+
+ J−
).
2π
The important point is that these Poisson brackets satisfy the Jacobi identity for any value
of x̂. Setting x̂ = 1 we recover the Poisson brackets of the principal chiral model, whereas
setting x̂ = −1 gives the Poisson brackets of the theory defined by the action S 0 .
Rajeev [41] established the remarkable fact that the deformed Poisson brackets (2.8)
can be decoupled into two commuting classical Kac-Moody algebras with currents



 
κ2 N
1
1
1
1
f
(2.10)
J± = −
+√
J± +
−√
J∓ ,
2π
x̂ + 1
x̂ + 1
x̂2 − 1
x̂2 − 1
obeying
!
 a
k̂N
f (x), J
fb (y) = N f abc J
fc (y)δ(x − y) ±
J
δ ab δ 0 (x − y) ,
±
±
±
x̂
2π
(2.11)
 a
f (x), J
fb (y) = 0 ,
J
+
−
x̂

The branch with x̂2 ≤ 1 naturally interpolates between the principal chiral model
(x̂ = 1) and the theory S 0 (x̂ = −1). The branch with x̂2 > 1 is qualitatively different.
On this branch one of the coordinates is most naturally interpreted as an angle and,
consequently, the B-field term in (2.13) naturally takes the form of a Wess-Zumino term
and there is a quantization of the parameter k = N k̂. This is natural, because it is only on
this branch that k, interpreted as the central charge of the classical Kac-Moody algebras
in (2.12), is real. On this branch, the action (2.13) in the limit x̂ → ∞ with κ2 → ∞ such
that k̂ is fixed is precisely the SU(2) WZW model action.
The deformed Poisson brackets (2.8) can also be written

(2.14)

These are precisely the deformed Poisson brackets of the principal chiral model described
in by Delduc et al. [14], up to suitable convention-depend re-scalings, with the deformation
parameter defined in that reference equal to
2 =

1 − x̂
.
2

(2.15)

In fact [14] identifies the deformed Poisson brackets above as a linear combination of the
Poisson brackets of the principal chiral model and the Faddeev-Reshetikhin model [43]:
{F, G}x̂ = {F, G}PCM + 2 {F, G}FR .

(2.16)

Importantly, the deformation considered in [14] corresponds to 2 ≥ 0 and it turns out to
be defined only for 0 ≤ 2 < 1; i.e., it corresponds to the branch x̂2 ≤ 1 (more precisely,
to −1 < x̂ ≤ 1). In the present paper we will be interested in the branch x̂ ≥ 1, which
corresponds to analytically continuing to 2 ≤ 0 and is not covered by the analysis in [14].4
The SU(2) theories of Balog et al. [33] on the x̂2 ≥ 1 branch were considered at the
quantum level in [34]. We will have more to say about the resulting quantum picture in
section 8, however, it is worth pointing out even at this stage that k = k̂N appears as a
central term in the classical Kac-Moody algebras (2.11) and it should not be surprising
that in the quantum theory k will be quantized in the standard way as a positive integer.
Therefore, the deformations on the x̂2 ≥ 1 branch are actually discrete in nature and the
principal chiral model is obtained by a discrete limiting procedure as k → ∞.
2.1

Extending beyond SU(2)

As it stands, the analysis of [33] turned out difficult to extend beyond SU(2) because of
the complexity of the explicit formulae. Recently progress was made on this problem by
Sfetsos [35] who writes down a remarkably simple Lagrangian formulation of the deformed
4

Notice that x̂ ≤ −1 corresponds to 2 ≥ 1.
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π
(x̂ + 1)f abc J0c δ(x − y) ,
κ2
π
{J1a (x), J1b (y)}x̂ = − 2 (x̂ − 1)f abc J0c δ(x − y) ,
κ
π
2π
{J0a (x), J1b (y)}x̂ = − 2 (x̂ + 1)f abc J1c δ(x − y) + 2 δ ab δ 0 (x − y) .
κ
κ
{J0a (x), J0b (y)}x̂ = −

theories on the branch x̂ ≥ 1. This formulation involves starting with the original principal
chiral model for an F -valued field f and then adding to it the WZW model for an F -valued
field F. One then gauges a common F symmetry corresponding to
f → Uf ,

F = U FU −1 ,

(2.17)

for U ∈ F .
It is important that the WZW field is gauged with vector action in order to avoid a
gauge anomaly. So the action of the deformed theory is the sum
(2.18)

The gauging of the PCM involves simply replacing derivatives by covariant derivatives:
Z
h
i
κ2
(2.19)
SgPCM [f, Aµ ] = −
d2 x Tr f −1 (∂+ f + A+ f )f −1 (∂− f + A− f ) ,
π
while the gauged WZW action is [44–46]5
Z
h
k
SgWZW [F, Aµ ] = −
d2 x Tr F −1 ∂+ F F −1 ∂− F + 2A+ ∂− FF −1
2π
− 2A− F −1 ∂+ F − 2F −1 A+ FA− + 2A+ A−
Z
h
i
k
+
d3 x abc Tr F −1 ∂a F F −1 ∂b F F −1 ∂c F .
12π

i

(2.20)

The gauge symmetry in the resulting theory may be simply fixed by imposing the
condition that f = I, the identity. The nice feature of this gauge fixing is that the resulting
theory can then be viewed as a deformation of the F/F gauged WZW theory with action

Z

k 1
Sdef [F, Aµ ] = SgWZW [F, Aµ ] −
−1
d2 x Tr A+ A− ,
(2.21)
π λ
where we have defined the deformation parameter
λ=

k
.
k + κ2

(2.22)

This parameter is related to x̂ introduced earlier and 2 of [14] via
x̂ =

1 + λ2
,
2λ

2 = −

(1 − λ)2
.
4λ

(2.23)

On the branch of interest in this work 0 ≤ λ ≤ 1, which corresponds to x̂ ≥ 1.
It is important to remark that we have already fixed the gauge symmetry, so the
resulting theory (2.21) is not invariant under gauge transformations for generic λ. The
theory at λ = 1 is the undeformed theory which is gauge invariant and so it is perhaps
understandable that the limit λ → 1, i.e. x̂ → 1, must be considered carefully.
5

k ∈ Z > 0 for a unitary group F , while k ∈ 12 Z > 0 for sympletic or orthogonal groups.
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S[f, F, Aµ ] = SgPCM [f, Aµ ] + SgWZW [F, Aµ ] .

The formulation of the deformed theory as a deformation of a gauged F/F WZW
model is undeniably elegant and, moreover, it lies in the class of generalized WZW theories
investigated by Tseytlin in [47].6
In [35] Sfetsos shows that the equations-of-motion of (2.21) can be written as (2.2)
and (2.3) with a suitable definition of the current Jµ . The idea is to first eliminate the
fields A± by using their equations-of-motion and then define the current via
Jµ =

2
Aµ ,
1+λ

(2.24)

−1
2λ
Ad(F) − λ ∂+ FF −1 ,
1+λ
−1
2λ
J− = −
Ad(F −1 ) − λ F −1 ∂− F .
1+λ
J+ =

(2.25)

These components satisfy
1
∂∓ J± = ± [J+ , J− ] .
2

(2.26)

which are equivalent to (2.2) and (2.3). Sfetsos goes on to show that the suitably normalized
Poisson brackets take the form (2.8) using the sigma-model formulation of the deformed
theories. In section 3 we will obtain the same result in a simpler way by starting directly
from their formulation as deformed gauge WZW theories.
2.2

Non-abelian T-duality and bosonized Thirring model

It is worth pausing to explain one of the principal motives behind [35] and also the earlier [48, 49]. There is an equivalent way to formulate the principal chiral model as a first
order system. In this formulation, one takes an f-valued gauge field Aµ as a fundamental
field and then the fact that ultimately there is a group-valued field f for which Aµ = f −1 ∂µ f
is imposed by means of an f-valued Lagrange multiplier ν. Note that previously we denoted
this quantity as the current Jµ but here, since its rôle is rather different we call it Aµ . The
action of the system is
Z

