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Motivation

String Theory was born during the 1960’s in the framework of the hadronic physic, as an
attempt to explain strong interactions. The idea was to consider the strings as tubes of
flux which mediated the hadronic interaction. Very soon that phenomenological idea was
obscured by the formulation of the “Quantum Chromodynamics” or QCD and subsequently
by the formulation of the “Standard Model”. This model describes very successfully three of
the four fundamental interactions, namely the electromagnetic, weak and strong interactions.
Although the consistency of the standard model is based on the existence of a particle (the
Higgs boson) which has not been found yet, it seems to be in very good shape experimentally.

Unlike the standard model, the fourth interaction (gravity) has serious inconsistencies.
The theory is not renormalisable and (the loop corrections of) any physical quantity that we
compute in quantum gravity depends on an infinite number of parameters. However this is
a theoretical problem since for any value of the unknown parameters, their effect becomes
negligible at observable energies. For this reason the classical limit of the quantum gravity
(General Relativity) impressively agrees with experiments.

The real interest in string theory began in the 1980’s. By thinking the elementary
particles as vibrations of a one-dimensional object (string), the graviton (a massless particle
with spin two which mediates the gravity interaction) comes up naturally in the spectrum of
the theory. Moreover the theory is consistent once we consider its supersymmetric extension.
This is a good point in favour of string theory since it seems to be the most serious candidate
for a consistent theory of the quantum gravity. But there is more. String theory does not
just contain gravity but it comes inevitably with a large number of particles and interactions
which have the same features of the standard model. Standard texts on string theory are
[1].

Unfortunately, the particles and interactions that string theory predicts are far from
unique. There are many possibilities and it is still not clear whether the standard model
is among them. At phenomenological level, it is still a challenge the attempt of selecting
a vacuum among all the possibilities when one reduces the dimensionality of the spacetime
from the critical dimension of the superstrings to four dimensions. Moreover, there are five
consistent string theories and they can be thought of as being different perturbative regimes
of an still not completely uncovered (beyond the low energy limit) theory, called M-theory,
where the fundamental objects turn out to be two-dimensional membranes. These five string
theories are related by a chain of dualities which connect in a non-perturbative way different
regimes of M-theory. The low energy effective action of both M-theory and all the consistent
string theories is given by the corresponding supergravity. Such supergravities are non-
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renormalisable but they are relevant for the study of their classical solutions which turn out
to be the solitons of the full string theory.

Some of these non-perturbative solitons, usually called D-branes, are extended hyper-
planes where the strings can end with Dirichlet boundary conditions (see [2] for an intro-
duction on branes). There are two dual descriptions of these objects: they are sources of
the closed sector of string theory but their dynamics can be described by the open strings
(open string sector of string theory) attached to them. At low energies the dynamics of a
D-brane gives rise to a gauge theory living on its worldvolume [3]. These dual description of
the branes is a consequence of the open/closed duality present at string level.

Maldacena conjectured in 1997 a specific duality of the kind explained above. The state-
ment [4] is that type IIB string theory on AdS5 × S5 is dual to four-dimensional N = 4
superconformal Yang-Mills theory with SU(Nc) gauge group. In other words, the closed
string sector of string theory quantised on an AdS5 × S5 target space is conjectured to be
dual to the field theory living on a stack of Nc D3-branes. For a review, see [5]. This is a
holographic duality in the sense that the boundary of the AdS5 space where the gauge theory
lives encodes all the bulk information [6]. This duality is supposed to hold for generic values
of the parameters defining the regime of the two theories. For technical reasons this duality
has been more accurately tested so far in the low energy limit. In this limit we can extract
information about the strong coupling regime of the field theory by merely performing classi-
cal computations in a supergravity background. This is the power of the duality conjectured
by Maldacena and that it is known as the AdS/CFT correspondence. An older idea which
already signaled the existence of the afterwards conjectured correspondence between a string
theory and a gauge theory was suggested by G. ’t Hooft [7]. He realised that, by expanding
a U(Nc) gauge theory on the dimensionless parameter 1/Nc and taking the limit of large Nc,
we can rearrange the Feynman diagrams as a sum over the genus of the surfaces in which
the diagrams can be drawn. This is similar to the computation of string amplitudes where
the sum is now over the genus of the possible worldsheets of the string. By taking the low
energy limit in the AdS/CFT correspondence, we are restricting the duality to a subsector
of the parameter space of the theories, both in the string theory and in the field theory side,
where the result pointed out by ’t Hooft can be applied. In this limit the AdS/CFT conjec-
ture states that a solution of supergravity should be dual to a certain supersymmetric gauge
theory at strong ’t Hooft coupling1. However not all the stringy information of the dual
gauge theory is captured by the supergravity solution. One needs to include extra D-branes
on the supergravity side in order to extract nontrivial information which does not survive to
the low energy limit [8].

Extensions of the above ideas to more realistic theories (from a phenomenological point
of view) have been studied in the last years (see [9, 10] for a review). The reduction of the
amount of supersymmetry and the breaking of the conformal invariance would lead to a more
(phenomenologically) interesting statement of the duality. The final goal would be to find
the stringy dual of QCD, a non-supersymmetric and non-conformal theory. A great effort in
searching for ways of breaking softly supersymmetry at a suitable energy scale is being made
nowadays. Meanwhile theories with less amount of supersymmetry and without conformal
invariance present some features analogous to QCD, for instance confinement, and the ideas

1The ’t Hooft coupling is the product of the squared gauge coupling by the rank of the gauge group.
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of the duality can be extended here in a proper way.

In this work we will concentrate basically on the amazing study of the extensions of
the AdS/CFT correspondence to more realistic theories. We will focus on supersymmetric
solutions of type IIB supergravity which are dual to N = 1 supersymmetric gauge theories
in four dimensions. We will search for the possibility of adding supersymmetric D-branes in
those backgrounds and we will analyse which nontrivial information of the dual gauge theory
we are capturing with these additional degrees of freedom.

About this thesis

This Ph.D. thesis is mainly based on papers [11, 12, 13, 14, 15]. Some of the technical points
presented in those papers, which are not relevant for the comprehension of this thesis, have
not been included. However we will refer the interested reader to the corresponding paper
whenever a technical point is mentioned. The plan for the rest of the thesis is the following:

In chapter 1 we will sketch the bases of the AdS/CFT correspondence. Then we will
show with some detail some supersymmetric solutions of type IIB supergravity and their
field theory duals, theories with N = 1 supersymmetry in four dimensions. Finally we will
explain why we do need to add extra D-branes to the supergravity background and how
we can do that preserving (at least) part of the supersymmetry of the background. The
main tool will turn out to be a local fermionic symmetry of the worldvolume theory on
the branes called kappa symmetry. We will continue with the study of the (probe) limit
where the backreaction of the extra D-branes are not taken into account and we will finish
by considering the (unquenched) supergravity solutions where the extra D-branes and the
supergravity background interact with each other. This chapter provides the basic tools and
settles on the notation that we will use in the following.

In chapters 2 and 3 we will systematically study supersymmetric embeddings of D-brane
probes of different dimensionality in the AdS5×Y p,q andAdS5×La,b,c backgrounds of type IIB
string theory respectively. The main technique employed will be again the kappa symmetry
of the probe’s worldvolume theory. We will also give insights on the dual interpretation of
these extra D-brane probes.

In chapter 4 we will study the addition of an arbitrary number of backreacting flavour
branes to the Klebanov-Witten theory, making many checks of consistency between our
new type IIB plus branes solution and expectations from field theory. We will also study
generalisations of our method for adding flavours to all N = 1 superconformal field theories
that can be realised on D3-branes at the tip of a Calabi-Yau cone. In chapter 5 we will
extend the previous study of adding unquenched flavour branes to the Klebanov-Tseytlin
and Klebanov-Strassler backgrounds. We will provide a precise field theory dual and a
detailed analysis of the duality cascade which describes its renormalisation group flow. The
matching of β-functions and anomalies between the field theory and the string setup will be
presented as well.

In chapter 6 we will find supersymmetric configurations of a D5-brane probe in the
Maldacena-Núñez background which are extended along one or two of the spatial directions of
the gauge theory. These embeddings are worldvolume solitons which behave as codimension
two or one defects in the gauge theory dual.
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In chapter 7 we will finish with some conclusions.



Chapter 1

Introduction

1.1 Introduction to the gauge/gravity correspondence

The goal of this initial section is to review briefly the AdS/CFT correspondence [4, 5, 16, 17]
proposed by Maldacena and its extension to non-conformal and less supersymmetric settings
[18, 19]. Considered the huge literature on the subject, we will only focus on the supergravity
(SUGRA) duals of four dimensional supersymmetric (SUSY) gauge theories. Nice reviews
on these topics can be found in [9, 10]. In this chapter we will review the foundations of the
gauge/gravity correspondence that we will need to understand the work of this thesis.

The AdS/CFT correspondence is a conjecture which establishes a holographic equivalence
between two apparently different theories: type IIB string theory on AdS5 × S5 on one side
and N = 4 supersymmetric Yang-Mills (SYM) in four dimensions (in the boundary of AdS5)
with gauge group SU(Nc) on the other side. This nice correspondence is based on the old
open/closed string duality and it can be formulated with the aid of D-branes. D-branes
are hypersurfaces where open strings can end. Their dynamics, and hence the dynamics
of the corresponding open strings, is described by a (supersymmetric) gauge theory at low
energies. However, D-branes are also nonperturbative states of the closed string spectrum
(their tensions behave as 1/gs, where gs is the string coupling) and at low energy they are
described by solutions of the corresponding supergravity theory.

The strongest version of the correspondence is supposed to hold for generic values of
the parameters defining the regime of the two theories. This is the called exact AdS/CFT
correspondence. The parameters which define the regime of type IIB string theory on AdS5×
S5 are the string coupling gs and the (dimensionless) string tension T = L2/(2πα′) where
L is the common radius of the AdS space and of the S5. Those of the N = 4 SYM in four
dimensions with gauge group SU(Nc) are its gauge coupling gYM and the number of colours
Nc. The dictionary is established in terms of two relations:

4πgs = g2
YM , T =

1

2π

√
λ , (1.1.1)

where we have defined the ’t Hooft coupling λ = g2
YMNc.

9



10 CHAPTER 1. INTRODUCTION

It is very difficult to test the conjecture at this level since we do not know how to treat
string theory for generic values of the string coupling. By setting gs → 0 (weak coupling limit
in string theory) with T -fixed and large Nc (planar diagrams limit in the gauge theory) with
gYM → 0 (λ = g2

YMNc fixed) [7], we get the classical AdS/CFT correspondence. It states
that classical (non-interacting strings) type IIB string theory on AdS5 × S5 is equivalent to
the large Nc limit with fixed ’t Hooft coupling of the field theory.

This is not still enough since we do not even know how to deal with classical string theory
in curved backgrounds with RR fluxes. Taking the low energy limit α′ → 0 we are going to
the weakest version of the correspondence, the low energy AdS/CFT correspondence. This
is the regime where the correspondence has been more accurately tested so far. It states that
the dynamics of an N = 4 SYM in four dimensions at strong ’t Hooft coupling is captured
by the supergravity modes of type IIB supergravity in AdS5×S5, without addition of stringy
states.

Explicitly, the gravity dual of N = 4 SYM in four dimensions considered by Maldacena
is generated by a stack of Nc D3-branes in flat ten-dimensional space. This configuration
preserves sixteen supercharges1. The type IIB supergravity solution of this system reads, in
string frame,

ds2 = h3(r)
−1/2dx2

1,3 + h3(r)
1/2(dr2 + r2dΩ2

5) ,

e2φ = e2φ∞ = const. ,

F5 = (1 + ⋆) dh−1
3 ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3 , (1.1.2)

where dΩ2
5 is the round metric on S5, ⋆ stands for the Hodge dual in ten dimensions and h3

is an harmonic function of the transverse coordinates

h3(r) = 1 + 4πgsNc
(α′)2

r4
. (1.1.3)

The previous normalization comes from Dirac quantization of the D3-brane charge. The
general quantization condition for a Dp-brane is

∫

S8−p

⋆Fp+2 =
2κ2Nc

gs
Tp , (1.1.4)

where the tension of a Dp-brane is given by

Tp =

√
π

κ
(4π2α′)(3−p)/2 (1.1.5)

and κ = 8π7/2gs(α
′)2 is the ten-dimensional gravitational constant.

Taking the limit α′ → 0 (low energies) we decouple the open and closed string massive

modes. Since the Planck length is given by l2P = g
1/2
s α′ and gs is constant (although in the

end we will set gs → 0, Nc → ∞ with gsNc ∼ λ constant and large enough ), we see that

1We will comment below on the conformal invariance of this theory. This gives rise to another sixteen
conformal supercharges.
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this limit lP → 0 also decouples the open/closed interactions. The right limiting procedure
also involves a near-horizon limit, r → 0, such that

U ≡ r

α′
= fixed , r, α′ → 0 . (1.1.6)

Performing this limit in the supergravity solution (1.1.2), it can be written as

ds2 =
U2

L2
dx2

1,3 +
L2

U2
dU2 + L2dΩ2

5 , (1.1.7)

where the scale parameter L introduced before is

L4 = 4πgsNc(α
′)2 . (1.1.8)

The above metric (1.1.7) has constant curvature, R ∼ L−2, in the low energy limit
discussed above (gs → 0, Nc → ∞ with gsNc ∼ λ constant and large enough), in string
units. Thus, the supergravity description is valid for any value of U . Notice that the
curvature and the ’t Hooft coupling are inversely proportional, α′R ∼ λ−1/2. This means
that the gauge theory description and the gravity one are complementary and do not overlap.
The AdS/CFT correspondence is an example of a strong/weak coupling duality, namely the
system is well described by N = 4 SU(Nc) SYM in four dimensions for small values of the ’t
Hooft coupling while is better described by type IIB string/gravity theory whenever λ gets
large.

Another interesting point of the correspondence in its weakest version is the perfect
matching between the isometries of the supergravity solution and the global symmetries of
the field theory. In the case discussed above one can see a particular example. The AdS5

space possesses an SO(2, 4) isometry group. The remaining S5 factor of the background
provides an extra SO(6) isometry. It is remarkable in the field theory side that SO(2, 4) is
the conformal group in four dimensions (scale invariance of the theory) while SO(6) ≈ SU(4)
is exactly the R-symmetry group of N = 4 SYM theory. This shows up a perfect matching
of the bosonic symmetries. There are also fermionic symmetries which, together with the
bosonic ones, form the supergroup SU(2, 2|4). Massless fields in string theory and BPS
operators of SYM theory are classified in multiplets of this supergroup [17].