κ2
(2.27)
SPCM = −
d2 x Tr A+ A− + νF+−
π
where
F+− = ∂+ A− − ∂− A+ + [A+ , A− ] ,

(2.28)

is the single non-vanishing component of the curvature of Aµ . The vanishing of F+−
means that Aµ is pure gauge and that implicitly there exists a group valued field such that
Aµ = f −1 ∂µ f .
In order to compare, Tseytlin defined the matrix Q = (2 − λ−1 )I.
Here, we have define the adjoint action by a group element Ad(F)x = FxF −1 in the defining representation. For an algebra element, we define the adjoint action ad(a)x = [a, x].
6
7
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which yields7

The formulation above is naturally the starting point for defining the non-abelian Tdual of the principal chiral model with respect to its FL symmetry, f → U f . In order to
proceed, one integrates out Aµ to arrive at the non-abelian T-dual theory defined in terms
of the Lagrange multiplier field ν:
Z

−1

κ2
(2.29)
ST-Dual = −
d2 x Tr ∂+ ν 1 + ad(ν) ∂− ν .
π

There is then a sense that as k → ∞ we can expand the group-valued field around the
identity as F = I + κ2 ν/k + · · · and recover the T-dual theory (2.29). Note that the
“regularized theory” is precisely the deformed theory with action (2.21). The precise sense
in which the principal chiral model is recovered in the limit k → ∞, or λ → 1, with fixed
κ, remains to be determined.
The other interesting limit involves taking λ → 0, or κ2 → ∞ with fixed k. In this
limit, it makes sense to integrate out the gauge field Aµ in (2.21). What results is a
deformation of an ordinary (non-gauged) WZW model
Z

4π
Sdef [F, Aµ ] = SWZW [F] + 2
d2 x Tr Jˆ+ Jˆ− + · · · ,
(2.31)
κ
where Jˆ± are the usual currents of the ordinary WZW model:
k
k
(2.32)
Jˆ+ = − F −1 ∂+ F ,
Jˆ− =
∂− FF −1 .
2π
2π
This kind of current-current deformation of WZW models are bosonized non-abelian
Thirring models [50]. Such deformations are marginally relevant from a renormalization
group point-of-view.
2.3

Integrability

Although Sfetsos has already proved integrability of the deformed theory by showing that
its equations-of-motion are the same as the original principal chiral model in terms of the
current Jµ defined in (2.25), here we take a different and simpler view that will generalize
straighforwardly to the symmetric space theories later.
In much of what follows it will be useful to define the usual chiral currents of the F/F
gauged WZW model,

k
F −1 ∂+ F + F −1 A+ F − A− ,
2π

k
J− =
∂− FF −1 − FA− F −1 + A+
2π
J+ = −

–9–
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This defines a new sigma-model with a non-compact target-space. In the context of string
theory, this lack of compactness can lead to difficulties in interpreting the T-dual geometry.
Sfetsos [35] has proposed that one way to solve these global issues is to define a sort of
“regularized” T-dual theory by replacing the Lagrange multiplier term in (2.27) involving
ν by the gauged WZW action for a group field F:
Z

κ2
(2.30)
−
d2 xTr νF+− −→ SgWZW [F, Aµ ] .
π

whose Poisson brackets take the form of two commuting classical Kac-Moody algebras


J±a (x), J±b (y) = f abc J±c (y)δ(x − y) ±



J+a (x), J−b (y) = 0 ,

k ab 0
δ δ (x − y) ,
2π

(2.34)

Note that we will continue to refer to Aµ as a gauge field even though strictly speaking
it is not one because the deformed theory (2.21) is not gauge invariant. Note that when
λ2 6= 1, the constraints above can be used to eliminate the gauge field in favour of the
chiral currents:
A± = −


2πλ
J± + λJ∓ .
2
k(1 − λ )

(2.36)

Later we will see that these constraints are second class in the Hamiltonian formalism and
so can be imposed strongly on the phase space at the expense of introducing Dirac brackets.
The equation-of-motion of the group field F can be written either as


∂+ + F −1 ∂+ F + F −1 A+ F, ∂− + A− = 0 ,

(2.37)

or, equivalently, by conjugating with F, as


∂+ + A+ , ∂− − ∂− FF −1 + FA− F −1 = 0 .

(2.38)

Then, using (2.35) in (2.37) and (2.38), leaves us with the pair of equations
− ∂− A+ + λ∂+ A− + [A+ , A− ] = 0 ,
− λ∂− A+ + ∂+ A− + [A+ , A− ] = 0 ,

(2.39)

from which we find (for λ 6= 1)
∂∓ A± = ±

1
[A+ , A− ] .
1+λ

(2.40)

If we define the current
J± =


2
4πλ
A± ≡ −
J± + λJ∓ ,
2
1+λ
k(1 + λ)(1 − λ )

(2.41)

noting along the way the agreement with (2.24), then it is simple to see that these satisfy
the equations-of-motion (2.26) which are equivalent to the equations-of-motion (2.2) and
Cartan-Mauer condition (2.3) of the principal chiral model. This proves the integrability
of the deformed theory at the classical level.
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Since the action does not depend on derivatives of Aµ , the equations-of-motion of the gauge
field Aµ are the constraints


k 1
J± = −
A± − A∓ .
(2.35)
2π λ

Another more direct and satisfying way to proving integrability is via the Lax equation.
The idea is to demand that the pair of equations (2.37) and (2.38), together with the
constraints (2.35), are equivalent to the Lax equation (2.4) with
L± (z) =

z
J± ,
z±1

J± =

2
A± .
1+λ

(2.42)

First of all, notice that for z 6= 0, ±1 the Lax equation (2.4) can be written as
∂+ J− + ∂− J+ + z(∂+ J− − ∂− J+ + [J+ , J− ]) = 0 ,

(2.43)

−

2π
J± + A∓ = L± (z± ) ,
k

A± = L± (z∓ ) ,

(2.44)

which imply
J± = −

k
2π



z± (z∓ ± 1)
A± − A∓
z∓ (z± ± 1)


.

(2.45)

The two parameters z± are fixed by imposing the constraints (2.35) that relate Aµ to Jµ
z± (z∓ ± 1)
= λ−1 ,
z∓ (z± ± 1)

(2.46)

which leads to
z± = ±

λ+1
.
λ−1

(2.47)

The conditions that z+ 6= z− , and that they are 6= 0, ±1 and finite, requires that λ2 6= 0, 1.
All this is noteworthy because it shows how rigid the demand of integrability is and how
perfectly it fits the deformed theory: integrability leaves little wriggle room.

3

Hamiltonian structure of the deformed principal chiral model

In this section, we will investigate the Hamiltonian structure of the deformed principal chiral model with the goal of showing that it gives rise to the family of Poisson brackets (2.8).
First of all, it should be no surprise that there is a very direct relation between the
f± in (2.10) and the chiral current J± of the WZW model. In fact,
Kac-Moody current J
taking into account the definition of Jµ in terms of Aµ and the constraints (2.35), one can
f± = J± if we fix the normalization factor in (2.10) to be
check that J
N =

(1 + λ)3
.
8λ
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which exhibits that the equations-of-motion (2.2) and (2.3) follow from the Lax equation (2.4) if it is satisfied just for two distinct values z = z+ and z− . Then, we will
identify (2.37) as the Lax equation for an specific choice of spectral parameter z = z+ and
similarly for (2.38) with z = z− . This leads to four conditions,

Moreover, k̂N = k. In the following, we will argue that the classical Kac-Moody algebra (2.34) is not modified by the deformation in (2.21) — the Dirac brackets are equal to
the Poisson brackets — and, therefore, the corresponding Poisson brackets coincide with
the deformed Poisson brackets (2.8) up to an overall (λ-dependent) normalization factor
{ , }x̂ = N { , } =

(1 + λ)3
{ , }.
8λ

(3.2)

Later in this section we will deduce this expression for H using the Hamiltonian formalism.
Since Hamiltonian analysis is a key part of the current work, it is worth recalling
some of the main features of Dirac’s theory of constrained systems as it applies to field
theories [51, 52]. Suppose we have a Hamiltonian system with a set of constraints χi ≈ 0.
Dirac distinguishes between first class and second class constraints where the former have
the property that their Poisson bracket with any other constraint vanishes
{χi , χj } ≈ 0 ,

∀j ,

i = 1st class .

(3.4)

The ≈ 0 here, indicates that we can impose the constraints after the Poisson bracket has
been evaluated. First class constraints correspond to local gauge symmetries. These should
ultimately be fixed by introducing a gauge fixing condition one for each first class constraint.
The full set of constraints, including the gauge fixing conditions are then effectively second
class meaning more precisely that the inverse of the matrix Cij = {χi , χj } exists. In that
case, the second class constraints can be imposed “strongly” on the phase space (so before
Poisson brackets are evaluated) as long as the original Poisson bracket is replaced by the
Dirac bracket:
−1
{F, G}∗ = {F, G} − {F, χi }Cij
{χj , G} .

(3.5)

Note that the physical dimension of the phase space is equal to
dim phase space = N − 2n1 − n2 ,

(3.6)

where N is the dimension of the original phase space before applying constraints, and n1
and n2 are the number of first and original second class constraints, respectively.
One of the most useful properties of Dirac’s theory is that one can apply the algorithm
to find Dirac brackets iteratively. So even before gauge fixing the first class constraints,
one can take any subset of second class constraints and impose them strongly on the phase
space at the expense of introducing an intermediate Dirac bracket as above. One can
then identify further subsets of second class constraints using them to define a further
intermediate Dirac bracket. This can repeated as many times as one likes. In particular,
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Since the equations-of-motion written in terms of J± are the same, this implies that the
Hamiltonian of the deformed theory is
Z
k (1 + λ)3 (1 − λ)
2
2
(3.3)
H = N HPCM = −
dx Tr(J+
+ J−
).
16π
λ2

there is no need to actually gauge fix as long as one is content to be left with first class
constraints that reflect the unfixed gauge symmetry.
In general one usually has to worry about whether the set of constraints is complete
in the sense that whether the requirement that a constraint is preserved in time leads to
further constraints. In the present context, where we have a Lagrangian formalism, this
complication does not arise since all constraints arise as Lagrange equations.

ψα
ψα 0
Cij = φp  ∗
χ0i
0


φp
∗
∗
∗

χ0i

0
∗
∗

=⇒

−1
Cij

ψα

ψα ∗
= φp  ∗
χ0i
∗

φp
∗
0
0

χ0i

∗
0 .
∗

(3.7)

−1 , C −1 and
where χ0i are the remaining second class constraints. So the inverse elements Cpq
pi
−1
Cip
vanish.
Consider now any quantities, say F and G, that only have non-vanishing Poisson
brackets with the subset φp . Then, the existence of the constraints ψq “protects” the
Poisson brackets {F, G} from being altered by the Dirac procedure; namely,
−1
{F, G}∗ = {F, G} − {F, χi }Cij
{χj , G} ,
−1
= {F, G} − {F, φp }Cpq
{φq , G} = {F, G} .

(3.8)

In the following, we will draw heavily on the work of Bowcock [42] who considered the
Hamiltonian structure of the gauged WZW model. Note, however, that our conventions
are different in a number of respects.
Now we turn to the deformed WZW model defined by the action (2.21). The initial
phase space is spanned by the current Jµ , the gauge field Aµ and the conjugate momenta
to the gauge field Pµ . The important point is that the Poisson brackets of the current
Jµ are just two decoupled classical Kac-Moody, or current, algebras as in (2.34). The
components J± then Poisson commute with the gauge field and its momentum. The
latter have a standard Poisson bracket
1
{P±a (x), Ab∓ (y)} = δ ab δ(x − y) .
2

(3.9)

The Lagrangian does not depend on the time-derivative of the gauge field Aµ and so
the conjugate momenta Pµ vanish. In the Hamiltonian formalism both the vanishing of Pµ
and of its time-evolution, which provides the equations-of-motion of Aµ (2.35), are viewed
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The protection mechanism: in the following, we often use the fact that for certain
quantities, the Dirac brackets are equal to the original Poisson brackets. The mechanism
is very simple and is worth explaining. Suppose that we have a pair of subsets of second
class constraints φp and ψα of equal size, with the property that the only non-vanishing
Poisson brackets involving the constraints ψp are {φp , ψα } so that the matrix of Poisson
brackets takes the block form

as constraints:
χ1 = P + ≈ 0 ,

χ2 = P− ≈ 0 ,

k 1
χ3 = J+ +
A+ − A− ≈ 0 ,
2π λ


k 1
χ4 = J− +
A− − A+ ≈ 0 .
2π λ


(3.10)

where we have defined the operators
D± = ∂x ±

2π
ad(J± ) .
k

(3.12)

In the above, and in much of the following, the Lie algebra indices have been left implicit.8
In the undeformed theory λ = 1 there are two sets of first class constraints. Clearly
this includes χ1 + χ2 but also (modulo second class constraints) χ3 + χ4 . However, in the
deformed theory, λ 6= 1, all the constraints are second class. This is entirely reasonable
because, as we have already remarked, the deformed theory has no gauge symmetry; indeed,
when λ2 6= 1 the matrix Cij (x, y) is invertible. Whilst the expression for the inverse is quite
complicated, what is important is that its components in the i = 3, 4 subspace all vanish
as can be seen by looking at the co-factors of these elements.
In the deformed theory, λ2 6= 1, since all the constraints are second class, we can set
all of them strongly to zero by replacing the Poisson brackets by Dirac brackets (3.5). The
simplest way to do this is to use the constraints to eliminate Pµ and Aµ from the physical
phase space, i.e. Aµ is given in terms of the current Jµ by (2.36), and then one should
appreciate that, since {χi (x), χj (y)}−1 vanishes in the i = 3, 4, subspace the Dirac brackets
of J± are the same as their original Poisson brackets (2.34). This is an example of the
protection mechanism where the existence of the subset of constraints χ1 and χ2 which
only have non-trivial Poisson brackets with χ3 and χ4 protects the Poisson brackets of J±
from being modified.
We have succeeded in showing that the deformed theories generalize the SU(2) principal
chiral model summarized in section 2 to an arbitrary group F . In particular, the deformed
Poisson brackets can be reformulated as two commuting classical Kac-Moody algebras.
8

In an index free notation, a Poisson bracket like {φa , ψ b } = f abc χc is written in terms of an adjoint
action {φ, ψ} = ad(χ).
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Given our discussion of Dirac’s theory, the key issue is the decomposition of the constraints into first and second class. It is this decomposition that will distinguish the deformed from the undeformed theory. The issue is settled by evaluating the matrix of the
constraints


0
0
−1 λ−1
k 
0
λ−1 −1 
 0

Cij (x, y) = {χi (x), χj (y)} ≈
(3.11)

 δ(x − y)
2π  1
−λ−1 −D− 0 
−λ−1
1
0
D+

The Hamiltonian on the physical phase space takes either of the forms
Z
h
i
π
2
H=−
dx
Tr
(1
+
λ
)(J
J
+
J
J
)
+
4λJ
J
+
+
−
−
+
−
k(1 − λ2 )
Z


k(1 − λ2 )
dx Tr A+ A+ + A− A− .
=−
2
4πλ

(3.13)

4

The deformed symmetric space theories

In the remainder of the paper, we take what we have learned about the deformed principal
chiral model and find a way to extend the same ideas to sigma-models with a symmetric
space target-space F/G. These sigma-models are also known to be integrable.
We can define these sigma-models by a gauging procedure. That is we write a sigmamodel for an F -valued field f (x, t) and then gauge the subgroup G ⊂ F which acts by
right-multiplication f → f U , U ∈ G. To this end we introduce a g-valued gauge field Bµ
and write
Z

κ2
(4.1)
S[f, Bµ ] = −
d2 x Tr J+ J− ,
π
where Jµ = f −1 ∂µ f − Bµ . The theory is invariant under a global F left action f → U f ,
U ∈ F , in addition to the gauge symmetry acting to the right
f → fU ,

Bµ → U −1 ∂µ U + U −1 Bµ U .