It is well-know that type IIB string theory contains a nonperturbative SL(2,Z) invariance
(S-duality) [20] arising from the compactification of M-theory on a two-torus with modular
parameter

τ = χ + ie−φ , (1.1.9)

with χ the RR-scalar and φ the dilaton of type IIB. In N = 4 SYM there is a corresponding
SL(2,Z) invariance with modular parameter

τYM =
ΘYM

2π
+

4π i

g2
YM

, (1.1.10)

where ΘYM is a parameter (which corresponds to the Chern-Simons angle) that one can turn
on in the lagrangian of the theory. The SL(2,Z) invariance is realised as a transformation
of τYM into −1/τYM combined with shifts in ΘYM . As we saw in (1.1.2), there is a relation
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between the Yang-Mills coupling, on the gauge theory side, and the string coupling. This
relation has to be supplemented by another one that links the Θ-angle with the vacuum
expectation value of the RR scalar χ,

ΘYM = 2πχ , (1.1.11)

such that the SL(2,Z) symmetry is clearly connected with the usual S-duality in type IIB
string theory.

The AdS/CFT correspondence also states that an operator Oi in the gauge theory living
at the boundary of AdS5 space is associated in a nontrivial way with fluctuations of its
dual supergravity field Φi propagating in the bulk of AdS5. The generating functional for
correlators in the field theory is related to the type IIB string theory partition function by
[16, 17]

Zstring[Φi] =

〈
exp

(∫
d4xϕiOi

)〉
, (1.1.12)

where the boundary conditions of the supergravity field are given by

Φi(r, x
µ) ∼ ϕi(x

µ) e(∆i−4)r , (1.1.13)

xµ are gauge theory coordinates living at the boundary and ∆i is the conformal dimension
of the operator Oi. This scaling dimension is related to the mass of the corresponding closed
string field on AdS5 × S5. For a free massive scalar field propagating in AdS5, this relation
is

∆ = 2 +
√

4 + m2L2 . (1.1.14)

In the beginning we stressed that we would pay attention to the supergravity duals of
four dimensional field theories. For completeness, let us comment some words on the case of
considering a stack of Nc Dp-branes (with p 6= 3) in flat space. This configuration preserves
again sixteen supercharges. Following the previous lines about AdS/CFT correspondence,
we would expect that maximally supersymmetric Yang-Mills theory in p + 1 dimensions
with SU(Nc) gauge group be dual to type IIA/IIB string theory in the near horizon limit
of the Dp-brane supergravity solution. However, there are some problems to generalise the
Maldacena conjecture for p 6= 3. First of all, for p ≥ 7 it is not possible to decouple the
open/closed interactions. Moreover, the theory is not scale invariant and the isometry group
of the resulting metric has not AdS factor. The near horizon limit of Dp-brane solutions has
non-constant curvature for p 6= 3 and the dilaton is not constant either. Thus the ranges
of validity of the gauge and gravity descriptions become more complicated here and the
decoupling limit does not work so cleanly.

One can try to apply an approach similar to AdS/CFT to study non-conformal and
less supersymmetric theories, such as for instance N = 1 supersymmetric gauge theories in
four dimensions, starting from D-branes in less supersymmetric backgrounds and breaking
eventually conformal invariance.

The first thing that one can do is to try to reduce the amount of supersymmetry. Given
a Sasaki-Einstein five-dimensional manifold X5 one can consider placing a stack of Nc D3-
branes at the tip of the (Calabi-Yau) cone over X5. Taking then the Maldacena limit leads
to a duality between string theory on AdS5 ×X5 and a superconformal field theory (SCFT)
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living in the worldvolume of the D3-branes [21]. In subsection 1.2.1 we will review the case
in which the Sasaki-Einstein manifold is X5 = T 1,1 and we will see that it is dual to a
four-dimensional N = 1 SCFT coupled to four chiral superfields in the bifundamental rep-
resentation [22]. In subsection 1.2.4 we will review a new class of Sasaki-Einstein manifolds
recently found. They are labeled by two positive integers X5 = Y p,q [23, 24] and they include
the T 1,1 as a particular case. We will also give some notions of its dual N = 1 superconformal
quiver gauge theories [25, 26]. In subsection 1.2.5 we will explore the most recent family
of Sasaki-Einstein manifolds built, X5 = La,b,c which contain all the others as a subfamily
[27, 28]. They are also dual to N = 1 superconformal quiver gauge theories [29, 30, 31].
These families exhaust all possible toric Calabi-Yau cones on a base with topology S2 × S3.
Research on AdS/CFT in these SCFT’s has led to a better understanding of several impor-
tant issues such as the appearance of duality cascades, a-maximization, Seiberg duality, etc.
In chapters 2, 3 and 4 we will concentrate on the addition of new degrees of freedom to these
supergravity backgrounds and its interpretation in the dual field theory.

The next step is to break conformal invariance. In trying to do this, one finds some
problems. The first one is that the dual supergravity solution of a non-conformal gauge the-
ory does not display an AdS-like geometry and, in general, it means that (strictly speaking)
holography does not work in these cases. Furthermore, a basic aspect of the AdS/CFT cor-
respondence is the decoupling between open and closed degrees of freedom. In the weakest
version of the AdS/CFT correspondence, the gauge theory is supposed to be dual to super-
gravity, without any addition of string states. In non-conformal theories, the dual gauge
theory cannot be decoupled from the bulk if one only deals with supergravity modes. It
is believed that a proper duality holds if one lets string states enter into the game but, as
it is the case for the original AdS/CFT correspondence, it is much harder to go beyond
the supergravity regime and check the duality at string level. This is a crucial point to
keep in mind when one studies the gauge/gravity duality in non-conformal theories. How-
ever, we do not discuss this further here, and in subsections 1.2.2, 1.2.3 and 1.2.6 of this
introductory chapter, as well as in chapters 4, 5 and 6, we will try to exploit the power of
open/closed string duality and see what we can learn about the dynamics of non-conformal
supersymmetric gauge theories from supergravity and vice-versa.

There are several ways to obtain supergravity backgrounds dual to non-conformal four-
dimensional N = 1 gauge theories. One way is by introducing fractional D-branes on toric
Calabi-Yau three-fold cones. In subsection 1.2.2 we will study in detail the case of adding
fractional D3-branes to the conifold [32] and we will see how the conformal invariance of
the AdS5 × T 1,1 background is broken. The same could be done for the AdS5 × Y p,q [33]
and AdS5 × La,b,c case. Another way of breaking conformal invariance is by starting with
D-branes wrapped on nontrivial supersymmetric cycles of non-compact Calabi-Yau three-
fold spaces. This procedure was firstly used by Maldacena and Núñez to study pure N = 1
SYM in four dimensions [34] and we will review their solution in subsection 1.2.6. It is
worth pointing out here that not all the submanifolds admit wrapped D-branes preserving
some amount of supersymmetry. Submanifolds that do preserve it are called supersymmetric
or calibrated cycles and are defined by the condition that the worldvolume theory on the
D-brane is supersymmetric. These cycles are classified in manifolds with special holonomy.

The breaking of the conformal invariance in a gauge theory leads to a running of the



14 CHAPTER 1. INTRODUCTION

gauge coupling with the energy scale. In gauge/gravity duality the radial coordinate defines
the Renormalization Group (RG) scale of the dual gauge theory [4, 5, 16, 17]. In general,
for non-conformal theories, the radius-energy relation depends on the phenomenon that one
is interested in and accounts for the scheme-dependence in the field theory.

Anomalies are also of great interest in the gauge/gravity duality since the Adler-Bardeen
theorem [35] guarantees that anomaly coefficients computed at one loop are exact, with
no radiative corrections. This means that we can compute anomaly coefficients in the field
theory at weak coupling and then extrapolate them to strong coupling where we can use dual
gravity methods to check the calculation. This allows a nontrivial check of the gauge/gravity
duality.

1.2 SUSY solutions of type IIB supergravity

The aim of this section is to describe some supersymmetric solutions of type IIB supergravity
where the geometry is a warped product of the four-dimensional Minkowski space and a six-
dimensional Riemannian manifold, M1,3×N 6. We are interested in classical configurations in
which the fermionic fields vanish, and thus the problem of finding supersymmetric solutions
reduces to solve the vanishing of the supersymmetric variations of the fermionic fields of
type IIB supergravity. We will write down below these transformations and the bosonic
action of type IIB supergravity. The fact that a configuration is supersymmetric does not
necessarily imply that it is a solution of the supergravity equations of motion. We must
check a posteriori that the equations of motion are solved by the configurations which fulfil
the vanishing of the aforementioned supersymmetry transformations of the fermionic fields.

Type IIB supergravity is a maximal supergravity (i.e. with 32 supercharges) that can
be constructed in ten dimensions [36, 37, 38]. This type IIB theory is chiral and cannot be
obtained by dimensional reduction from eleven dimensions. Nevertheless, it is related to type
IIA sugra by T-duality. The bosonic degrees of freedom are the metric GMN , the dilaton φ,
a NSNS two-form B2 whose field strength is H3 (H3 = dB2) and the RR field strengths F1,
F3 and F5. The action for these fields reads (in Einstein frame):

SIIB =
1

2κ2
10

∫
d10x

√
−G
[
R− 1

2
∂Mφ ∂

Mφ− 1

2
e−φH2

3 − 1

2
e2φF 2

1 − 1

2
eφF 2

3 −

− 1

4
F 2

5

]
− 1

2κ2
10

∫
C4 ∧H3 ∧ F3 , (1.2.1)

where 2κ2
10 = 16πGN = (2π)7g2

s(α
′)4 is related to the ten-dimensional gravitational constant

and we have chosen the normalization A2
p = 1

p!
AM1...Mp

AM1...Mp for any p-form Ap. Notice
that the last term in SIIB is a Chern-Simons term that involves C4, the RR potential of
F5. Apart from the equations of motion that arise from this action, one has additionally to
impose the self-duality condition F5 = ⋆F5 . For completeness, we write down the equations
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of motion satisfied by the dilaton and the metric functions:

1√
−G∂M

(
GMN

√
−G∂Nφ

)
= e2φF 2

1 +
1

2

(
eφF 2

3 − e−φH2
3

)
,

RMN − 1

2
GMNR =

1

2

(
∂Mφ∂Nφ − 1

2
GMN∂Pφ∂

Pφ
)

+
1

2
e2φ
(
F

(1)
M F

(1)
N − 1

2
GMNF

2
1

)
+

+
1

2
eφ
(
3F

(3)
MPQF

(3)PQ
N − 1

2
GMNF

2
3

)
+

5

4
F

(5)
MPQRSF

(5)PQRS
N +

+
1

2
e−φ
(
3H

(3)
MPQH

(3)PQ
N − 1

2
GMNH

2
3

)
.

(1.2.2)

The set of Bianchi identities satisfied by the NSNS and RR field strength fluxes of the
above supergravity action are the following:

dH3 = 0 ,

dF1 = 0 ,

dF3 = H3 ∧ F1 ,

dF5 = H3 ∧ F3 . (1.2.3)

Moreover, the equations of motion for the NSNS and RR forms derived from the action
(1.2.1) are:

d
(
e−φ ⋆ H3

)
= eφF1 ∧ ⋆F3 − F5 ∧ F3 ,

d
(
e2φ ⋆ F1

)
= − eφH3 ∧ ⋆F3 ,

d
(
eφ ⋆ F3

)
= F5 ∧H3 ,

d
(
⋆ F5

)
= −F3 ∧H3 . (1.2.4)

Let us now consider the supersymmetric variations of the fermionic fields, a dilatino λ
and a gravitino ψµ . In type IIB string theory, the Killing spinor ǫ (which parameterises
the supersymmetric transformations) is actually composed by two Majorana-Weyl spinors ǫL
and ǫR of well defined ten-dimensional chirality, which can be arranged as a two-component

vector in the form ǫ=

(
ǫL
ǫR

)
.

Thus, the supersymmetry transformations of the dilatino λ and gravitino ψµ in type IIB
supergravity are (in Einstein frame):

δǫλ =
1

2
ΓM
(
∂Mφ− eφF

(1)
M (iσ2)

)
ǫ − 1

4

1

3!
ΓMNP

(
e−

φ
2HMNPσ3 + e

φ
2F

(3)
MNPσ1

)
ǫ,

δǫψM = ∇Mǫ+
1

4
eφF

(1)
M (iσ2)ǫ+

1

96

(
e−

φ
2HNPQσ3 − e

φ
2F

(3)
NPQσ1

)(
Γ NPQ
M − 9δNMΓPQ

)
ǫ+

+
1

16

1

5!
F

(5)
NPQRTΓNPQRT (iσ2)ΓMǫ , (1.2.5)
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where ΓM are ten-dimensional Dirac matrices, ΓM...N stands for their antisymmetric product
and σi i = 1, 2, 3 are Pauli matrices which act on the two-dimensional vector constructed
above.

The supersymmetric solutions that we will consider are solutions of the above supersym-
metry transformations (and of the supergravity equations of motion as well) which can be
interpreted as being dual to a four-dimensional N = 1 gauge theory. As discussed in the
previous section, the kind of supergravity solutions dual to conformal field theories can be
generated by putting D3-branes at the apex of a Calabi-Yau three-fold and then considering
the geometric transition as in [39, 40]. The D3-branes deform the geometry and source a
RR five-form field strength. In order to break conformal invariance, either fractional branes
enter into the game or we have to start from a configuration with branes wrapping a super-
symmetric cycle of the geometry. Usually, to solve the vanishing of eqs. (1.2.5), one must
impose some projections on the Killing spinor. When this happens, not all the supercharges
present in the supergravity theory are preserved by the solution. These projections are of the
type Pǫ = ǫ. They should commute among themselves and each of them halves the number
of preserved supercharges. It is known that the number of supersymmetries preserved by a
Calabi-Yau three-fold is 1/4 of the maximally supersymmetric configurations2. It leads to 8
supercharges, hence being dual to a four-dimensional N = 1 SCFT. By breaking conformal
invariance we are left with just 4 supercharges.

In the next subsections we will give some examples of supersymmetric solutions dual to
four-dimensional N = 1 gauge theories and in some cases we will also display the Killing
spinor which solves eqs. (1.2.5) and the projections that it satisfies. We will start from the
dual to a SCFT and then we will move on to more realistic solutions, breaking conformal
invariance.

We have just summarised very briefly type IIB supergravity. A thorough review on eleven
and ten-dimensional supergravities, the relations among them (Kaluza-Klein reduction, T-
duality), solutions of their equations of motion from (wrapped-)branes and many other topics
on gravity and its relation with strings can be found in [41].