(4.2)

Symmetric spaces are special quotients of Lie groups F/G. They are associated to
a particular Z2 automorphism of f under which f = f(0) ⊕ f(1) , where f(0) ≡ g is the Lie
algebra of the subgroup G ⊂ F . We will denote a decomposition of any element of A ∈ f
as A(0) + A(1) . The Lie algebra f respects the Z2 grading:
[f(i) , f(j) ] ⊂ f (i+j

mod 2)

(4.3)

.

Returning to the sigma model (4.1), the equation-of-motion of the gauge field Bµ
simply imposes the condition
Jµ(0) = 0

=⇒

Bµ = (f −1 ∂µ f )(0) .

(4.4)

The equation-of-motion of the group-valued field f can be decomposed according
to g ⊕ f(1) as
(1)

(1)

∂± J∓ + [B± , J∓ ] = 0 ,
(1)

(1)

∂+ B− − ∂− B+ + [B+ , B− ] + [J+ , J− ] = 0 .
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Given the expression of the current Jµ in (2.41), we can also write the Hamiltonian as (3.3)
The conclusion is that one can view the deformation in two ways. Either we focus on
Jµ , in which case the equations-of-motion are fixed while the symplectic structure changes,
or we focus on Jµ , in which case the symplectic structure is fixed while the equations-ofmotion change.

Classical integrability follows from writing these equations in terms of a Lax pair
[∂+ + L+ (z), ∂− + L− (z)] = 0

(4.6)

where
(1)

L± (z) = B± + z ±1 J± ,

(4.7)

where z is the spectral parameter.
The deformed theory

We now follow essentially the same logic as for the principal chiral model to define a
deformed theory. So we take an F/G sigma-model and add to it a WZW model for an
F -valued field F. Then one gauges the common F action as in (2.17) by introducing an
f-valued gauge field Aµ . So there are two gauge fields in play Aµ and Bµ , the former valued
in f and the latter in g.
As previously we can fix the gauge symmetry by taking f = I, however, this only
partially fixes the gauge symmetry from F to G. The gauge field Bµ can now be trivially
integrated out. This amounts to the replacement
Z
Z

κ2
κ2
(1) (1) 
(4.8)
−
Tr (A+ − B+ )(A− − B− ) −→ −
Tr A+ A− .
π
π
Therefore the resulting theory takes the form of a deformation of an F/F gauged WZW
theory with action

Z
k 1
(1) (1) 
Sdef [F, Aµ ] = SgWZW [F, Aµ ] −
−1
d2 x Tr A+ A− .
(4.9)
π λ
(1)

Since the deformation only involves Aµ the gauge symmetry is not completely broken and
the subgroup G remains intact.
As for the principal chiral model case, we expect that there are two interesting limits.
Firstly, the limit λ → 1, or k → ∞, at fixed κ, where we recover the non-abelian T-dual
of the F/G sigma-model with respect to its FL isometry. The other interesting limit is
(1)
λ → 0, or κ → ∞, with fixed k. In this limit, by integrating out the components Aµ , the
deformed theory can be interpreted as a current-current deformation of the a gauged F/G
WZW model
Z
4π
(1)
(1) 
(0)
Sdef [F, Aµ ] = SgWZW [F, Aµ ] + 2
d2 x Tr Jˆ+ Jˆ− + · · · .
(4.10)
κ
In the above, Jˆ± are the currents of the F/G gauged WZW model
k
(0)
(0) 
Jˆ+ = −
F −1 ∂+ F + F −1 A+ F − A− ,
2π
k
(0)
(0) 
Jˆ− =
∂− FF −1 − FA− F −1 + A+ .
2π
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4.1

4.2

Equations-of-motion and integrability

If we define the usual chiral currents of the F/F gauged WZW model as in (2.33) then the
equations-of-motion of the gauge field take the form of constraints


k
k 1
(1)
J± = ∓ A1 −
− 1 A± ,
(4.12)
2π
2π λ

(1)

A± = −

2πλ
(1)
(1) 
J
+
λJ
.
±
∓
k(1 − λ2 )

(4.13)

The equation-of-motion of the group field can be written as

∂+ + F −1 ∂+ F + F −1 A+ F, ∂− + A− ] = 0

(4.14)

or equivalently, by conjugation with F, as


∂− − ∂− FF −1 + FA− F −1 , ∂+ + A+ ] = 0 .

(4.15)

Using the constraints (4.12), we can take the equations-of-motion (4.14) and (4.15)
and write them in terms of the gauge field. Projecting onto f(0) ≡ g and f(1) , we have the
pair of equations
(1)

(1)

(0)

(1)

(1)

(0)

(1)

(0)

(1)

(1)

− ∂− A+ + λ∂+ A− + λ[A+ , A− ] + [A+ , A− ] = 0 ,
(1)

(1)

(0)

(1)

(4.16)

− λ∂− A+ + ∂+ A− + [A+ , A− ] + λ[A+ , A− ] = 0 ,
along with
(0)

(0)

(0)

(0)

−∂− A+ + ∂+ A− + [A+ , A− ] + λ−1 [A+ , A− ] = 0 .

(4.17)

For generic λ, namely λ2 6= 1, the pair (4.16) are equivalent to
(1)

(1)

(0)

∂∓ A± = [A± , A∓ ] .
(1)

Then, if we define the currents Bµ ∈ g and Jµ
B± =

(0)
A± ,

(1)
J±

(4.18)

via

√
2π λ
1 (1)
(1)
(1) 
= √ A± ≡ −
J± + λJ∓ ,
2
k(1 − λ )
λ

(4.19)

they satisfy precisely the same equations-of-motion (4.5) as the sigma-model. This indirectly proves classical integrability of the deformed theory.
However, we can also go directly to the Lax equation by repeating the logic that
we followed previously for the principal chiral model. The idea is to identify the pair
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where λ is defined as in (2.22).
The components of the constraints (4.12) valued in f(1) (which later will be seen to
be second class in the Hamilton-Dirac formalism) can be used to eliminate the gauge field
components valued in f(1) in favour of the currents:

of equations (4.14) and (4.15) as the Lax equation (4.6) evaluated for particular distinct
values of the spectral parameter z = z± , respectively. This means that
J± = −


k
L± (z± ) − A∓ ,
2π

A± = L± (z∓ ) ,

(4.20)

for some fixed z± with z+ 6= z− . From the second pair of equations it follows that
(0)

(1)

(1)

∓1
J± = z∓
A± .

B± = A± ,

(4.21)

(0)

k
(0)
(0) 
A± − A∓ ,
2π


k  ±1 (1)
k  z+ (1)
(1)
(1)
=−
z± J± − A∓ = −
A± − A∓ ,
2π
2π z−

J± = −
(1)

J±

(4.22)

which are precisely the constraints (4.12) if we choose z− /z+ = λ. This shows that the
pair of equations (4.14) and (4.15), together with the constraints (4.12), can be written as
the Lax equation (4.6) evaluated for z = z± = λ∓1/2 , which reproduces the equations we
had previously. Moreover, note that
(0)

(1)

L± (z) = A± + z ±1 λ−1/2 A± .

(4.23)

The fact that the equations-of-motion of the deformed WZW theory are equal to the
Lax equation (2.4) for two distinct values of z is strong enough to prove equivalence to the
Lax equation (2.4) which holds for arbitrary z. The reason why it is sufficient, is that the
Lax equation has terms with powers z p ranging from p = −1 to p = 1. However, for each
projection of (2.4) on f(i) there are at most two independent equations, e.g. for f(1) these
are equations of order z −1 and z. Consequently, it follows that if the Lax equation holds
at two distinct values of z then it holds for arbitrary z.