1.2.1 D3-branes on the Conifold: the Klebanov-Witten (KW)

model

In the same spirit as AdS/CFT [4, 5, 16, 17], Klebanov and Witten [22] suggested that Nc

D3-branes at the singularity of the conifold will result in certain N = 1 superconformal field
theory dual to the string theory on AdS5 ×X5, where X5 is the base of the cone and it was
identified as the Sasaki-Einstein manifold T 1,1 [22, 42]. The conifold (or the cone over T 1,1)
is a non-compact Calabi-Yau three-fold defined by the following equation in C4 (see [43] for
a review of the conifold):

z1 z2 − z3 z4 = 0 . (1.2.6)

Since this equation is invariant under a real rescaling of the variables, the conifold is a real
cone whose base is the space T 1,1, an space with topology S2×S3. The metric on the conifold

2In other words, only 1/4 of the components of the Killing spinor ǫ are different from zero.
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can be written in the form
ds2

6 = dr2 + r2 ds2
T 1,1 , (1.2.7)

where

ds2
T 1,1 =

1

9

(
dψ2 +

2∑

i=1

cos θidϕi

)2

+
1

6

2∑

i=1

(dθ2
i + sin2 θidϕ

2
i ) (1.2.8)

is the metric on T 1,1. Here ψ is an angular coordinate which ranges from 0 to 4π, while
(θ1, ϕ1) and (θ2, ϕ2) parameterise two S2 spheres in a standard way. Therefore, this form
of the metric shows that T 1,1 is a U(1) bundle over the Kähler-Einstein space S2 × S2 and
that its isometry group is SU(2) × SU(2) × U(1). Moreover, the coordinates zi (1.2.6) can
be expressed through the angular variables ψ, θi, ϕi and r as follows 3:

z1 = r3/2e
i
2
(ψ−ϕ1−ϕ2) sin

θ1
2

sin
θ2
2
,

z2 = r3/2e
i
2
(ψ+ϕ1+ϕ2) cos

θ1
2

cos
θ2
2
,

z3 = r3/2e
i
2
(ψ+ϕ1−ϕ2) cos

θ1
2

sin
θ2
2
,

z4 = r3/2e
i
2
(ψ−ϕ1+ϕ2) sin

θ1
2

cos
θ2
2
. (1.2.9)

Placing Nc D3-branes at the apex of the conical singularity (1.2.6), they source the RR
5-form flux and warp the geometry. In the near-horizon limit, they give rise to the type IIB
supergravity solution:

ds2 = h(r)−1/2dx2
1,3 + h(r)1/2ds2

6 ,

F5 =
1

gs
(1 + ⋆)d4x ∧ dh(r)−1 ,

h(r) =
L4

r4
, L4 = 4πgsNc(α

′)2 π3

Vol(T1,1)
=

27πgsNc(α
′)2

4
, (1.2.10)

with constant dilaton and all the other fields of type IIB supergravity vanishing. The nor-
malization of the scale factor L is dictated by the quantization of the D3-brane tension
Tp,

1

(4π2α′)2

∫

T 1,1

F5 = Nc . (1.2.11)

By introducing eq. (1.2.10) into the supersymmetry transformations (1.2.5) one can
determine the Killing spinor which lives in this background. A detailed analysis was carried
out in [44]. It is necessary to impose two projections on the Killing spinor and hence this
background is 1/4 supersymmetric, as expected for a Calabi-Yau three-fold. It preserves 8
supersymmetries so the comparison of the number of preserved supersymmetries allows to
conjecture that it is the supergravity dual of an N = 1 SCFT in four dimensions. However
there are more evidences of this duality. The field theory was constructed in [22]. It is

3For a thorough study of the complex formulation of the conifold, see [42].



18 CHAPTER 1. INTRODUCTION

an SU(Nc) × SU(Nc) gauge theory coupled to two chiral superfields, Ai, in the (Nc, N̄c)
bifundamental representation and two chiral superfields, Bi, in the (N̄c, Nc) bifundamental
representation of the gauge group. The A’s transform as a doublet under one of the global
SU(2)s while the B’s transform as a doublet under the other SU(2). We can motivate the
field content of this theory rewriting the complex variables which parameterise the equation
of the conifold (1.2.6) as

z1 = A1B1 , z2 = A2B2 ,

z3 = A1B2 , z4 = A2B1 . (1.2.12)

The defining equation of the manifold is related to the moduli space of the gauge theory. The
anomaly-free U(1) R-symmetry (U(1)R) of the N = 1 superconformal algebra is realised as
a common phase rotation of Ai, Bj (or of the four coordinates zi → e−iαzi). Both Ai and Bj

have 1/2 charge under U(1)R in order to cancel the anomaly. For consistency of the duality
it is necessary to add a marginal superpotential (and so with R-charge 2). The most general
marginal superpotential respecting the global symmetries SU(2) × SU(2) × U(1)R is

WKW = λǫijǫkl Tr(AiBkAjBl) . (1.2.13)

There is another anomaly-free abelian symmetry4 U(1)baryon which shifts Ai and Bj in
opposite directions:

Ai → eiϕAi , Bj → e−iϕBj . (1.2.14)

Therefore, it was proposed in [22] that the SU(Nc)×SU(Nc) SCFT with this superpoten-
tial is dual to type IIB string theory on AdS5 ×T 1,1. Although we will not go into details, in
[22] the authors gave another argument beyond the simple symmetry analysis which supports
the duality. On the gravity side, the geometry of T 1,1 emerges from S5/Z2 via blowing-up
of the orbifold singularity of S5/Z2. It can be shown [22] that this mechanism is dual to
the RG flow of the gauge theory, which was identified in [45]. Perturbing the superpotential
of this orbifold configuration in such a way that it breaks conformal symmetry and half
of the supersymmetry, the field theory will flow to an infrared (IR) fixed point where the
superpotential is exactly (1.2.13).

As a final argument in favour of the duality one could discuss the chiral operators of the
field theory, namely the gauge invariant operators which have the lowest possible conformal
dimension for a given R-charge. In [22] it was argued that the chiral operators of positive
R-charge n and dimension 3n/2 are of the form

Ck1k2...kn
L C l1l2...ln

R TrAk1Bl1Ak2Bl2 . . . AknBln , (1.2.15)

where CL and CR are completely symmetric tensors. These operators are in the (n+ 1, n+
1) representation of SU(2) × SU(2). In [46] the supergravity modes dual to those chiral
operators were studied, showing that they are a mixture of the conformal factors of AdS5

and factors of the T 1,1 and the RR potential.

4In what follows we will denote it by U(1)B.
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1.2.2 Adding fractional D3-branes to the Klebanov-Witten model

In this subsection we study the effect of adding M fractional colour D3-branes in the
Klebanov-Witten model. These fractional branes are D5-branes located at the tip of the
conifold and wrapping the vanishing nontrivial S2 of the T 1,1. They change the gauge group
of the field theory dual to SU(Nc +M) × SU(Nc).

First of all we analyse the dual supergravity background. The D5-branes act as sources
of the magnetic RR three-form flux through the S3 of the T 1,1. Therefore, besides the Nc

units of RR five-form flux (1.2.11), the supergravity dual involves M units of three-form flux
(1.1.4):

1

4π2α′

∫

S3

F3 = M . (1.2.16)

This supergravity solution was constructed in [32] and it is known as the Klebanov-
Tseytlin model.

In order to display the supergravity background it is useful to employ the following basis
of one-forms on the compact space:

g1 =
1√
2
(ω2 − σ2) , g2 =

1√
2
(−ω1 + σ1) ,

g3 =
−1√

2
(ω2 + σ2) , g4 =

1√
2
(ω1 + σ1) ,

g5 = ω3 + σ3 , (1.2.17)

where

σ1 = dθ1 , σ2 = sin θ1 dϕ1 , σ3 = cos θ1 dϕ1 ,

ω1 = sinψ sin θ2 dϕ2 + cosψ dθ2 , ω2 = − cosψ sin θ2 dϕ2 + sinψ dθ2 ,

ω3 = dψ + cos θ2 dϕ2 , (1.2.18)

are one-forms written in terms of the angular coordinates introduced in the conifold geometry
(1.2.8). In this basis the metric on T 1,1 (1.2.8) takes the form

ds2
T 1,1 =

1

9
(g5)2 +

1

6

4∑

i=1

(gi)2 . (1.2.19)

This basis is also useful to write the NSNS two-form flux B2 and the RR three-form
flux F3 sourced by the fractional branes. They are magnetic fluxes which must satisfy the
Bianchi identities (1.2.3). Therefore we need to construct a closed two- and three-form and
one may realise that a possibility is

Υ2 =
1

2
(g1 ∧ g2 + g3 ∧ g4) , Υ3 =

1

2
g5 ∧ (g1 ∧ g2 + g3 ∧ g4) . (1.2.20)

They are closed by construction and satisfy
∫

S2

Υ2 = 4π ,

∫

S3

Υ3 = 8π2 , (1.2.21)
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where the two-cycle S2 is parameterise by θ1 = θ2 ≡ θ, ϕ1 = 2π − ϕ2 ≡ ϕ, ψ = const.
and the three-cycle S3 by θ2, ϕ2 = constant. Consistency with the Bianchi identities (1.2.3)
and the quantization condition (1.2.16) allows to write the NSNS two-form B2 and the RR
three-form F3 as

B2 =
3gsMα′

2
ln (r/r0)Υ2 , H3 = dB2 =

3gsMα′

2r
ln (r/r0) dr ∧ Υ2 ,

F3 =
Mα′

2
Υ3 , (1.2.22)

where r0 is a radial scale (integration constant) introduced in the theory by the fractional
branes. Note that

gs ⋆6 F3 = H3 , gsF3 = − ⋆6 H3 , (1.2.23)

where ⋆6 is the Hodge dual with respect to the metric ds2
6 (1.2.7). Thus, the complex

three-form

G3 = F3 − i

gs
H3 (1.2.24)

satisfies the imaginary self-duality condition ⋆6G3 = iG3. It follows that

gsF
2
3 = H2

3 , (1.2.25)

and analysing the equation of motion for the dilaton (1.2.2) we see that we can set consistently
to zero the dilaton φ and the RR scalar χ (F1 = dχ).

The ten-dimensional metric has the structure of a warped product of R1,3 and the conifold

ds2 = h(r)−1/2dx2
1,3 + h(r)1/2(dr2 + r2 ds2

T 1,1) , (1.2.26)

where the warp factor is obtained by solving the Einstein equations of motion (1.2.2)

h(r) =
27π(α′)2

4r4

(
gsNc + a(gsM)2 ln r/r0 +

a

4
(gsM)2

)
, (1.2.27)

with a = 3
2π

.
The Klebanov-Tseytlin model is a solution of the type IIB equations of motion and of

the Bianchi identities. It preserves 1/8 of the supersymmetry (see for example [44]). Again
this fact allows us to postulate that the four-dimensional gauge theory dual preserves N = 1
supersymmetry without conformal invariance. We will study below the implications of this
statement.

An important feature of this model is that the RR five-form flux, which can be parame-
terised (consistently with the quantization condition (1.2.11)) as follows

F5 =
π

4
Neff (r)g

1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 , (1.2.28)

takes a radial dependence

Neff = Nc +
3

2π
gsM

2 ln (r/r0) . (1.2.29)
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This dependence comes from the fact that the right-hand side of the Bianchi identity (1.2.3)
involving F5 is non zero in this case. Notice that the five-form flux present at the ultraviolet
(UV) may completely disappear by the time we reach a scale where Neff = 0. A related fact
is that the quantity

b0 ≡ 1

4π2

∫

S2

B2 , (1.2.30)

which is invariant in string theory as it undergoes a shift of 1 (due to the quantization
condition of H3), is no longer a periodic variable. If we shift b0 by one unit, we see that
the shift in the radial variable that realises the same effect is a decreasing of the radius
by a factor exp (−2π/3gsM). This implies a decreasing in the five-form flux in M units,
Neff → Neff − M . Therefore the integral 1

(4π2α′)2

∫
T 1,1 F5 is not quantised. On the field

theory side this effect is understood as a Seiberg duality [47]. We start from a theory with
gauge groups SU(r1) × SU(r2) at some energy scale, with r1 > r2. The gauge couplings
of both gauge groups flow in opposite directions since each gauge group views the fields
transforming in the other gauge group as flavour degrees of freedom. The coupling of the
gauge group SU(r1) flows towards strong coupling and before reaching an infinite value, the
theory is better described in terms of its Seiberg dual description, which is weakly coupled.
The SU(r1) gauge group has 2r2 flavours in the fundamental representation. Under a Seiberg
duality this becomes an SU(2r2 − r1) and the other gauge group remains untouched. Thus,
after the Seiberg duality we get SU(r2)×SU(2r2−r1) which resembles closely the theory we
start with. On the field theory side we can read Neff and M from the effective D3-brane and
D5-brane charge respectively of the system of fractional D-branes that engineers the field
theory: r1 fractional D3-branes of one kind (D5-branes wrapping the S2) and r2 fractional
D3-branes of the other kind (D5-branes wrapping the S2 with −1 quanta of gauge field flux
on the two-cycle). Although we will leave the details of the analysis of the effective charge
to chapter 5, we advance here that

Neff = b0 r1 + (1 − b0) r2 ,

M = r1 − r2 . (1.2.31)

Under the Seiberg duality described above they become

N ′
eff = b0 r2 + (1 − b0) (2r2 − r1) = Neff − M ,

M ′ = M , (1.2.32)

reproducing the SUGRA behaviour. Starting from the UV (r = r0) of the gravity solu-
tion and moving to the IR, it is worth pointing out that, after k steps of the logarith-
mic running (duality cascade) that we have just explained, the radius decreases as rk =
r0 exp (−2πk/3gsM) and the effective number of colours turns out to be Neff = Nc − kM .
However the rank of the dual gauge groups remains fixed at each step and only changes at
the point where we perform the Seiberg duality. In other words, at each step the gauge
group can be written as SU(Neff +M) × SU(Neff ) only when b0 = 0.

The metric (1.2.26) has a naked singularity at the value of the radial variable r = rs
where the warp factor becomes zero, h(rs) = 0. Then, setting

h(r) =
L4

r4
ln (r/rs) , L2 =

9gsMα′

2
√

2
, (1.2.33)
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we can write the metric as a purely logarithmic RG cascade:

ds2 =
r2

L2
√

ln (r/rs)
ds2

1,3 +
L2
√

ln (r/rs)

r2
dr2 + L2

√
ln (r/rs)ds

2
T 1,1 . (1.2.34)

The nature of this singularity has its origin in the charge quantisation (1.2.16). For small
values of the radial coordinate r the S3 shrinks to zero. This leads to a divergence of F3 in
order to fulfil the quantization condition (1.2.16).