5

The Hamiltonian structure of the deformed theories

In this section, we turn to the Hamiltonian structure of the deformed theories (4.9).
An important observation is that, since the deformation does not involve the field F,
the chiral currents J± defined in (2.33) have the same Poisson brackets taking the form
of two decoupled current algebras (2.34). As in section 3, there are four constraints arising
from the vanishing of the canonical momenta to the gauge field and of their time-evolution,
which are just the equations-of-motion of the gauge field,
χ1 = P + ≈ 0 ,

χ2 = P− ≈ 0 ,

k
k 1
(1)
χ3 = J− −
A1 +
− 1 A+ ≈ 0 ,
2π
2π λ

k
k 1
(1)
χ4 = J+ +
A1 +
− 1 A− ≈ 0 .
2π
2π λ
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Then, from the first pair we get

Note that, as previously, these constraints, being the Lagrangian equations-of-motion, are
complete.
The situation now is like a hybrid of the deformed WZW discussed in section 3 and
the gauged WZW according to the split f = g ⊕ f(1) .9 All the constraints in (5.1) valued
in f(1) behave like the constraints in section 3 and are second class. On the other hand the
set of constraints valued in g are partly first and partly second class to reflect the G gauge
symmetry of the deformed theory.

(1)

A± = −

2πλ
(1)
(1) 
J
+
λJ
.
±
∓
k(1 − λ2 )

(5.2)

Importantly, as in section 3, the protection mechanism ensures that the Dirac brackets of
(1)
(1)
(2)
J± are just equal to the original Poisson brackets because the subset (χ1 , χ2 ) protects
(1)
(1)
(χ3 , χ4 ).
Constraints in g: for this set, the situation is exactly as in the gauged WZW model
considered by Bowcock [42]. One can choose
k (0)
(5.3)
A ≈0
2π 1
as second class constraints. These can then be imposed strongly on the phase space to
(0)
(0)
eliminate P1 and A1 . Once again, the protection mechanism operates, so that the
(0)
(0)
constraint P1 protects the Poisson brackets of J± from being modified. This leaves two
first class constraints,
(0)

≈ 0,

J− −

(0)

≈ 0,

J+ + J− ≈ 0 .

P1

P0

(0)

(0)

(0)

(5.4)

which ultimately would have to be converted to second class by gauge fixing.
Let us summarize the situation that has emerged. Before gauge fixing the phase
space is parameterized by J± whose Dirac brackets are equal to their original Poisson
brackets (2.34). We can count the dimension of the physical phase space by counting the
first and second class constraints:
First class

Second class

(0)
Pµ

dg

dg

(1)

0

2df(1)

dg

dg

0

2df(1)

Pµ

(0)

J± ±
(1)

J± +

(0)
k
2π A1
k
2π

(1)

(1) 

λ−1 A± − A∓

dim. phase space = 6df − 2n1 − n2 = 2df(1)
Note that the final dimension is exactly what we expect of a theory whose configuration
space is a deformation of the coset F/G.
9

In the following we will distinguish the generators in g and f(1) using the following notation {T A } and
{T }, respectively.
a
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Constraints in f(1) : for these constraints we do not need to repeat the analysis of
(1)
(1)
section 3. The constraints can be used to eliminate A± in terms of J± via

5.1

The Hamiltonian

The non-vanishing components of the energy-momentum tensor are
T±± ≈ −
so that H =

R

π
(1)
(1) 2
Tr J± + λJ∓
,
2
k(1 − λ )

R
T00 dx = (T++ + T−− )dx. Equivalently, we can write
T±± ≈ −

5.2

(5.6)

k(1 − λ2 )
(1) 2
Tr J±
.
4πλ

(5.7)

Relation to other work

In this section we consider the relation of the Poisson (Dirac) brackets that we have derived
and the Poisson brackets found for the deformation of the symmetric space sigma-models
derived by Delduc et al. in [14].
The Poisson brackets of Delduc et al. written in appendix D of [14] are defined in terms
of phase space fields Π and A valued in f. Writing them explicitly in terms of components
{AA (x), AB (y)}0 = −2 f ABC (2AC (y) + ΠC (y))δ(x − y) + 22 δ AB δ 0 (x − y) ,
{AA (x), Ab (y)}0 = −2 f Abc (Ac (y) + Πc (y))δ(x − y) ,
{Aa (x), Ab (y)}0 = −2 f abC ΠC (y)δ(x − y) ,
{AA (x), ΠB (y)}0 = f ABC AC (y)δ(x − y) − δ AB δ 0 (x − y) ,
{AA (x), Πb (y)}0 = (1 − 2 )f Abc Ac (y)δ(x − y) − 2 f Abc Πc (y)δ(x − y) ,
{Aa (x), ΠB (y)}0 = f aBc Ac (y)δ(x − y) ,

(5.8)

{Aa (x), Πb (y)}0 = f abC AC (y)δ(x − y) + 2 f abC ΠC (y)δ(x − y) − δ ab δ 0 (x − y) ,
{ΠA (x), ΠB (y)}0 = f ABC ΠC (y)δ(x − y) ,
{ΠA (x), Πb (y)}0 = f Abc Πc (y)δ(x − y) ,
{Πa (x), Πb (y)}0 = (1 − 2 )f abC ΠC (y)δ(x − y) ,
These are written before applying the first class constraint Π(0) ≈ 0.
10
(0)
A0

(0)

(0)

Notice that Ȧ0 is arbitrary. The gauge transformations generated by P0
(0)
≈ 0 and, hence, Ȧ0 ≈ 0.
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Dirac’s theory of constrained systems also explains how to construct the Hamiltonian of
the reduced theory that generates time translations with respect to the Dirac bracket. In
the present case, the Hamiltonian before gauge fixing takes the form10

Z

π
1 + λ2 
4λ
(1) 2
(1) 2
(1)
(1)
H=−
dx Tr
(J
)
+
(J
)
+
J+ J−
+
−
2
2
k
1−λ
1−λ

k (0)
(0)
(0)
(0) (0)
− A0 (J+ + J− ) + k Ȧ0 P0
(5.5)
π
Z
h
i
π
(1)
(1) 2
(1)
(1) 2
≈−
dx
Tr
(J
+
λJ
)
+
(J
+
λJ
)
,
+
−
−
+
k(1 − λ2 )

For our deformation the Poisson (Dirac) brackets are just those of two decoupled
classical Kac-Moody algebras (2.34). If we define the dictionary
√
4πλ
2π λ
(0)
(0) 
(1)
(1) 
(0)
(1)
Π =−
J+ + J− ,
Π =−
J+ + J− ,
(5.9)
2
k(1 − λ )
k(1 − λ)
√
2π
2π λ
(0)
(0) 
(1)
(1) 
(0)
(1)
A =−
J+ − λJ− ,
A =−
J+ − J− . (5.10)
k(1 + λ)
k(1 + λ)
or equivalently

(5.11)

the Poisson brackets (5.8) follow from (2.34) with
{F, G}0 =

k(λ2 − 1)
{F, G} ,
4πλ

2 = −

(1 − λ)2
.
4λ

(5.12)

In addition, the first class constraint Π(0) ≈ 0 is equivalent to the first class constraint
(0)
(0)
J+ + J− ≈ 0.
Notice that our deformation corresponds to the analytic continuation of the deformation parameter of [14] to 2 < 0. It is worth noticing that the Poisson brackets of [14]
can also be written in terms of two decoupled classical Kac-Moody algebras for 2 > 1. In
contrast, for 0 < 2 < 1, which is the case considered in that paper, the coefficients that
relate the currents J± to the fields Π and A become complex.

6

Strings on deformed symmetric spaces: the Pohlmeyer reduction

In this section, we consider the world-sheet theories that describe the classical motion of
strings on a spacetime R × M, where R is the target-space time direction. In the gauge
where the target-space time is proportional to the world-sheet time, the world-sheet theory
involves a sigma-model on the spatial geometry M with the additional Virasoro constraints
T±± = constant

(6.1)

imposed, arising from the equations-of-motion of the world-sheet metric. In the context of
an integrable sigma-model the resulting theory, the sigma-model plus Virasoro constraints
and a partial gauge fixing, is known as the Pohlmeyer reduced theory [26, 36]. In this
section, we consider the Pohlmeyer reduction of the deformed symmetric space sigmamodels constructed in section 4.
Given the components of the energy-momentum tensor in (5.6) and (5.7), the Virasoro
constraints can be written as
T±± ≈

kµ2 (1 − λ2 )
4πλ

– 21 –

(6.2)

JHEP11(2014)009



k
k
(1 − λ)Π(0) + 2A(0) − √ (1 − λ)Π(1) + (1 + λ)A(1) ,
4π
4π λ


k
k
J− =
(1 − λ−1 )Π(0) + 2A(0) + √ − (1 − λ)Π(1) + (1 + λ)A(1)
4π
4π λ
J+ = −

for a constant µ of unit mass dimension. The normalization here has been chosen so that
the constraints take the form
(1) 2

Tr J±

≈ −µ2 .

(6.3)

This means that, at the level of the equations-of-motion written in terms of the current
Jµ , the Virasoro constraints do not depend on the deformation parameter λ. In terms of
the current J± , the constraints take the form
(1)

k 2 µ2 (1 − λ2 )2
.
4π 2 λ

(6.4)

These constraints are second class since they satisfy
{T±± (x), T±± (y)} ≈

kµ2 (1 − λ2 ) 0
δ (x − y) .
2πλ

(6.5)

In addition, no new constraints are generated because ∂∓ T±± = 0 and T±± ≈ const. together imply that Ṫ±± ≈ 0.
As well as imposing the Virasoro constraints, the Pohlmeyer reduction involves a partial
gauge fixing. At the level of the equations-of-motion in the stringy context this has been
explained by Tseytlin and Grigoriev [27] (see also [36]). What we will do now is to lift this
analysis to the Poisson brackets. The idea is that the solution to the Virasoro constraints
breaks the gauge symmetry from G to a subgroup H and so it makes sense to fix the gauge
symmetry from G to leave the subgroup H. In order to do this, we impose, instead of the
+ constraint of (6.4), the more refined constraint
(1)

(1)

ϕ2 = J+ + λJ− +

kµ(1 − λ2 )
√
Λ ≈ 0,
2π λ

(6.6)

where Λ is a constant element of f(1) with Tr(Λ2 ) = −1. For simplicity, we shall concentrate
on rank 1 symmetric spaces for which Λ is unique, up to conjugation in G.
The unbroken H gauge symmetry corresponds to the elements of U ∈ G that stabilize
Λ: U ΛU −1 = Λ. In what follows, we will need the further decomposition of g into the
image and the kernel of Λ:
g = g⊥ ⊕ gk ,

g⊥ = g ∩ Ker ad(Λ) ,

gk = g ∩ Im ad(Λ) .

(6.7)

The kernel g⊥ is identified with the Lie algebra h of the subgroup H.
The time derivative of the constraint (6.6) is
∂ 0 ϕ2 ≈ ∂ 1 ϕ2 −

kµ(1 − λ2 ) (0)
kµ(1 − λ2 ) (0)
√
√
[A− , Λ] ≈ −
[A− , Λ] ,
2π λ
2π λ

(6.8)

so in the partially gauge fixed theory there is a secondary constraint
k

ϕ 3 = A− ≈ 0 .

– 22 –

(6.9)

JHEP11(2014)009

(1)

Tr J± + λJ∓ )2 ≈ −

(0)

ϕ4 = P0

(0)

(0)

ϕ5 = J+ + J− ≈ 0 .

≈ 0,

k

(6.11)

k

It is clear that the subset of constraints ϕ4 and ϕ5 , the ones valued in gk , do not
k
Poisson commute with ϕ3 and so become second class. This is a manifestation of the fact
that the gauge symmetry is reduced from G to H. The remaining first class constraints are
⊥
ϕ⊥
4 = P0 ≈ 0 ,

⊥
⊥
ϕ⊥
5 = J+ + J− ≈ 0 .

(6.12)

Exploiting once again the iterative property of the Dirac procedure, we can eliminate
k
k
the second class constraints ϕ3 and ϕ4 . The matrix of constraints in the (ϕ3 , ϕ4 ) subspace
takes the form
!
k
D −1
Cij (x, y) = −
δ(x − y) .
(6.13)
2π 1 0
Here, D ≡ D− ≈ D+ is defined as in (3.12) implicitly taken to act from gk to gk . We
k
k
k
can use the constraints to to set P0 = 0 and A0 = 2πJ− /k strongly on the phase space.
k
From the form of the constraint matrix it follows that the Dirac brackets of J− are not
k
affected: the constraint ϕ4 acts as a protection. Consequently at this stage J± still have
Dirac brackets that are equal to the initial Poisson brackets (2.34).
The remaining second class constraints are
k 2 µ2 (1 − λ2 )2
≈ 0,
4π 2 λ
kµ(1 − λ2 )
(1)
(1)
√
ϕ2 = J+ + λJ− +
Λ ≈ 0,
2π λ
(1) 2

(1)

ϕ1 = Tr J− + λJ+

k

+

(6.14)

k

ϕ5 = J+ + J− ≈ 0 .
The Poisson brackets of these remaining constraints take the form
k 3 µ2 (1 − λ2 )3 0
√
δ (x − y) ,
2π 3 λ
k
(1 − λ2 )Dδ(x − y) ,
{ϕ2 , ϕ2 } ≈
2π
{ϕ1 , ϕ1 } ≈

{ϕ1 , ϕ2 } ≈ 0 ,
{ϕ2 , ϕ5 } ≈

{ϕ5 , ϕ5 } ≈ 0 .
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kµ(1 − λ2 )
√
ad(Λ)δ(x − y)
2π λ

(6.15)
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Our strategy for dealing with the new constraints is to firstly impose all the second
class constraints from the original set χi in (5.1) to leave the field coordinates on the
(0)
(0)
intermediate phase space as J± , A0 and P0 . The new Pohlmeyer constraints then take
the form
k 2 µ2 (1 − λ2 )2
(1)
(1) 2
ϕ1 = Tr J− + λJ+
+
≈ 0,
4π 2 λ
kµ(1 − λ2 )
(1)
(1)
(6.10)
√
ϕ2 = J+ + λJ− +
Λ ≈ 0,
2π λ
k k
k
ϕ3 = J− −
A ≈ 0,
2π 0
which have to be imposed, in addition to the former first class constraints (which
we re-label)

They can be written in matrix form as follows (i, j = 1, 2, 5)
Cij (x, y) = {ϕi (x), ϕj (y)}


k2 µ2 (1−λ2 )3
√
π2 λ



k 

≈

2π 




∂x

0

0
kµ(1−λ2 )
√
π λ

(1 − λ2 )D

0

kµ(1−λ2 )
√
π λ

0

ad(Λ)

0





δ(x − y) .
ad(Λ) 




(6.16)

Cij (x, y)−1

≈

2π 

k 

−

π2 λ
k2 (1−λ2 )3 µ2

∂x−1

0

0

0

0

0

√
π λ
ad (Λ)−1
kµ(1−λ2 )

√
π λ
ad (Λ)−1
kµ(1−λ2 )
π2 λ
ad (Λ)−1 D ad (Λ)−1
k2 µ2 (1−λ2 )



 δ(x − y) .

(6.17)

(0)

Let us consider the Dirac bracket of J−
cleanly we will define the quantity Λ̃ via
(1)

(1)

J− + λJ+ = −

with itself. In order to write the result
kµ(1 − λ2 )
√
Λ̃ ,
2π λ

(6.18)

mirroring the constraint ϕ2 , so that the Pohlmeyer constraint ϕ1 implies
Tr Λ̃2 ≈ −1 .