The curvature of the metric (1.2.34) decreases for large r, so the string corrections to the
SUGRA solution become negligible. Even if gsM is very small, the solution is reliable for
sufficiently large radii where gsNeff ≫ 1. In this regime the separation between the cascade
steps is large and we can compare the β-functions computed from SUGRA with those of an
SU(Nc +M) × SU(Nc) gauge theory in the UV limit. The integrals over the S2 of the T 1,1

of the NSNS and RR two-form potentials B2 and C2, the dilaton φ and the RR scalar χ are
moduli of the type IIB theory on AdS5×T 1,1. The two gauge couplings and the two Θ-angles
of the field theory are related with them in a way which depends on the quantization of string
theory in that background. Given the lack of knowledge about the string quantization on
AdS5 ×T 1,1 together with the fact that the KW model can be obtained as an IR fixed point
of the RG flow of the orbifold AdS5×S5/Z2, we borrow the holographic relations from those
computed in the orbifold theory [45, 48, 49]. For the two gauge couplings they are:

4π2

g2
1

+
4π2

g2
2

=
πe−φ

gs
,

4π2

g2
1

− 4π2

g2
2

=
e−φ

2πgsα′

(∫

S2

B2 − 2π2 (mod 4π2)

)
, (1.2.35)

where b0 must be defined in the range [0, 1] in order to give positive squared couplings. The
ambiguity in the last equation is the 2π periodicity of 1

2πα′

∫
S2 B2 which comes from the

quantization condition on H3. A shift of 2π amounts to move to a dual description of the
gauge theory. 5

In gauge/gravity duality the radial coordinate defines the RG scale of the dual gauge
theory [4, 5, 16, 17]. There are several ways of establishing the precise relation. In what
follows we adopt the one that typically corresponds to the Wilsonian renormalization group:

Λ ∼ r . (1.2.36)

Now we are ready to compute the β-functions of the field theory from the supergravity
moduli fields (1.2.35). The constancy of the dilaton translates into the vanishing of the
β-function for 8π2

g2+
≡ 8π2

g21
+ 8π2

g22
. The second holographic relation in (1.2.35) gives rise to a

logarithmic running of 8π2

g2−
≡ 8π2

g21
− 8π2

g22
in the SU(Nc +M) × SU(Nc) gauge theory:

8π2

g2
−

= 6M ln (r/rs) + const. , (1.2.37)

5In the Klebanov-Witten theory, this is the Seiberg duality.
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since ln (r/rs) = ln (Λ/µ).
If we compare with the Shifman-Vainshtein β-function [50] we find that

4π2

g2
−

= M ln (Λ/µ)(3 + 2(1 − γ)) , (1.2.38)

where γ is the anomalous dimension of operators TrAiBj. The conformal invariance of the
field theory forM = 0 and the symmetry under M → −M require that γ = −1

2
+O(M/Nc)

2n

with n a positive integer [51]. Then,

4π2

g2
−

= 6M ln (Λ/µ)(1 + O(M/Nc)
2n) . (1.2.39)

Therefore the coefficient 6M is in exact agreement with (1.2.37).
It is worth pointing out again that as the theory flows to the IR, we must perform a

Seiberg dualities each time that one of gauge coupling diverges. As we have explained, this
duality decreases the rank of the gauge group on which it acts. On the gravity side this
effect translates into a decrease of Neff in units of M (1.2.32). However this cascade must
stop before reaching a region where Neff is negative. The fact that the solution described
above is singular in the IR tells us that it has to be modified there. The proper modification
goes via the deformation of the conifold as we will explain in the next subsection.

Finally we want to discuss the chiral anomaly of the Klebanov-Tseytlin model. We
show now how the chiral anomaly of an N = 1 cascading gauge theory can be read from
the supergravity solution of [32]. In the quantum field theory there are chiral fermions
charged under the U(1)R symmetry and we can understand the R-symmetry breaking as
an effect of the chiral anomaly. An standard result of quantum field theory is that in a
theory with chiral fermions charged under a global U(1) symmetry of the classical lagrangian,
the Noether current JµR associated with an infinitesimal R-symmetry transformation is not
generally conserved but instead obeys the equation

∂µJ
µ
R =

1

32π2

∑

f

RfT [R(f)]F a
µνF̃

µν
a , (1.2.40)

where the sum runs over the fermions f circulating in the loop of the relevant triangle
anomaly, Rf is the R-charge of the fermion and T [R(f)] is the Dynkin index of the gauge
group representation R(f) that the fermion belongs to, normalised as T [R(fund.)] = 1 and
T [R(adj.)] = 2Nc. We follow the convention that fixes the R-charge of the gauginos as
R[λ] = 1. In (1.2.40) F a

µν is the field strength associated to the gauge group, a the gauge
index and µ, ν are spacetime indices.

In the case of interest we take an SU(Nc +M)×SU(Nc) gauge theory in the UV. There
are two gauge groups, so let us define F a

µν and Ga
µν to be the field strengths of SU(Nc +M)

and SU(Nc) respectively. In computing the U(1)R − SU(Nc + M) − SU(Nc + M) and
U(1)R − SU(Nc) − SU(Nc) triangle anomalies we obtain

∂µJ
µ
R =

M

16π2

(
F a
µνF̃

µν
a − Ga

µνG̃
µν
a

)
, (1.2.41)
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or in other words, under an U(1)R transformation of parameter ǫ, the Θ-angles6 for each
gauge group transforms as

δǫΘ1 = 2Mǫ ,

δǫΘ2 = −2Mǫ , (1.2.42)

or equivalently

δǫ(Θ1 + Θ2) = 0 ,

δǫ(Θ1 − Θ2) = 4Mǫ . (1.2.43)

In order to compare the above analysis with that of the Klebanov-Tseytlin model we will
borrow again the holographic relations computed in the orbifold theory [45, 48, 49]7 :

Θ1 + Θ2 = −2πχ ,

Θ1 − Θ2 =
1

πα′

∫

S2

C2 (mod 4π) . (1.2.44)

The ambiguity of the second equation is subtle: it corresponds to the two kinds of fractional
D(-1)-branes appearing in the theory. The angles Θ1 and Θ2 come from the imaginary parts
of the action of two kinds of fractional Euclidean D(-1) branes. Both of them are then
defined modulo 2π in the quantum field theory. On the string theory side the periodicities
exactly match: an Euclidean fractional D(-1)-brane enters the functional integral with a
term exp

{
−8π2

g2j
+ iΘj

}
. 8 Hence the imaginary part in the exponent is defined modulo 2π

in the quantum string theory.
Although the asymptotic UV metric has a U(1)R symmetry (dual to the R-symmetry of

the gauge theory) associated with rotations of the angular coordinate ψ/2 (1.2.8, 1.2.26), the
RR two-form C2 does not have this continuous symmetry. Actually, the RR field strength
F3 = dC2 does have this symmetry but there is no smooth global expression for C2. Locally
we can write

C2 =
Mα′

2
ψΥ2 , (1.2.45)

which is not single-valued as a function of the angular variable ψ and it is not invariant
under the U(1)R. Under the transformation ψ → ψ + 2ǫ, the RR potential C2 changes as
follows:

C2 → C2 + Mα′ǫΥ2 . (1.2.46)

Notice that
∫
S2 C2 is defined modulo 4π2α′ (1.2.44). Therefore the transformation ψ → ψ+2ǫ

is a symmetry only when ǫ is an integer multiple of π/M . Since ǫ is defined modulo 2π, we
conclude that only a Z2M subgroup of the U(1)R is an actual symmetry of the system.

6With a conventional normalization, the Θ-angle terms appear in the gauge theory action as∫
d4x( Θ1

32π2F
a
µν F̃

µν
a + Θ2

32π2G
a
µνG̃

µν
a ).

7Actually, we are not sure about that sign in the first equation below. At any rate, with this minus sign
the R-anomaly computation of the supergravity backgrounds in chapters 4 and 5 match exactly the field
theory computations.

8We have written the complexified gauge coupling instead of the supergravity fields for the sake of brevity:
the use of the dictionary given in eqs. (1.1.1) and (1.1.11) is understood.
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Let us now compare the anomaly coefficients obtained from field theory computations
(1.2.43) with those given by the holographic relations (1.2.44). The fact that there is no
RR scalar field χ in the Klebanov-Tseytlin model translates into the simple relation of the
Θ-angles Θ1 = −Θ2 ≡ Θ. Thus, under the U(1)R rotation ψ → ψ + 2ǫ the holographic
relations yield

δǫ(Θ1 + Θ2) = 0 ,

δǫ(Θ1 − Θ2) =
1

πα′

∫

S2

Mα′ǫΥ2 = 4Mǫ , (1.2.47)

in perfect agreement with (1.2.43).
In summary, the chiral anomaly of the SU(Nc +M) × SU(Nc) gauge theory is encoded

in the UV behaviour (large r) of the dual classical supergravity background.

1.2.3 Deformation of the conifold: the Klebanov-Strassler (KS)
model

It was shown in [51] that the resolution of the naked singularity of the Klebanov-Tseytlin
model [32] occurs though the replacement of the conifold (1.2.6) by the deformed conifold,
whose complex structure is described by the following equation in C4:

z1 z2 − z3 z4 = ǫ2 . (1.2.48)

The manifold defined by (1.2.48) has isometry group SU(2)×SU(2), where the non-abelian
factors are understood as left and right multiplication on the matrix

(
z1 z4
z3 z2

)
. There is also a

U(1)R action given a common phase rotation to all the complex coordinates. However this
symmetry is broken to Z2 by the deformation parameter. The singularity of the conifold
is removed through the blowing-up of the S3 of the T 1,1 at the tip. The equation (1.2.48)
was studied in detail in [42]. Following closely the technique employed there to solve the
equation, one can find a parameterisation of the complex variables in terms of the angular
variables introduced in (1.2.8) and a dimensionless radial coordinate τ as:

z1 = −ǫ e− i
2
(ϕ1+ϕ2)

(
e(τ+iψ)/2 sin

θ1
2

sin
θ2
2

− e−(τ+iψ)/2 cos
θ1
2

cos
θ2
2

)
,

z2 = ǫ e
i
2
(ϕ1+ϕ2)

(
e(τ+iψ)/2 cos

θ1
2

cos
θ2
2

− e−(τ+iψ)/2 sin
θ1
2

sin
θ2
2

)
,

z3 = −ǫ e i2 (ϕ1−ϕ2)

(
e(τ+iψ)/2 cos

θ1
2

sin
θ2
2

+ e−(τ+iψ)/2 sin
θ1
2

cos
θ2
2

)
,

z4 = ǫ e−
i
2
(ϕ1−ϕ2)

(
e(τ+iψ)/2 sin

θ1
2

cos
θ2
2

+ e−(τ+iψ)/2 cos
θ1
2

sin
θ2
2

)
. (1.2.49)

The ten-dimensional metric of [51] takes the standard form

ds2 = h(τ)−1/2dx2
1,3 + h(τ)1/2ds2

6 , (1.2.50)
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where ds2
6 is now the metric of the deformed conifold. Using the angular variables of (1.2.8)

and the basis (1.2.17), the metric of the deformed conifold is diagonal:

ds2
6 =

1

2
ǫ4/3K(τ)

[
1

3K3(τ)
(dτ 2 + (g5)2) + cosh2

(τ
2

)
[(g3)2 + (g4)2] + sinh2

(τ
2

)
[(g1)2 + (g2)2]

]
,

(1.2.51)
where

K(τ) =
(sinh (2τ) − 2τ)1/3

21/3 sinh τ
. (1.2.52)

In the UV limit (large τ) it is convenient to introduce another radial variable r

r2 =
3

25/3
ǫ4/3e2τ/3 , (1.2.53)

in terms of which the deformed conifold metric for large values of the new radial variable
turns into that of the singular conifold (1.2.7), ds2

6 → dr2 + r2 ds2
T 1,1 .

At τ = 0 the angular metric degenerates into

dΩ2
3 =

1

2
ǫ4/3

(
2

3

)1/3

[
1

2
(g5)2 + (g3)2 + (g4)2] , (1.2.54)

which is the metric of a round S3 [42]. The additional two directions corresponding to the
S2 fibered over the S3 shrink as [51]

1

8
ǫ4/3

(
2

3

)1/3

τ 2[(g1)2 + (g2)2] . (1.2.55)

Apart from the metric of the warped deformed conifold, the model proposed by Klebanov
and Strassler in [51] also includes RR field strengths F3, F5 and a Kalb-Ramond potential
B2. Let us write them down:

F3 =
Mα′

2

[
g5 ∧ g3 ∧ g4 (1 − F (τ)) + g5 ∧ g1 ∧ g2 F (τ) + F ′(τ) dτ ∧ (g1 ∧ g3 + g2 ∧ g4)

]
,

B2 =
gsMα′

2

[
f(τ) g1 ∧ g2 + k(τ) g3 ∧ g4

]
,

F5 = (1 + ⋆)
gsM

2(α′)2

4
l(τ)g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 , (1.2.56)

where
l = f (1 − F ) + k F . (1.2.57)

The form of the functions entering into the flux forms was also given in [51]. They were
found solving a first-order system of equations derived from a superpotential for the effective
radial problem [52]:

f ′ = (1 − F ) tanh2 (τ/2) ,

k′ = F coth2 (τ/2) ,

F ′ =
1

2
(k − f) , (1.2.58)
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and

h′ = −4(gsMα′)2ǫ−8/3 f (1 − F ) + k F

K2(τ) sinh2 τ
. (1.2.59)

The Klebanov-Strassler model preserves some amount of supersymmetry and it was
shown in [53] that it is 1/8 supersymmetric (see [44] for a explicit calculation). One can
also check that the above system of first-order equations is a solution of the second-order
equations of motion of type IIB supergravity (1.2.2 - 1.2.4). It is also interesting to point
out that (1.2.58) implies the imaginary self-duality condition of the three-form (1.2.24) with
respect to the metric of the deformed conifold. For completeness we give the solution of the
system (1.2.58):

F (τ) =
sinh τ − τ

2 sinh τ
, f(τ) =

τ coth τ − 1

2 sinh τ
(cosh τ − 1) ,

k(τ) =
τ coth τ − 1

2 sinh τ
(cosh τ + 1) , l(τ) =

τ coth τ − 1

4 sinh2 τ
(sinh 2τ − 2τ) ,

(1.2.60)

where we have tuned the integration constants to avoid singularities in the fluxes.
Once we have solved the system of equations for the three-forms, we can immediately

integrate the warp factor. As usual, the boundary condition we have to impose is its vanishing
at large τ . Thus the result is [51]:

h(τ) = (gsMα′)222/3ǫ−8/3I(τ) , (1.2.61)

where

I(τ) =

∫ ∞

τ

dx
x coth x− 1

sinh2 x
(sinh 2x− 2x)1/3 . (1.2.62)

This I(τ) is non-singular at the tip of the deformed conifold and matches (1.2.33) at large
τ . Actually this model [51] turns into the Klebanov-Tseytlin one [32] at large τ , once we
perform the radial change of variable (1.2.53).

The curvature of the metric (1.2.50) is small everywhere for large values of gsM . As we
will see below this is the t’ Hooft coupling of the gauge theory far in the IR. As long as this
is large, the curvature is small and the supergravity approximation is reliable.

The theory that we have just described is confining. This means that the quark-antiquark
potential is linear with the distance between them. On the gravity side, an external quark is a
fundamental string that comes in from infinity and ends on one of the branes which generate
the background. When we have a quark-antiquark pair and we separate them by a large
distance, we can think about the quark-antiquark potential as the energy of a fundamental
string extended on one of the spatial directions where the theory lives. If the tension of that
fundamental string is constant, this is a sign of confinement of the dual gauge theory. This
is what happens in the metric (1.2.50), where for small values of τ the function multiplying
dx2

1,3, i.e. h−1/2(τ) approaches a constant (1.2.61, 1.2.62). In order to explain more in detail
this argument, let us recall that the fundamental string corresponds to the Wilson loop in
the fundamental representation of the gauge group. The classic criterion for confinement is
that this Wilson loop W1(C) obeys the area law (in the limit of large area) [54]

− ln< W1(C) > ≈ A , (1.2.63)
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where A is the area enclosed by the loop C in the gauge theory directions. Considering a
Wilson contour at fixed τ in the warped deformed conifold, the minimal surface bounded by
the contour bends towards small τ . If the contour has a very large area, then most of the
minimal surface will drift down into the region near τ = 0. Being the coefficient of dx2

1,3 finite
at τ = 0 means that the tension of the fundamental string is also finite and so the resulting
Wilson loop satisfies the area law (1.2.63). The tension of the confining string scales as [51]

Ts =
ǫ4/3

24/3a
1/2
0 π

1

gsM(α′)2
, (1.2.64)

where a0 = I(τ = 0) ≈ 0.71805 (see eq. (1.2.62)).
A generalisation of the confining string is to consider Wilson loops in antisymmetric

tensor representations of the gauge group SU(M) with q indices where q ranges from 1 to
M − 1. These Wilson loops can be thought of as confining strings which connect q quarks
on one end to q antiquarks on the other end. These are the so-called q-strings. The case
q = 1 reduces to the fundamental representation and there is a symmetry under q →M − q
which corresponds to replacing quarks by antiquarks. For q = M the quarks combine into a
colourless state (a baryon) and the Wilson loop does not satisfy the law area (1.2.63). The
tension of a confining q- string in the deformed conifold was computed in [55]. There they
found that, approximately, this tension goes like

Tq ∼ c sin
πq

M
, (1.2.65)

where c is a constant related to an IR scale of the gauge theory. This is in agreement
with what is expected for a confining N = 1 supersymmetric SU(M) gauge theory in four
dimensions. Notice that as

Tq+q′ < Tq + Tq′ , (1.2.66)

the q-string will not decay into strings with smaller q.
Let us finally discuss briefly the relation between the deformation of the conifold and the

pattern of chiral symmetry breaking of the dual field theory. We have already argued that
the singularity in the solution of [32] is removed through the blowing-up of the S3 of the
T 1,1 at the tip of the conifold. This blowing-up avoids the divergence of the field strength
F3 at τ = 0. However, the most powerful argument to see that the conifold is deformed
comes from the field theory analysis. The dual field theory in the UV has gauge group
SU(Nc + M) × SU(Nc). We have seen that when the energy scale flows to the IR, it is
necessary to perform a Seiberg duality each time that the gauge coupling of one of the gauge
groups diverges. We have also seen that in this cascading of Seiberg dualities, the rank of
the gauge groups decreases alternatively in M units. This process must stop since negative
values of the rank of a gauge group does not make sense. Here we only pay attention to the
case in which Nc is multiple of M , namely Nc = pM . In this particular case the bottom
of the cascade is a supersymmetric SU(2M) × SU(M) gauge theory. The classical moduli
space of this theory is modified at the quantum level by nonperturbative effects [56, 57].
The theory acquires a deformed moduli space with M independent branches, each of which
has the shape of a deformed conifold (1.2.48). The branches are permuted by the Z2M R-
symmetry (chiral symmetry), which is spontaneously broken down to Z2. This breaking of
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the R-symmetry is exactly what one would expect in a pure SU(M) N = 1 Yang-Mills theory
in four dimensions. In supersymmetric gluodynamics the breaking of the chiral symmetry
is associated with the gluino condensation < λ2 > [58, 59, 60]. A holographic calculation of
the gluino condensate was carried out in [61] and the result is

< λ2 >∼M
ǫ2

(α′)3
, (1.2.67)

which depends on the parameter ǫ2 of the equation of the deformed conifold (1.2.48).
The chiral symmetry breaking can also be realised in the supergravity solution. Recall

that in the UV, only a Z2M subgroup of the U(1)R parameterised by ψ/2 survives due to
the explicit dependence on ψ of the RR two-form C2 (1.2.45). Recalling also that ψ ranges
from 0 to 4π we see that in the Klebanov-Strassler model, which depends on ψ through
cosψ and sinψ, the Z2M symmetry is further broken to Z2, generated by ψ → ψ + 2π.
Therefore M different vacua come up due to the breaking of the symmetry by IR effects.
As a consequence, domain walls appear interpolating among them. They are D5-branes
wrapping at τ = 0 (domain walls are IR effects) the finite-sized S3 and with the remaining
directions along R1,3. We will study them more in detail in section 1.3.

We have seen that the Klebanov-Strassler model describes some features of an SU(M)
N = 1 supersymmetric gauge theory as confinement or the pattern of chiral symmetry
breaking. However, it is not its gravitational dual because SU(M) N = 1 supersymmetric
gauge theory can be achieved by taking gsM → 0 and sending the scale of the last step of
the cascade SU(2M) × SU(M) to infinity. Unfortunately, this is the opposite limit of that
where the supergravity approximation is reliable (gsM → ∞), as we discussed previously.

1.2.4 D3-branes on the cone over Y p,q manifolds

Recently, a new class of Sasaki-Einstein five-dimensional manifolds Y p,q, p and q being two
coprime positive integers, has been constructed [23, 24]. They correspond to a new family of
solutions of the equations of motion of type IIB supergravity dual to four-dimensional N = 1
SCFT’s. They are basically the same as that of the Klebanov-Witten model (1.2.7, 1.2.10)
but replacing the Sasaki-Einstein manifolds T 1,1 by Y p,q. From a physical point of view,
these solutions are generated by a stack of Nc D3-branes at the apex of the cone over the
Y p,q manifold that we will denote as CY p,q. Recall that the normalization of the scale factor
L is dictated by the quantization of the D3-brane tension (1.2.11). This scale is associated to
the radius of the AdS space and changes accordingly to the volume of the internal manifold:

L4 =
4π4

Vol(Y p,q)
gsNc (α

′)2 . (1.2.68)

First of all, we shall briefly review basic features of the Y p,q manifolds. The metric of
this Sasaki-Einstein space can be written as [23, 24]:

ds2
Y p,q =

1 − cy

6
(dθ2 + sin2 θ dφ2) +

1

6H2(y)
dy2 +

H2(y)

6
(dβ − c cos θdφ)2

+
1

9

[
dψ + cos θdφ + y(dβ − c cos θdφ)

]2
, (1.2.69)
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H(y) being given by:

H(y) =

√
a− 3y2 + 2cy3

3(1 − cy)
. (1.2.70)

A natural frame for this space reads

e1 = − L√
6

1

H(y)
dy ,

e2 = − L√
6
H(y) (dβ − c cos θ dφ) ,

e3 =
L√
6

√
1 − c y dθ ,

e4 =
L√
6

√
1 − c y sin θ dφ,

e5 =
L

3
(dψ + y dβ + (1 − c y) cos θ dφ) . (1.2.71)

The metrics ds2
Y p,q are Sasaki-Einstein, which means that the cones CY p,q with metric

dr2 + r2ds2
Y p,q are Calabi-Yau manifolds. The metrics in these coordinates neatly display

some nice local features of these spaces. Namely, by writing it as

ds2
Y p,q = ds2

4 +

[
1

3
dψ + σ

]2

, (1.2.72)

it turns out that ds2
4 is a Kähler-Einstein metric with Kähler form J4 = 1

2
dσ. Notice that

this is a local splitting that carries no global information. Indeed, the pair (ds2
4, J4) is not

in general globally defined. The Killing vector ∂
∂ψ

has constant norm but its orbits do not

close (except for certain values of p and q, see below). It defines a foliation of Y p,q whose
transverse leaves, as we see, locally have a Kähler-Einstein structure. This aspect will be
important in chapter 2.

These Y p,q manifolds are topologically S2 × S3 and can be regarded as one-dimensional
bundles over manifolds of topology S2 × S2. Their isometry group is SU(2)×U(1)2. Notice
that the metric (1.2.69) depends on two constants a and c. The latter, if different from
zero, can be set to one by a suitable rescaling of the coordinate y, although it is sometimes
convenient to keep the value of c arbitrary in order to be able to recover the T 1,1 geometry,
which corresponds to c = 0 9. If c 6= 0, instead, as we have just said we can set c = 1 and
the parameter a can be written in terms of two coprime integers p and q (we take p > q) as
follows:

a =
1

2
− p2 − 3q2

4p3

√
4p2 − 3q2 . (1.2.73)

Moreover, the coordinate y ranges between the two smaller roots of the cubic equation

Q(y) ≡ a− 3y2 + 2cy3 = 2c

3∏

i=1

(y − yi) , (1.2.74)

9If c = 0, we can set a = 3 by rescaling y → ξy, β → ξ−1β, and a → ξ2a. If we further write y = cos θ2
and β = ϕ2, identifying θ ≡ θ1 and φ ≡ ϕ1, and choose the period of ψ to be 4π, the metric goes to that of
T 1,1 (1.2.8).
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i.e. y1 ≤ y ≤ y2 with (for c = 1):

y1 =
1

4p

(
2p − 3q −

√
4p2 − 3q2

)
< 0 ,

y2 =
1

4p

(
2p + 3q −

√
4p2 − 3q2

)
> 0 . (1.2.75)

In order to specify the range of the other variables appearing in the metric, let us introduce
the coordinate α by means of the relation:

β = −(6α + cψ) . (1.2.76)

Then, the coordinates θ, φ, ψ and α span the range:

0 ≤ θ ≤ π , 0 < φ ≤ 2π , 0 < ψ ≤ 2π , 0 < α ≤ 2πℓ , (1.2.77)

where ℓ is (generically an irrational number) given by:

ℓ = − q

4p2 y1 y2

=
q

3q2 − 2p2 + p
√

4p2 − 3q2
, (1.2.78)

the metric (1.2.69) being periodic in these variables. Notice that, whenever c 6= 0, the
coordinate β is non-periodic: the periodicities of ψ and α are not congruent, unless the
manifold is quasi-regular, i.e., there exists a positive integer k such that

k2 = 4p2 − 3q2 . (1.2.79)

For quasi-regular manifolds, ds2
4 in (1.2.72) corresponds to a Kähler-Einstein orbifold.

Notice that ℓ becomes rational and it is now possible to assign a periodicity to ψ such that
β ends up being periodic. If we perform the change of variables (1.2.76) in (1.2.69), we get

ds2
Y p,q =

1 − cy

6
(dθ2 + sin2 θ dφ2) +

1

6H2(y)
dy2 +

v(y)

9
(dψ + cos θdφ)2 +

+w(y)
[
dα + f(y) (dψ + cos θdφ)

]2
, (1.2.80)

with v(y), w(y) and f(y) given by

v(y) =
a− 3y2 + 2cy3

a− y2
, w(y) =

2(a− y2)

1 − cy
, f(y) =

ac− 2y + y2c

6(a− y2)
. (1.2.81)

The volume of this manifold can be computed straightforwardly from the metric (1.2.69),
with the result (for c = 1):

Vol(Y p,q) =
q2

3p2

2p+
√

4p2 − 3q2

3q2 − 2p2 + p
√

4p2 − 3q2
π3 . (1.2.82)
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It will be useful to give a set of complex coordinates describing CY p,q. The starting point
in identifying a good set of them is the following set of closed one-forms [25] (here we follow
the notation of [62]):

η1 =
1

sin θ
dθ − idφ ,

η̃2 = − dy

H(y)2
− i(dβ − c cos θdφ) ,

η̃3 = 3
dr

r
+ i
[
dψ + cos θdφ+ y(dβ − c cos θdφ)

]
, (1.2.83)

in terms of which, the metric of CY p,q can be rewritten as

ds2 = r2 (1 − cy)

6
sin2θ |η1|2 + r2H(y)2

6
|η̃2|2 +

r2

9
|η̃3|2 . (1.2.84)

Unfortunately, η̃2 and η̃3 are not integrable. It is however easy to see that integrable one-
forms can be obtained by taking linear combinations of them:

η2 = η̃2 + c cos θ η1 , η3 = η̃3 + cos θ η1 + y η̃2 . (1.2.85)

We can now define ηi = dzi/zi for i = 1, 2, 3, where

z1 = tan
θ

2
e−iφ , z2 =

(sin θ)c

f1(y)
e−iβ , z3 = r3 sin θ

f2(y)
eiψ , (1.2.86)

with f1(y) and f2(y) being given by:

f1(y) = exp

(∫
1

H(y)2
dy

)
, f2(y) = exp

(∫
y

H(y)2
dy

)
. (1.2.87)

By using the form of H(y) written in eq.(1.2.70) it is possible to provide a simpler expression
for the functions fi(y), namely:

1

f1(y)
=

√
(y − y1)

1
y1 (y2 − y)

1
y2 (y3 − y)

1
y3 ,

1

f2(y)
=
√
Q(y) =

√
2c
√

(y − y1) (y2 − y) (y3 − y) , (1.2.88)

where Q(y) has been defined in (1.2.74), y1 and y2 are given in eq.(1.2.75) and y3 is the third
root of the polynomial Q(y) which, for c = 1, is related to y1,2 as y3 = 3

2
− y1 − y2. The

holomorphic three-form of CY p,q simply reads

Ω = − 1

18
eiψr3

√
Q(y)

3
sin θ η1 ∧ η2 ∧ η3 = − 1

18
√

3

dz1 ∧ dz2 ∧ dz3
z1z2

. (1.2.89)

Notice that coordinates z1 and z2 are local complex coordinates on the transverse leaves of
Y p,q (1.2.72) with Kähler-Einstein metric ds2

4. They are not globally well defined as soon
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as z2 is periodic in β –which is not a periodic coordinate. Besides, they are meromorphic
functions on CY p,q (the function z1 is singular at θ = π while z2 has a singularity at y = y1).
A set of holomorphic coordinates on Y p,q was constructed in [63].