(6.19)

Then we can write the Dirac bracket in an index free way as
k
{J− (x), J− (y)}∗ = − Dδ(x − y)
√ 2π 

k λ
1
−1
−1
2
−1
+
D ad(Λ) D ad(Λ) D − µ [Λ̃, Λ]∂x [Λ, Λ̃] δ(x − y) .
2π(1 − λ2 ) µ2
(6.20)
Other Dirac brackets can be calculated as needed.
It would be interesting to relate these Dirac brackets to the deformed Poisson brackets
defined directly from the underlying integrable hierarchy on the light front in [25, 53].
The dimension of the physical phase space of the Pohlmeyer reduced theory is obtained
by counting the number of first and second class constraints. The result is 2(dg − dh ) as
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In the above, in our index free notation, the operators D and ad(Λ) are restricted to act
between the appropriate spaces.
For λ2 6= 1 all these constraints are second class and can be imposed strongly on the
phase space. In this case, the Dirac brackets are different from the original Poisson brackets
of J± . The Dirac brackets can be extracted from the inverse constraint-matrix

summarized in the table:11
Second class

dg

dg

0

2df(1)

dg

dg

0

2df(1)

0

2

(0)

Pµ

(1)

Pµ

(0)
J±

±

(1)

(0)
k
2π A1

k
−1 (1)
2π λ A±
kµ2 (1−λ2 )
4πλ

J± +
T±± −

(1) 

− A∓

dim. phase space = 2df(1) − 2 = 2(dg − dh )
The counting above can be re-done in the partially gauge fixed formalism. Of course the
counting must be the same. In the partially gauge fixed theory, there are 1+df(1) +(dg −dh )
additional second class constraints but then in addition 2(dg − dh ) original first constraints
become second class. The new counting is summarized in the table below.
First class

Second class

(0)
Pµ

dh

2dg − dh

(1)

0

2df(1)

dh

2dg − dh

0

2df(1)

0

1

0

df(1)

0

dg − dh

Pµ

(0)

J± ±

(0)
k
2π A1
(1) 

(1)

k
−1 (1)
2π λ A± − A∓
2 2 (1−λ2 )2
(1)
(1) 2
J− + λJ+
+ k µ 4π
2λ

J± +
Tr

(1)

(1)

J+ + λJ− +

kµ(1−λ2 )
√
2π λ

Λ

k

A−

dim. phase space = 2(dg − dh )
6.1

A parameterization

The Pohlmeyer constraint ϕ1 can be solved explicitly by introducing a parameterization of
the form
Λ̃ = γ −1 Λγ ,

(6.21)

in terms of a G-valued field γ. The equation-of-motion (4.18) for the lower sign becomes
 
(0) 
(6.22)
∂+ γ −1 Λγ = γ −1 Λγ, A+ ,
which implies that in terms of the γ parameterization
(0)

A+ = γ −1 ∂+ γ + γ −1 W+ γ ,
11

(6.23)

The counting here relies on the fact that with the rank 1 symmetric spaces that we are considering
df(1) = dg − dh + 1.
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First class

(0)

where [W+ , Λ] = 0 so W+ ∈ h. If we denote A− = W− , then the constraint ϕ3 implies
that [W− , Λ] = 0 so W− ∈ h. Using the constraints, we then find the relation

k
k −1
(0)
(0) 
A+ − A− =
γ ∂+ γ + γ −1 W+ γ − W− .
2π
2π
In addition, the equation-of-motion (4.17) on the constraint surface becomes


∂+ + γ −1 ∂+ γ + γ −1 W+ γ + µΛ, ∂− + W− + µγ −1 Λγ = 0
(0)

J− =

(6.24)

(6.25)

7

The symmetric space sine-Gordon theories

We will find that the deformed string world-sheet theory has a very interesting limit as λ →
0. In order to set the scene, let us first describe a class of relativistic integrable field theories
associated to a symmetric space F/G that generalize the sine-Gordon theory [54, 59, 60].
These theories have an action which takes the form of a gauged WZW model for the
coset G/H, which is not to be confused with the symmetric space F/G, deformed by a
potential term:
Z

kµ2
(7.1)
SSSSG = SgWZW [γ, Wµ ] −
d2 x Tr Λγ −1 Λγ .
π
Here, SgWZW [γ, Wµ ] is the usual gauged WZW action for G/H written for instance
in (2.20). Note that the potential term must be written as a trace in the larger Lie algebra
f. This means that the equation-of-motion is naturally written as an equation in f:


(7.2)
∂+ + γ −1 ∂+ γ + γ −1 W+ γ + µΛ, ∂− + W− + µγ −1 Λγ = 0 .
This is precisely (6.25). The equations-of-motion of the h-valued gauge field Wµ are the
usual constraints
k
(7.3)
W1 ,
2π
where we have defined the usual chiral current

k −1
J+ = −
γ ∂+ γ + γ −1 W+ γ − W− ,
2π
(7.4)

k
J− =
∂− γγ −1 − γW− γ −1 + W+
2π
that takes values in g.
The Hamiltonian structure of the theory follows from our previous discussions. Before
gauge fixing, the phase space is spanned by J± , W0 and its conjugate momentum P0 .
There are then first class constraints
J±⊥ ≈ ∓

P0 ≈ 0

and

J+⊥ + J−⊥ ≈ 0

that reflect the H gauge symmetry.
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which is independent of the deformation parameter λ. This equation is known as the
symmetric space sine-Gordon (SSSG) equation. In an on-shell gauge where Wµ = 0 they
are known as non-abelian affine Toda equations and as the name suggests they can be
viewed as a non-abelian generalization of the affine Toda equations [54–58].

Note that instead of taking the phase space coordinate fields J± we can equally well
take, say, J+ and γ, the G-valued field itself. These fields have Poisson brackets
{J+A (x), J+B (y)}SSSG = −f ABC J+C (y)δ(x − y) −

k AB 0
δ δ (x − y) ,
2π

{J+A (x), γ(y)}SSSG = γ(y)T A δ(x − y) ,

(7.6)

{γ(x), γ(y)}SSSG = 0 .

7.1

Making the link with the deformed theories

Going back to our deformed F/F WZW theory and its Pohlmeyer reduction and, more
specifically, to its Hamiltonian structure investigated in section 6, we see that in the limit
λ → 0 the inverse matrix of constraints (6.17) vanishes. This means that the Dirac brackets
of J± are equal to their original Poisson brackets. In particular, making the indices
explicit, the Dirac bracket (6.20) becomes simply
{J−A (x), J−B (y)}∗ = f ABC J−C (y)δ(x − y) −

k 0
δ (x − y) .
2π

(7.7)

In other words a classical current algebra for the subgroup G. In addition, in the same
limit we have
{J−A (x), (γ −1 Λγ)b (y)}∗ = f Abc (γ −1 Λγ)c (y)δ(x − y) ,
(7.8)

{(γ −1 Λγ)a (x), (γ −1 Λγ)b (y)}∗ = 0 ,

If we reflect on the Dirac brackets (7.7), (7.8) and (7.6) then a striking new interpretation presents itself. The fields γ and Wµ of the sine-Gordon theory are identified with
the fields of the same notation in the the deformed WZW model. In particular, γ is valued in G ⊂ F and Wµ is an h-valued connection. This SSSG theory has a gauged WZW
current (7.4) with
J+ = −


k −1
γ ∂+ γ + γ −1 W+ γ − W− .
2π

(7.9)

(0)

that becomes identified with −J− . Recalling from (6.23) and the discussion below, that
(0)

A+ = γ −1 ∂+ γ + γ −1 W+ γ ,

(0)

A− = W− ,

(7.10)

means that the gauge field W± defined in section 6 is identified precisely with the gauge
(0)
field W± defined in section 7. As a check, the constraint for J− in (5.1) is precisely (7.9).
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Notice that relative to our earlier choice of convention (2.34), there are some different sign
conventions in the brackets above. This difference is physically irrelevant but is useful for
what will come in the following section.