Recall that the metric of the Y p,q manifold can be written as (1.2.72) with σ being the
one-form given by

σ =
1

3

[
cos θdφ + y(dβ − c cos θdφ)

]
. (1.2.90)

The Kähler form J4 of the four-dimensional Kähler-Einstein space is just J4 = 1
2
dσ. In the

frame (1.2.71) it can be written as

J4 =
1

2
dσ =

1

L2

[
e1 ∧ e2 − e3 ∧ e4

]
. (1.2.91)

From the Sasaki-Einstein space Y p,q we can construct the Calabi-Yau cone CY p,q, whose
metric is just given by: ds2

CY p,q = dr2 + r2 ds2
Y p,q . The Kähler form J of CY p,q is just:

J = r2 J4 +
r

L
dr ∧ e5 , (1.2.92)

whose explicit expression in terms of the coordinates is:

J = −r
2

6
(1−cy) sin θdθ∧dφ+

1

3
rdr∧(dψ+cos θdφ) +

1

6
d(r2y)∧(dβ − c cos θdφ) . (1.2.93)

We can compute now the Killing spinors for the AdS5 × Y p,q background by imposing
the vanishing of the type IIB supersymmetry transformations (1.2.5). We will see that the
AdS5 × Y p,q background preserves eight supersymmetries, in agreement with the N = 1
superconformal character of the corresponding dual field theory, which has four ordinary
supersymmetries and four superconformal ones. The result of this calculation is greatly
simplified in some particular basis of frame one-forms, which we will now specify. In the
AdS5 part of the metric

ds2
AdS5

=
r2

L2
dx2

1,3 +
L2

r2
dr2 (1.2.94)

we will choose the natural basis of vielbein one-forms, namely:

ex
α

=
r

L
dxα , (α = 0, 1, 2, 3) , er =

L

r
. (1.2.95)

In the Y p,q directions we will use the frame given in (1.2.71). In order to write the expressions
of the Killing spinors in a compact form, let us define the matrix Γ∗ as:

Γ∗ ≡ iΓx0x1x2x3 . (1.2.96)

Then, the Killing spinors ǫ of the AdS5 × Y p,q background can be written in terms of a
constant spinor η as:

ǫ = e−
i
2
ψ r−

Γ∗
2

(
1 +

Γr
2L2

xα Γxα (1 + Γ∗ )
)
η . (1.2.97)
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The spinor η satisfies the projections :

Γ12 η = −iη , Γ34 η = iη , (1.2.98)

which show that this background preserves eight supersymmetries. Notice that, since the
matrix multiplying η in eq.(1.2.97) commutes with Γ12 and Γ34, the spinor ǫ also satisfies
the conditions (1.2.98), i.e.:

Γ12 ǫ = −iǫ , Γ34 ǫ = iǫ . (1.2.99)

In eq. (1.2.97) we are parameterising the dependence of ǫ on the coordinates of AdS5 as in
ref. [64]. In order to explore this dependence in detail, it is interesting to decompose the
constant spinor η according to the different eigenvalues of the matrix Γ∗:

Γ∗ η± = ±η± . (1.2.100)

Using this decomposition we obtain two types of Killing spinors:

e
i
2
ψ ǫ− = r1/2 η− ,

e
i
2
ψ ǫ+ = r−1/2 η+ +

r1/2

L2
Γr x

α Γxα η+ . (1.2.101)

The four spinors ǫ− are independent of the coordinates xα and Γ∗ǫ− = −ǫ−, whereas the
ǫ+’s do depend on the xα’s and are not eigenvectors of Γ∗. The latter correspond to the four
superconformal supersymmetries, while the ǫ−’s correspond to the ordinary ones. Notice also
that the only dependence of these spinors on the coordinates of the Y p,q space is through
the exponential of the angle ψ in eq. (1.2.101).

In addition to the Poincaré coordinates (xα, r) used above to represent the AdS5 metric,
it is also convenient to write it in the so-called global coordinates, in which ds2

AdS5
takes the

form:
ds2

AdS5
= L2

[
− cosh2 ̺ dT 2 + d̺2 + sinh2 ̺ dΩ2

3

]
, (1.2.102)

where dΩ2
3 is the metric of a unit three-sphere parameterised by three angles (α1, α2, α3):

dΩ2
3 = (dα1)2 + sin2 α1

(
(dα2)2 + sin2 α2 (dα3)2

)
, (1.2.103)

with 0 ≤ α1, α2 ≤ π and 0 ≤ α3 ≤ 2π. In order to write down the Killing spinors in these
coordinates, we will choose the same frame as in eq. (1.2.71) for the Y p,q part of the metric,
while for the AdS5 directions we will use:

eT = L cosh ̺ dT , e̺ = Ld̺ ,

eα
1

= L sinh ̺ dα1 ,

eα
2

= L sinh ̺ sinα1 dα2 ,

eα
3

= L sinh ̺ sinα1 sinα2 dα3 . (1.2.104)

If we now define the matrix
γ∗ ≡ ΓT Γ̺ Γα1 α2 α3 , (1.2.105)
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then, the Killing spinors in these coordinates can be written as [65]:

ǫ = e−
i
2
ψ e−i

̺
2

Γ̺γ∗ e−i
T
2

ΓT γ∗ e−
α1

2
Γ
α1̺ e−

α2

2
Γ
α2α1 e−

α3

2
Γ
α3α2 η , (1.2.106)

where η is a constant spinor that satisfies the same conditions as in eq. (1.2.98).
The gauge theory dual to IIB on AdS5 × Y p,q is by now well understood. The infinite

family of spaces Y p,q was shown to be dual to superconformal quiver gauge theories [25, 26].
The study of AdS/CFT in these geometries has shed light in many subtle aspects of SCFT’s
in four dimensions. Furthermore, the correspondence successfully passed new tests such as
those related to the fact that the central charge of these theories, as well as the R-charges of
the fundamental fields, are irrational numbers [66]. Here we quote some of the features that
are directly relevant for the results of chapter 2. We follow the presentation of ref. [26].

UUUUU

V

Y Y

YY
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Figure 1.1: The basic cells σ (upper left) and τ (upper right). Y p,q quivers are built with q
σ and p− q τ unit cells. The cubic terms in the superpotential (1.2.107) come from closed
loops of the former and the quartic term arises from the latter. The quiver for Y 4,2 is given
by σσ̃τ τ̃ (bottom).

The quivers for Y p,q can be constructed starting with the quiver of Y p,p which is naturally
related to the quiver theory obtained from C3/Z2p. The gauge group is SU(Nc)

2p and the
superpotential is constructed out of cubic and quartic terms in the four types of bifunda-
mental chiral fields present: two doublets Uα and V β and two singlets Y and Z of a global
SU(2). Namely,

W =

q∑

i=1

ǫαβ(U
α
i V

β
i Y2i−1 + V α

i U
β
i+1Y2i) +

p∑

j=q+1

ǫαβZjU
α
j+1Y2j−1U

β
j . (1.2.107)

Greek indices α, β = 1, 2 are in SU(2), and Latin subindices i, j refer to the gauge group
where the corresponding arrow originates. Equivalently, as explained in [33], the quiver
theory for Y p,q can be constructed from two basic cells denoted by σ and τ , and their mirror
images with respect to a horizontal axis, σ̃ and τ̃ (see Fig. 1.1). Gluing of cells has to
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Field number R− charge U(1)B U(1)F

Y p+ q
−4p2+3q2+2pq+(2p−q)

√
4p2−3q2

3q2
p− q −1

Z p− q
−4p2+3q2−2pq+(2p+q)

√
4p2−3q2

3q2
p + q +1

Uα p
2p(2p−

√
4p2−3q2)

3q2
−p 0

V β q
3q−2p+

√
4p2−3q2

3q
q +1

Table 1.1: Charges for bifundamental chiral fields in the quiver dual to Y p,q [26].

respect the orientation of double arrow lines corresponding to the U fields. For example, the
quiver Y 4,2 is given by σσ̃τ τ̃ . More concrete examples and further discussion can be found
in [26, 33].

Here we quote a result of [26] which we will largely reproduce using a study of wrapped
branes in chapter 2. The global U(1) symmetries corresponding to the factors appearing in
the isometry group of the Y p,q manifold are identified as the R-charge symmetry U(1)R and
a flavour symmetry U(1)F . There is also a baryonic U(1)B that becomes a gauge symmetry
in the gravity dual. The charges of all fields in the quiver with respect to these Abelian
symmetries are summarised in Table 1.1.

It is worth noting that the above assignment of charges satisfies a number of conditions.
For example, the linear anomalies vanish TrU(1)B = TrU(1)F = 0, as well as the cubic
’t Hooft anomaly TrU(1)3

B.

1.2.5 D3-branes on the cone over La,b,c manifolds

A further generalisation of the five-dimensional Sasaki-Einstein manifold led to the construc-
tion of the La,b,c manifolds [27, 28], where a, b and c are integers. This family of manifolds
contains the Y p,q’s as particular cases and exhausts all possible Calabi-Yau cones on a base
with topology S2 × S3. Considering again a stack of Nc D3-branes at the apex of the cone
over the La,b,c manifold (we will denote it as CLa,b,c) and taking the geometric transition,
we get a new family of solutions of the equations of motion of type IIB supergravity dual to
four-dimensional N = 1 SCFT’s. These backgrounds are again of the form AdS5×La,b,c with
standard RR field strength F5. Recall that the normalization of the scale factor L, dictated
by the quantization of the D3-brane tension (1.2.11), changes accordingly to the volume of
the internal manifold:

L4 =
4π4

Vol(La,b,c)
gsNc (α

′)2 . (1.2.108)



1.2. SUSY SOLUTIONS OF TYPE IIB SUPERGRAVITY 37

The metric of the Sasaki-Einstein manifold La,b,c can be written as [27, 28]:

ds2
La,b,c = ds2

4 + (dτ̃ + σ̃)2 , (1.2.109)

where ds2
4 is a local Kähler-Einstein metric, with Kähler form J4 = 1

2
dσ̃, given by

ds2
4 =

ρ2

4∆x
dx2 +

ρ2

∆θ
dθ2 +

∆x

ρ2

(
sin2 θ

α
dφ +

cos2 θ

β
dψ

)2

+

+
∆θ sin2 θ cos2 θ

ρ2

[(
1 − x

α

)
dφ −

(
1 − x

β

)
dψ

]2

, (1.2.110)

and the quantities ∆x, ∆θ, ρ
2 and σ̃ are:

∆x = x(α− x)(β − x) − µ ,

∆θ = α cos2 θ + β sin2 θ , ρ2 = ∆θ − x ,

σ̃ =

(
1 − x

α

)
sin2 θ dφ +

(
1 − x

β

)
cos2 θ dψ . (1.2.111)

The ranges of the different coordinates are 0 ≤ θ ≤ π/2, x1 ≤ x ≤ x2, 0 ≤ φ, ψ < 2π, where
x1 and x2 are the smallest roots of the cubic equation ∆x = 0. A natural tetrad frame for
this space reads

e1 =
ρ√
∆θ

dθ , e2 =

√
∆θ sin θ cos θ

ρ

((
1 − x

α

)
dφ −

(
1 − x

β

)
dψ

)
,

e3 =

√
∆x

ρ

(
sin2 θ

α
dφ +

cos2 θ

β
dψ

)
,

e4 =
ρ

2
√

∆x

dx , e5 =
(
dτ̃ + σ̃) . (1.2.112)

Notice that, in this frame, J4 = e1 ∧ e2 + e3 ∧ e4. Let us now define ai, bi and ci (i = 1, 2) as
follows:

ai =
αci

xi − α
, bi =

βci
xi − β

, ci =
(α− xi)(β − xi)

2(α + β) xi − αβ − 3x2
i

. (1.2.113)

The coordinate τ̃ happens to be compact and varies between 0 and ∆τ̃ ,

∆τ̃ =
2πk|c1|

b
, k = gcd (a, b) . (1.2.114)

The ai, bi and ci constants are related to the integers a, b, c of La,b,c by means of the relations:

a a1 + b a2 + c = 0 , a b1 + b b2 + d = 0 , a c1 + b c2 = 0 , (1.2.115)

where d = a + b − c. The constants α, β and µ appearing in the metric are related to the
roots x1, x2 and x3 of ∆x as

µ = x1x2x3 , α + β = x1 + x2 + x3 , αβ = x1x2 + x1x3 + x2x3 . (1.2.116)
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Moreover, it follows from (1.2.115) that all ratios between the four quantities a1c2 − a2c1,
b1c2 − b2c1, c1, and c2 must be rational. Actually, one can prove that:

a1c2 − a2c1
c1

=
c

b
,

b1c2 − b2c1
c1

=
d

b
,

c1
c2

= − b

a
. (1.2.117)

Any other ratio between (a, b, c, d) can be obtained by combining these equations. In par-
ticular, from (1.2.113), (1.2.116) and (1.2.117), one can rewrite some of these relations as:

a

b
=

x1

x2

x3 − x1

x3 − x2
,

a

c
=

(α− x2)(x3 − x1)

α(β − x1)
,

c

d
=

α

β

(β − x1)(β − x2)

(α− x1)(α− x2)
=

α

β

x3 − α

x3 − β
. (1.2.118)

The manifold has U(1)×U(1)×U(1) isometry. It is, thus, toric. Its volume can be computed
from the metric with the result:

Vol(La,b,c) =
(x2 − x1)(α + β − x1 − x2) |c1|

αβb
π3 . (1.2.119)

Other geometrical aspects of these spaces can be found in [25, 27].
In order to construct a set of local complex coordinates on the Calabi-Yau cone on La,b,c,

CLa,b,c, let us introduce the following basis of closed one-forms 10

η̂1 = α
cot θ

∆θ
dθ − α(β − x)

2∆x
dx + idφ ,

η̂2 = −β tan θ

∆θ
dθ − β(α− x)

2∆x
dx + idψ ,

η̂3 =
dr

r
+ idτ̃ +

(
β − α)

sin(2θ)

2∆θ

dθ +
(α− x)(β − x)

2∆x

dx . (1.2.120)

From these quantities, it is possible to define a set of (1, 0)-forms ηi as the following linear
combinations:

η1 = η̂1 − η̂2 , η2 = η̂1 + η̂2 , η3 = 3η̂3 + η̂1 + η̂2 . (1.2.121)

One can immediately check that they are integrable, ηi = dzi

zi
. The explicit form of the

complex coordinates zi is:

z1 = tan θ f1(x) e
i(φ−ψ) , z2 =

sin(2θ)

f2(x) ∆θ
ei(φ+ψ) ,

z3 = r3 sin(2θ)
√

∆θ∆x e
i(3τ̃+φ+ψ) , (1.2.122)

where
f1(x) = P1(x)

α− β , f2(x) = P0(x)
2αβ P1(x)

−(α+β) , (1.2.123)

10Notice that there are a few sign differences in our conventions as compared to those in [67].
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and the functions Pq(x) are defined as

Pq(x) = exp

(∫
xq dx

2 ∆x

)
=

3∏

i=1

(x − xi)
1
2

x
q
i

Q3
j 6=i

(xi− xj) . (1.2.124)

In terms of these (1, 0)-forms, it is now fairly simple to work out the two-form Ω4,

Ω4 = 3ei(φ+ψ) sin(2θ)
√

∆θ∆x η1 ∧ η2 , (1.2.125)

obeying dΩ4 = 3iσ̃ ∧ Ω4. By using these properties one can verify that the three-form:

Ω = r2 e3iτ̃ Ω4 ∧
[
dr + ir (dτ̃ + σ̃)

]
, (1.2.126)

is closed. Moreover, the explicit expression for Ω in terms of the above defined closed and
integrable (1, 0)-forms reads

Ω = r3 sin(2θ) ei(3τ̃+φ+ψ)
√

∆θ ∆x η1 ∧ η2 ∧ η3 , (1.2.127)

which shows that Ω ∧ ηi = 0. In terms of the complex coordinates zi, the form Ω adopts a
simple expression from which it is clear that it is the holomorphic (3,0) form of the Calabi-
Yau cone CLa,b,c,

Ω =
dz1 ∧ dz2 ∧ dz3

z1z2
. (1.2.128)

The expression (1.2.127) allows for the right identification of the angle conjugated to the
R-symmetry [29],

ψ′ = 3τ̃ + φ+ ψ . (1.2.129)

Finally, starting from J4, we can write the Kähler form J of CLa,b,c,

J = r2 J4 + r dr ∧ e5 , dJ = 0 . (1.2.130)

Notice that all the expressions written in this subsection reduce to those of CY p,q provided

a = p − q , b = p + q , c = p ,

3x − α = 2α y , µ =
4

27
(1 − a)α3 , (1.2.131)

θ̃ = 2θ , β̃ = − (φ + ψ) , φ̃ = φ − ψ ,

while (1.2.129) provides the right identification with the U(1)R angle in Y p,q. We shall use
this limiting case several times along chapter 3 to make contact11 with the results found in
chapter 2.

We can perform now an analysis of the Killing spinors of the AdS5×La,b,c background as
we did in the previous subsection (1.2.97). They can be written again in terms of a constant
spinor η,

ǫ = e
i
2
(3τ̃+φ+ψ) r−

Γ∗
2

(
1 +

Γr
2L2

xα Γxα (1 + Γ∗ )
)
η . (1.2.132)

11It is worth pointing out that one should be careful since we are using the same notation for the complex
coordinates and for the forms which characterize the complex structure of both manifolds.
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The spinor η satisfies the projections [67]:

Γ12 η = iη , Γ34 η = iη , (1.2.133)

this implying that ǫ also satisfies the same projections. Using the decomposition of the
constant spinor η according to its Γ∗-parity, Γ∗ η± = ±η±, we obtain again two types of
Killing spinors:

e−
i
2
(3τ̃+φ+ψ) ǫ− = r1/2 η− ,

e−
i
2
(3τ̃+φ+ψ) ǫ+ = r−1/2 η+ +

r1/2

L2
Γr x

α Γxα η+ . (1.2.134)

The spinors ǫ− satisfy Γ∗ ǫ− = −ǫ−, whereas the ǫ+’s are not eigenvectors of Γ∗. The former
correspond to ordinary supercharges while the latter, which depend on the xα coordinates,
are related to the superconformal supersymmetries. The only dependence on the coordinates
of La,b,c is through the exponential of ψ′ = 3τ̃ + φ + ψ. This angle, as explained above, is
identified with the U(1)R of the superconformal quiver theory.

It is finally convenient to present the explicit expression for the Killing spinors when
AdS5 is described by its global coordinates (1.2.102):

ǫ = e
i
2
(3τ̃+φ+ψ) e−i

̺
2

Γ̺γ∗ e−i
t
2

ΓT γ∗ e−
α1

2
Γ
α1̺ e−

α2

2
Γ
α2α1 e−

α3

2
Γ
α3α2 η . (1.2.135)

where γ∗ is given in (1.2.105) and η is a constant spinor that satisfies the same conditions
as in (1.2.133).

Finally we quote some of the results of the gauge theory dual to IIB on AdS5 × La,b,c

that are directly relevant to the understanding of chapter 3. The La,b,c SCFT’s were first
constructed in [29, 30, 31]. They are four-dimensional quiver theories whose main features
we would like to briefly remind. The gauge theory for La,b,c has Ng = a + b gauge groups
and Nf = a + 3b bifundamental fields. The latter are summarised in Table 1.2. There is a
U(1)2

F flavour symmetry that corresponds, in the gravity side, to the subgroup of isometries
that leave invariant the Killing spinors. There is a certain ambiguity in the choice of flavour
symmetries in the gauge theory side, as long as they can mix with the U(1)B baryonic
symmetry group. This fact is reflected in the appearance of two integers k and l in the
U(1)2

F charge assignments, whose only restriction is given by the identity c k + b l = 1
(here, it is assumed that b and c are coprime) [30].

The charge assignments in Table 1.2 fulfil a number of nontrivial constraints. For exam-
ple, all linear anomalies vanish, TrU(1)B = TrU(1)F1 = TrU(1)F2 = 0. The cubic t’ Hooft
anomaly, TrU(1)3

B, vanishes as well. The superpotential of the theory has three kind of
terms; a quartic one,

Tr Y U1 Z U2 , (1.2.136)

and two cubic terms,
Tr Y U1 V2 , T r Y U2 V1 . (1.2.137)

Their R-charge equals two and they are neutral with respect to the baryonic and flavour
symmetries. The number of terms of each sort is uniquely fixed by the multiplicities of
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Field R− charge number U(1)B U(1)F1 U(1)F2

Y 2
3
x3 −x1

x3
b a 1 0

Z 2
3
x3 −x2

x3
a b 0 k

U1
2
3
α
x3

d −c 0 l

U2
2
3
β
x3

c −d −1 −k − l

V1
2
3

2x3 +x1 − β
x3

c− a b− c 0 k + l

V2
2
3

2x3 + x1 −α
x3

b− c c− a −1 −l

Table 1.2: Charges for bifundamental chiral fields in the quiver dual to La,b,c [30].

the fields to be, respectively, 2 a, 2 (b − c) and 2 (c − a) [30]. The total number of terms,
then, equals Nf − Ng. In the Y p,q limit, the isometry of the space –thus the global flavour
symmetry– enhances, U1 and U2 (also V 1 and V 2) becoming a doublet under the enhanced
SU(2) group. The superpotential reduces in this limit to the Y p,q expression [26]. More
details about the La,b,c superconformal gauge theories can be found in [29, 30, 31].

1.2.6 The Maldacena-Núñez background

The model proposed by Maldacena and Núñez [34] realises a duality between a supergravity
solution of type IIB and a four-dimensional N = 1 super Yang-Mills (SYM) theory with
SU(Nc) gauge group. This supergravity solution was found previously by Chamseddine
and Volkov [68] by studying monopole solutions of the N = 4 gauged supergravity in four
dimensions with non-Abelian gauge fields.

The setup consists of a stack of Nc D5-branes wrapping a finite, topologically nontrivial
and supersymmetric two-cycle of a resolved conifold [42]. The Calabi-Yau is 1/4 supersym-
metric and the presence of D5-branes further halves the number of supersymmetries (and
also spoils conformal symmetry) leaving a total of 4 supercharges.

On one hand, the backreaction of the branes deforms the geometry and one has a ge-
ometric transition as those studied in [39, 40]. The final geometry is topologically like a
deformed conifold [42], namely R × S2 × S3. Branes also disappear and are replaced by the
fluxes to which the initial branes couple. This generated supergravity background encodes
the low energy dynamics of the closed string sector of the theory.

On the other hand, if one looks at the low energy dynamics of open strings on the D5-
branes, discarding Kaluza-Klein modes, one finds a Yang-Mills theory living in the 1 + 3
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unwrapped dimensions. The degrees of freedom of D = 4, N = 1 SYM can be arranged
into a vector multiplet composed by a gauge vector field Aµ (two on-shell bosonic degrees of
freedom) and a Majorana spinor λ (two on-shell fermionic degrees of freedom), both of them
transforming in the adjoint representation of the gauge group. There are no scalar fields,
which means that there is no moduli space.

Therefore, in the same spirit as AdS/CFT, this was the gauge/gravity duality proposed
in [34]. The relation is holographic and the non-compact direction of the Calabi-Yau plays
the role of the energy scale of the gauge theory. Moreover, it is worth pointing out here
that the Maldacena-Nuñez (MN) model only describes the IR of N = 1 SYM theory. Its
UV completion is instead related to little string theory and the two regimes of the theory
are not smoothly connected in terms of a unique solution (they are S-dual to each other).
The source of this problem is the bad behaviour (divergence) of the dilaton in the UV, as
we will see explicitly below. On the gauge theory side this reflects the difficulties of joining
the weak coupling with the strong coupling regime of confining SYM theory in a unifying
picture. Such an interpolating picture exists if we compactify one spatial dimension and
consider SYM on the cylinder topology R1,2×S1 [69]. The supergravity solution dual to this
field theory was constructed in [70] in terms of Nc M5-branes that wrap a three-cycle with
topology S2 × S1. That solution is valid both to describe the IR of N = 1 SYM and its UV
description (related to NS5-branes in type IIB). Therefore a unique picture connecting the
UV and the IR of the gauge theory exists in M-theory.

Let us summarise now the MN background. The ten-dimensional metric in string frame
(and setting gs = α′ = Nc = 1) is:

ds2
10 = eφ

[
dx2

1,3 + e2h
(
dθ2

1 + sin2 θ1dφ
2
1

)
+ dr2 +

1

4
(w̃i − Ai)2

]
, (1.2.138)

where φ is the dilaton, h is a function which depends on the radial coordinate r, the one-forms
Ai (i = 1, 2, 3) are

A1 = −a(r)dθ1 , A2 = a(r) sin θ1dφ1 , A3 = − cos θ1dφ1 , (1.2.139)

and the w̃i’s are su(2) left-invariant one-forms, satisfying dw̃i = −1
2
ǫijk w̃

j ∧ w̃k. The Ai’s
are the components of the non-abelian gauge vector field of the seven-dimensional gauged
supergravity. Moreover, the w̃i’s parameterise the compactification three-sphere and can be
represented in terms of three angles φ2, θ2 and ψ:

w̃1 = cosψdθ2 + sinψ sin θ2dφ2 ,

w̃2 = − sinψdθ2 + cosψ sin θ2dφ2 ,

w̃3 = dψ + cos θ2dφ2 . (1.2.140)

The angles θi, φi and ψ take values in the intervals θi ∈ [0, π], φi ∈ [0, 2π) and ψ ∈ [0, 4π).
The functions a(r), h(r) and the dilaton φ are:

a(r) =
2r

sinh 2r
,

e2h = r coth 2r − r2

sinh2 2r
− 1

4
,

e−2φ = e−2φ0
2eh

sinh 2r
. (1.2.141)
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The solution of the type IIB supergravity also includes a Ramond-Ramond three-form
F(3) given by

F(3) = −1

4

(
w̃1 − A1

)
∧
(
w̃2 −A2

)
∧
(
w̃3 − A3

)
+

1

4

∑

a

F a ∧
(
w̃a − Aa

)
, (1.2.142)

where F a is the field strength of the su(2) gauge field Aa, defined as F a = dAa + 1
2
ǫabcA

b∧Ac.
In order to write the Killing spinors of the background in a simple form, let us consider

the frame:

ex
i

= e
φ
2 dxi , (i = 0, 1, 2, 3) ,

e1 = e
φ
2
+h dθ1 , e2 = e

φ
2
+h sin θ1dφ1 ,

er = e
φ
2 dr , eî =

e
φ
2

2
( w̃i − Ai ) , (i = 1, 2, 3) . (1.2.143)

Let Γxi (i = 0, 1, 2, 3), Γj (j = 1, 2), Γr and Γ̂k (k = 1, 2, 3) be constant Dirac matrices
associated to the frame (1.2.143). Then, the Killing spinors of the MN solution satisfy [71]:

Γx0···x3 Γ12 ǫ = ΓrΓ̂123 ǫ = e−αΓ1Γ̂1ǫ =
[

cosα − sinαΓ1Γ̂1

]
ǫ ,

Γ12 ǫ = Γ̂12 ǫ ,

ǫ = iǫ∗ , (1.2.144)

where the angle α is given by

sinα = −ae
h

r
, cosα =

e2h − 1
4
( a2 − 1 )

r
. (1.2.145)

A simple expression for cosα as a function of r can be written, namely

cosα = coth2r − 2r

sinh2 2r
. (1.2.146)

In the first equation in (1.2.144) we have used the fact that ǫ is a spinor of definite chirality.
Moreover, from the above equations we can obtain the explicit form of the Killing spinor ǫ.
It can be written as:

ǫ = f(r) e
α
2

Γ1Γ̂1 η , (1.2.147)

where f(r) is a commuting function of the radial coordinate, whose explicit expression is
irrelevant in the study that we will perform in chapter 6, and η is a constant spinor which
satisfies:

Γx0···x3 Γ12 η = η , Γ12 η = Γ̂12 η , η = iη∗ . (1.2.148)

Apart from the full regular MN solution described above we shall also consider the simpler
background in which the function a(r) vanishes and, thus, the one-form A has only one non-
vanishing component, namely A3. This solution is singular in the IR and coincides with
the regular MN background in the UV region r → ∞. Indeed, by taking r → ∞ in the
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expression of a(r) in eq. (1.2.141) one gets a(r) → 0. Moreover, by neglecting exponentially
suppressed terms one gets:

e2h = r − 1

4
, (a = 0) , (1.2.149)

while φ(r) can be obtained by using the expression of h given in eq. (1.2.149) on the last
equation in (1.2.141). The RR three-form F(3) is still given by eq. (1.2.142), but now
A1 = A2 = 0 and A3 is the same as in eq. (1.2.139). We will refer to this solution as the
abelian MN background. The metric of this abelian MN background is singular at r = 1

4
(by

redefining the radial coordinate this singularity could be moved to r = 0). Moreover, the
Killing spinors in this abelian case can be obtained from those of the regular background by
simply putting α = 0, which is indeed the value obtained by taking the r → ∞ limit on the
right-hand side of eq. (1.2.145).

Since dF(3) = 0, one can find a two-form potential C(2) such that F(3) = dC(2). The
expression of C(2), which will not be needed in chapter 6, can be found in ref. [71]. Moreover,
the equation of motion satisfied by F(3) is d ⋆ F(3) = 0. Therefore one can write, at least
locally, ⋆F(3) = dC(6), with C(6) being a six-form potential. The expression of C(6) can be
taken from the results of ref. [71], namely:

C(6) = dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ C , (1.2.150)

where C is the following two-form:

C = −e
2φ

8

[ (
( a2 − 1 )a2 e−2h − 16 e2h

)
cos θ1dφ1 ∧ dr − ( a2 − 1 ) e−2h w̃3 ∧ dr +

+ a′
(

sin θ1dφ1 ∧ w̃1 + dθ1 ∧ w̃2
) ]

. (1.2.151)

It is also interesting to recall the isometries of the abelian and non-abelian metrics. In the
abelian solution a = 0 the angle ψ does not appear in the expression of the metric (1.2.138)
(only dψ does). Therefore, ψ can be shifted by an arbitrary constant λ as ψ → ψ + λ.
Actually, this U(1) isometry of the abelian metric is broken quantum-mechanically to a Z2Nc

subgroup as a consequence of the flux quantization condition of the RR two-form potential
[34, 58, 59, 60, 72]. In the gauge theory side this isometry can be identified with the U(1) R-
symmetry, which is broken in the UV to the same Z2Nc subgroup by a field theory anomaly.
On the contrary, the non-abelian metric does depend on ψ through sinψ and cosψ and,
therefore, only the discrete Z2 isometry ψ → ψ + 2π remains when a 6= 0. This fact has
been interpreted [34, 73, 74] as the string theory dual of the spontaneous breaking of the
R-symmetry induced by the formation of a gluino condensate < λ2 > in the IR. In [73]
it was explained that this condensation of gluinos is related to a(ρ) (1.2.141). Taking also
into account its relation to the dynamical scale via < Trλ2 >≈ Λ3

QCD and introducing the
subtraction scale µ of the gauge theory, it seems natural to identify [74]

µ3 a(ρ) = Λ3
QCD (1.2.152)

giving (implicitly) the energy/radius relation between supergravity coordinates and gauge
theory scales.
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As a consequence of the gluino condensate, the gauge theory has Nc inequivalent vacua.
The fact that an SU(Nc) N = 1 SYM theory is characterised by a set of Nc different vacua
implies that there exist domain wall configurations that interpolate amongst them. Although
we will study them more in detail in section 1.3, let us advance that they are BPS states
and preserve half of the supersymmetries of the theory where they live. Their tension is
related to the different vacuum expectation values (VEV’s) for the gluino condensate at
both sides of the domain wall. In subsection 6.4 we will study a candidate to be domain wall
in the MN background. It is a D5-brane wrapping in the far IR the nontrivial three-cycle S3.