Hence, the complete relation between the original variables and the auxiliary ones in the
limit λ → 0 is
(0)

J− = −J+ ,
P0⊥ = P0

(0)

A+ = γ −1 ∂+ γ + γ −1 W+ γ ,
(1)

J− = −

kµ −1
√ γ Λγ ,
2π λ

(0)

A− = W− ,
(1)

J+ = −

kµ
√ Λ
2π λ

(7.11)
(7.12)

8

Discussion

It has always been intriguing that the world-sheet sigma-model in the gauge-gravity correspondence has an equation-of-motion that can be written in a relativistic form [26–
29, 31, 36, 63–65]. This observation led to a lot of activity leading to an S-matrix that
interpolates between the stringy S-matrix and the S-matrix of a relativistic QFT [6, 8].
In another direction, this related relativistic theory was shown to have a symplectic structure that does not suffer from the non-ultra-locality of the string theory symplectic structure [61, 62]. In this work we have shown how to construct a series of deformations of the
string sigma-model that in a certain limit yield the relativistic sine-Gordon theory directly
at the Lagrangian level.
8.1

The quantum theories

Naturally, one is interested in the deformed theories at the quantum level. If we turn to
the principal chiral model case and, specifically for SU(2), then we can make some definite
statements based on [34]. It is worth recalling the main points of that work. The principal
chiral model is asymptotically free meaning that the coupling κ undergoes renormalisation
group flow running as κ → ∞, or λ → 0, in the UV. It is known that integrability survives in
the quantum theory and therefore the theory has an exact factorizable S-matrix. The whole
S-matrix is built out of the 2 particle to 2-particle elements that have the schematic form
S(θ) = σ(θ)RF (θ) ⊗ RF (θ) ,

(8.1)

where θ = θ1 −θ2 is the rapidity difference of the incoming states and σ(θ) is a scalar factor:
the dressing phase. Each of the factors RF (θ) carries group indices and accounts for the
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the last two relations following from (6.18) and (6.21). The Poisson/Dirac brackets (7.8) are
then entirely consistent with those of the SSSG theory (7.6) with {F, G}SSSG = {F, G}∗ .
Note that the dimension of the physical phase space of the Pohlmeyer reduced theory
was shown to be 2(dg − dh ) precisely the physical dimension of the phase space of the
SSSG theory.
This proves that at the classical level, the Pohlmeyer reduction of our deformed theory, the theory that describes the string world-sheet, in the limit λ → 0 is a relativistic
generalization of the sine-Gordon theory.
The deformed Poisson brackets in the limit λ → 0 and the relation with the symmetric
space sine-Gordon theory have also been investigated in [61, 62] from a different perspective
of alleviating the non-ultra-locality of the λ → 1 Poisson bracket.

k

l

d

a

S

i

j

S

c

b

non-trivial exchange of quantum numbers. These are associated to the so-called rational
solutions of the Yang-Baxter equation that are associated to the Yangian of F . The fact
that there are two factors of this type reflects the FL × FR symmetry of the theory.
The work [34] shows that in the deformed theory the coupling κ still runs. However, the
UV limit is no longer free; rather, as we saw in section 2, when κ → ∞ the UV theory is an
SU(2) WZW model. Such a theory is “asymptotically CFT” rather than “asymptotically
free” [34]. The S-matrix of the deformed theory then takes the form
S(θ) = σ(θ)RUq (SU(2)) (θ) ⊗ RSU(2) (θ) ,

(8.2)

where the SU(2)L factor, the one that is gauged in order to construct the deformed theory,
has changed from the rational SU(2) factor to the quantum group generalization where
the quantum group deformation parameter is q = −e−iπ/(k+2) . In addition, this quantum
group solution of the Yang-Baxter equation is taken in the so-called interaction-round-aface” (IRF) picture, or “restricted-solid-on-solid” (RSOS) picture. The significance of this
is that the quantum numbers in this sector are naturally interpretated as kinks: see figure 1.
This is to be contrasted with the original RF factor which appears in the “vertex” picture.
In the limit k → ∞, the RSOS formulation becomes unrestricted and it would be
fascinating to understand the relation between the scattering theories with the vertex RF
and IRF RUq (F ) (with k = ∞, i.e. q = 1) and non-abelian T-duality.
This picture generalises from SU(2) to arbitrary F . The one-loop running of the
coupling confirms that, as for SU(2), λ → 0 in the UV [66, 67].
For the symmetric space sigma-models the S-matrices take the form
S(θ) = σ(θ)RF (θ) ,

(8.3)

reflecting the FL isometry of the sigma-model. We conjecture that the S-matrices of the
deformed theory will take the form
S(θ) = σ(θ)RUq (F ) (θ) .
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Figure 1. The vertex and IRF labels for the 2-body S-matrix elements. For the case of SU(2) in the
vertex picture, the particles are labelled by i, j, k, l ∈ {± 12 } the weights of the spin 12 representation
of SU(2). In the IRF or SOS picture on the right, one labels the vacua a, b, c, d ∈ {0, 12 , 1, 32 , . . .}
which are spins of arbitrary irreducible representations of SU(2) with |a−b| = |b−c| = |a−d| = |d−
c| = 12 . The particles are then interpretated as kinks Kab + Kbc → Kad + Kdc interpolating between
adjacent vacua. In the restricted case the spins are restricted to the finite set {0, 12 , 1, . . . , k2 − 1},
where q = eiπ/k .

Interestingly, we can view the principal chiral models as symmetric space sigma-models
themselves for G × G/G. So one can conjecture that in this case the deformed theories will
involve a gauged WZW model for G/G × G/G and so there can be two independent levels
k1 and k2 . For these theories, we conjecture that the exact S-matrices are then
S(θ) = σ(θ)RUq1 (F ) (θ) ⊗ RUq2 (F ) (θ) ,

(8.5)

with qi = −e−iπ/(ki +c2 (F )) .
Semi-symmetric spaces

The case of most interest to string theory is when we consider the world-sheet theory of the
string moving in AdS5 × S 5 . The world-sheet theory in the Green-Schwarz formalism takes
the form of an integrable sigma-model on a semi-symmetric space PSU(2, 2|4)/Sp(2, 2) ×
Sp(4). Notice that the group F in the numerator of the coset is now a super Lie group.
This sigma-model is known to be integrable [68].
The question is whether there is a deformation of this world-sheet theory of the kind
that generalizes the ones we have constructed for ordinary symmetric spaces. This question
will be investigated more fully elsewhere [69], but we can at least write down the action of
the deformed theory. As in (2.21) it takes the form of the a deformation of an F/F gauged
WZW model:
Z
h
 i
k
(8.6)
Sdef [F, Aµ ] = SgWZW [F, Aµ ] −
d2 x STr A+ Ω − 1 A− .
π
The group F is now the supergroup PSU(2, 2|4) and traces are replaced by super-traces.
The deformation is defined by the constant matrix Ω and it will be shown that for a very
specific choice of Ω, namely12
Ω = P(0) +

1 (1)
1
P + 2 P(2) + λP(3) ,
λ
λ

(8.7)

where P(i) are the projectors on the Lie super algebra f associated to the eigenspaces f(i) of
the Z4 automorphism associated to the semi-symmetric space, the resulting theory (i) has
the same equation-of-motion as the original Green-Schwarz sigma-model, (ii) is classically
integrable and (iii) has fermionic gauge (kappa) symmetries which are crucial to getting a
consistent world-sheet theory with the correct number of fermionic degrees-of-freedom.
The conjecture is that λ is an exactly marginal coupling and so the deformed theory
is a consistent string background. It is then very natural to suggest that the S-matrix
constructed in [6] is precisely the S-matrix of the string world-sheet theory. This S-matrix
depends on two couplings g and q. The latter takes specific values q = eiπ/k for integer
k which naturally identified it as level of the gauged WZW model in (8.6). The other
coupling g is some function of the deformation parameter λ. One important fact about the
S-matrix in [8] is that it is written in IRF or RSOS form and this matches the discussion
of the principal chiral model above.
12

Note that we could have written (4.9) in the same way with Ω = P(0) + λ−1 P(1) in that case.
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8.2

It is interesting to note that the relation between the deformation parameter of the
quantum group is q = eiπ/k for the semi-symmetric space case and q = −e−iπ/(k+c2 (F )) for
the symmetric space case. Of course c2 (F ), the quadratic Casimir of the adjoint representation, is known to vanish for the Lie supergroup PSU(2, 2|4). However the other sign
differences have a dramatic effect on the S-matrices. In the symmetric space case, the
bound states fall in the anti-symmetric representations of the (quantum) group whereas
in the semi-symmetric space case they fall in symmetric representations. The number
of anti-symmetric representations only depends on the rank of F whereas the number of
symmetric representations only depends on the level k.
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