There exist more checks which show up that some of the properties of an N = 1 SYM
theory are encoded by the Maldacena-Núñez background. Reviews on this topic can be found
in [10, 75, 76, 77, 78]. Recall that an N = 1 SYM theory is confining. The computation
of the tension of a fundamental string in the MN background was done in [34] finding a
finite value, what confirms that the dual gauge theory confines. The tension of a q-string
in backgrounds dual to four-dimensional SU(Nc) N = 1 gauge theories was computed in
[55], with the result displayed in (1.2.65). The computation of the β-function on the gravity
side of the duality was performed in [74]. They found, neglecting subleading exponential
corrections, the exact perturbative NSVZ β-function in the Paulli-Villars renormalization
scheme for N = 1 SYM theory. The glueball spectrum of the theory was analysed in [79]
and a formula for the mass spectrum of the mesons in the quenched approximation (the limit
of the gauge theory with Nf ≪ Nc) was given in [71]. In [80] a supergravity background
dual to a four-dimensional N = 1 SQCD with quartic superpotential was proposed and some
consistency checks which support the field theory interpretation were studied.

1.3 D-branes in supergravity backgrounds

According to the gauge/gravity extensions of the AdS/CFT correspondence, the chiral op-
erators (the gauge invariant operators which have the lowest possible conformal dimension
for a given R-charge) of an N = 1 SCFT are in one-to-one correspondence with the modes
of type IIB supergravity on AdS5 × X5, where X5 is a five-dimensional Sasaki-Einstein
manifold. However, the massive string modes correspond to (non-chiral) operators in long
multiplets whose dimensions diverge for the large ’t Hooft coupling limit that is taken in the
low energy version of the AdS/CFT conjecture. Thus, in the limit g2

YMNc → ∞ the stringy
nature of the dual theory is obscured by the decoupling of the non-chiral operators, which
incidentally constitute the majority of possible gauge invariant operators. If we depart from
the limit of infinite ’t Hooft coupling, then all non-chiral operators do not decouple at all
and the spectrum of the gauge theory is presumably related to type IIB string theory on
AdS5 ×X5. Even in the very large ’t Hooft coupling limit, it is possible to demonstrate the
stringy nature of the dual theory by including extra D-branes wrapped on nontrivial cycles
in the X5 manifold. Although in a different context, Witten showed in [8] that an N = 4
supersymmetric SO(2Nc) gauge theory (which is dual to type IIB strings on AdS5 × RP 5)
possesses chiral operators of dimension Nc, the Pfaffians, whose dual interpretation is pro-
vided by a D3-brane wrapping a three cycle of the manifold RP 5. This shows that the dual
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theory cannot be simple supergravity but it must contain D-branes. In principle, one would
expect that branes wrapped on nontrivial cycles correspond to states in the conformal field
theory that are nonperturbative from the point of view of the 1/Nc expansion. In [81, 82]
it was shown that wrapped branes could be interpreted indeed as soliton-like states in the
large Nc gauge theory for certain N = 1 theories.

The kind of solitonic-like state in the field theory strongly depends on the dimension of
the D-branes as an object in the AdS5 space. Consider then a Dp-brane in an AdS5 × X5

background of type IIB supergravity. The first thing that one has to do is to study the
homology groups of the internal manifold X5. This will give us the different ways in which
a Dp-brane can wrap a nontrivial q-cycle (q ≤ p). When the cycle is calibrated, the dual
state will not spoil supersymmetry while it will do in the opposite case. Let us consider
first the case in which the Dp-brane is not extended along the holographic (radial) direction
and does not fill either the gauge theory directions completely. From the field theory point
of view, the solitonic-like state dual to this brane is a extended (p− q)-dimensional object.
For instance, baryonic operators are particles, strings are one-dimensional objects whereas
domain walls are two-dimensional defects in the gauge theory dual. Let us analyse more in
detail each of the three cases and give some evidences of the statement:

• A vertex connecting Nc fundamental strings –known as the baryon vertex– can be
identified with a baryon built out of external quarks, since each string ends on a charge
in the fundamental representation of SU(Nc). Such an object can be constructed by
wrapping a D5-brane over the whole five-dimensional compact manifold X5 [8]. The
argument is that a D5-brane wrapping X5 captures Nc units of the RR five-form flux
F5 of the background. There is a U(1) gauge field on the D5-brane worldvolume (see
eq. (1.3.1)) which couples to F5 and takes Nc units of charge. Since the total charge of
a U(1) gauge field must cancel in a closed universe, there must be −Nc unit of charges
coming from another source. Such source are Nc elementary strings that end on the
D5-brane since each end point is electrically charged with respect to the U(1) field,
with charge +1 or −1 depending on the orientation of each fundamental string. In
order to cancel the charge, all must have the same orientation.

Another object of particular interest in quantum field theories that arises when D3-
branes are placed at conical singularities (N = 1 SCFT’s) is given by D3-branes
wrapped on supersymmetric three-cycles; these states are dual to dibaryons built from
chiral fields charged under two different gauge groups of the resulting quiver theory [8,
81, 82, 83]. The argument given in this identification is the matching of the conformal
dimension of the dibaryon operators with the mass of wrapped D3-branes using general
rules of the AdS/CFT correspondence. We will see explicit examples of this matching
as well as of the baryon vertex configuration in chapters 2 and 3.

• Domain walls and strings (flux tubes) in the field theory side can be introduced holo-
graphically as Dp-branes wrapping q-cycles of the internal geometry [8, 81, 82] with
p − q = 2 or p − q = 1 respectively. Actually, the superalgebras of N = 1 super-
symmetric theories admit central charges associated with objects extended in two or
one space directions (codimension one and two, respectively). For instance, in SU(Nc)
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N = 1 SYM there are 1/2-BPS domain walls which interpolate between the inequiva-
lent Nc vacua which come from the spontaneous breaking of the Z2Nc symmetry (the
non-anomalous subgroup of the U(1)R) to Z2 by the gaugino condensate. There can
be also BPS codimension two objects, namely strings which have been studied in the
context of different N = 1 theories, see [84] and references therein. The physics of such
objects turns out to be quite rich, including for instance the phenomenon of enhanced
(supersized) supersymmetry, also present for domain walls [85]. We will find potential
dual objects to domain-walls and flux-strings mainly in chapters 2, 3 and 6.
In [81] it was also argued that a D3-brane wrapping a nontrivial two-cycle in X5 gives
rise to a non BPS object called “fat” string. We will also find examples of the explicit
configuration of that object in chapters 2 and 3.

Moreover, one can think of modifying the theory by introducing supersymmetric defects
of codimension one or two (regions of space-time where some fields are localised), which break
the SO(1, 3) Lorentz invariance. In particular, on the field theory side one can add spatial
defects which reduce the amount of supersymmetry but nevertheless preserve conformal
invariance [86], giving rise to the so-called “defect conformal field theories” (dCFT). Since
this modifies the lagrangian of the field theory, we expect, on general grounds, that the
string theory setup should be modified at infinity. Therefore, the defects should be dual
to D-branes extending infinitely in the holographic direction but without filling completely
the gauge theory directions. It is important to point out that the effective gauge coupling
(in the Minkowski directions that they fill) of these branes is zero since they are extended
along a non-compact direction. Therefore, from the point of view of the dual gauge theory,
these objects give rise to the addition of fundamental multiplets to a region (defect) of the
spacetime.

A holographic dual of four-dimensional N = 4 super Yang-Mills theory with a three-
dimensional defect was proposed in ref. [87] by Karch and Randall, who conjectured that
such a dCFT can be realised in string theory by means of a D3-D5 intersection. In the
near-horizon limit the D3-branes give rise to an AdS5 × S5 background, in which the D5-
branes wrap an AdS4 × S2 submanifold. It was argued in ref. [87] that the AdS/CFT
correspondence acts twice in this system and, apart from the holographic description of the
four dimensional field theory on the boundary of AdS5, the fluctuations of the D5-brane
should be dual to the physics confined to the boundary of AdS4. The defect conformal field
theory associated with the D3-D5 intersection corresponds to N = 4, d = 4 super Yang-Mills
theory coupled to N = 4, d = 3 fundamental hypermultiplets localised at the defect [88].
These hypermultiplets arise as a consequence of the strings stretched between the D3- and
D5-branes.

The defect field theories corresponding to other intersections have also been studied in the
literature. For example, from the D1-D3 intersection one gets a four-dimensional CFT with a
hypermultiplet localised on a one-dimensional defect [89]. Moreover, the D3-D3 intersection
gives rise to a two-dimensional defect in a four-dimensional CFT [90, 91].

In chapters 2 and 3 we will study embeddings of D-branes which are suitable to introduce
defects of codimension one and two in N = 1 SCFT’s. Extensions of this analysis to more
realistic theories where the conformal symmetry is broken (for instance N = 1 SYM) will
be performed in chapter 6.



48 CHAPTER 1. INTRODUCTION

Finally, it deserves special attention the D-branes which fill completely the gauge theory
directions and wrap a cycle of the internal manifold. According to the original proposal of
ref.[92], these spacetime filling configurations can be used as flavour branes, i.e. as branes
whose fluctuations can be identified with the dynamical mesons of the gauge theory (see
refs.[71, 91, 93, 94, 95, 96] for the analysis of the meson spectrum in different theories).
These flavour branes must extend along the radial direction from an infinity value since the
addition of flavour may modify the lagrangian of the dual field theory. It could be that they
reach a minimum r0. It was argued in [92] that the dual interpretation of this mass scale is
given by the mass of the quarks introduced in the gauge theory. It may be possible to set that
mass scale to zero and to deal with massless quarks by just taking r0 → 0, namely extending
the flavour brane completely along the radial direction. Since they are extended along a non-
compact direction, the gauge theory which support has vanishing four-dimensional effective
coupling on the Minkowski directions. Thus, the gauge symmetry on the flavour branes is
seen as a flavour symmetry by the four-dimensional gauge theory of interest. In chapters 2
and 3 we will also look for embeddings of flavour branes which are suitable to accommodate
dynamical quarks in the field theory dual. The construction of supergravity backgrounds
dual to N = 1 field theories which include flavour branes will be carry out in chapters 4 and
5.

In the absence of a string theory formulation on backgrounds with Ramond-Ramond
forms, the final goal in order to extract valuable information about the stringy spectrum
would be to introduce extra D-branes in a supergravity background and to take into account,
not only the effects that the D-branes feel coming from the background fields, but also the
backreaction undergone by the supergravity background due to the presence of these extra
D-branes. The techniques developed so far have only been applied to study backreacted
flavour branes, as we will explain in subsection 1.3.3. A generalisation to other kind of
D-branes may be possible. However, as a first approach we can neglect the backreaction
undergone by the supergravity background. This can be achieved by considering D-brane
probes of various dimensions as we will explain in subsection 1.3.2.

1.3.1 Effective Dp-brane action

In this subsection we want to introduce one of the main tools that we will use along this
thesis. It is the effective action that describes the low energy dynamics of small bosonic
fluctuations around a classical supergravity Dp-brane solution. This action can be obtained
if one requires that the non-linear sigma model describing the propagation of an open string
with Dirichlet boundary conditions (and therefore fixed to a Dp-brane) in a general super-
gravity background is conformally invariant. The constraints in the fields coming from this
invariance are the same as the equation of motion derived from the following effective action
(in string frame):

SDp = −Tp
∫

Σp+1

dp+1ξ e−φ
√
−det(g + F) . (1.3.1)

This is the Dirac-Born-Infeld (DBI) action for a Dp-brane. Here gµν = ∂µX
M∂νX

N GMN

is the pullback of the spacetime metric GMN on the worldvolume Σp+1, where greek indices
µ, ν . . . are worldvolume indices and M,N . . . are target spacetime indices. In addition,
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F = B+2πα′dA, with B being the pullback of the NSNS two-form, Bµν = ∂µX
M∂νX

N BMN ,
and A is a worldvolume U(1) gauge field with field strength F = dA. Tp is the tension of a
Dp-brane (1.1.5) and φ is the dilaton field.

The DBI action is an abelian U(1) gauge theory which reduces, to leading order in α′, to
Yang-Mills (YM) in p + 1 dimensions with 9 − p scalar fields when the target space is flat.
Let us set to zero the NSNS two-form B and perform the expansion:

SDp ≈ −
∫

Σp+1

dp+1ξ e−φ
√
−detg

( 1

4g2
YM

FµνF
µν +

2

(2πα′)2
∂µX

i∂µXi + O(F 4)
)
, (1.3.2)

where the index i stands for spacetime indices perpendicular to the Dp-brane. The YM
coupling constant gYM is related to the string parameters by

g2
YM = (2π)p−2α′ p−3

2 gs , (1.3.3)

reproducing the relation written in (1.1.1) in the particular case of D3-branes. By including
fermionic superpartners, the low energy action for the D-branes becomes that of SYM theory
in p+ 1 dimensions.

Moreover, Dp-branes are objects charged under RR potentials and their action should
contain a term of coupling to these fields. This term must fulfil certain requirements. It
must be invariant under worldvolume diffeomorphisms and it should be classically equivalent
when the brane propagates in two target space configurations related by a target space gauge
symmetry. We will not go into details but one can show that the term

∫

Σp+1

C ∧ eF , (1.3.4)

where C denotes the pullback of the sum of the RR background12 fields, C =
∑8

r=0C
(r)

and C(r) is a r-form, fulfils the demanded requirements. This topological term is called the
Wess-Zumino (WZ) action.

If the Dp-brane has RR charge qDp , the total action will be the sum of the DBI and WZ
part in the form

SDp = −Tp
∫

Σp+1

dp+1ξ e−φ
√
−det(g + F) + qDp

∫

Σp+1

C ∧ eF . (1.3.5)

Extreme branes satisfy the BPS bound Tp =| qDp | and their action will be given by

SDp = −Tp
∫

Σp+1

dp+1ξ e−φ
√

−det(g + F) ± Tp

∫

Σp+1

C ∧ eF , (1.3.6)

where the sign + stands for branes and the sign − for antibranes. It will also be useful to
write down the action in Einstein frame:

SDp = −Tp
∫

Σp+1

dp+1ξ e
p−3
4
φ
√

−det(g(E) + e−φ/2F) ± Tp

∫

Σp+1

C ∧ eF , (1.3.7)

12Along this thesis the RR scalar χ will also be denoted by C0.
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where g
(E)
µν = e−φ/2gµν denotes the metric in Einstein frame.

It is possible to generalise the above action and consider a stack of N Dp-branes since
they are BPS objects and they can remain statically at any distance of each other. However,
this is beyond the scope of the work we want to present in the forthcoming sections.

In short, with the action (1.3.6) we can describe, in the low energy limit, the dynam-
ics of the extra D-branes that we are going to place in some supersymmetric supergravity
backgrounds dual to four-dimensional N = 1 gauge theories. We will be interested in not
to break completely supersymmetry since ultimately we will be concerned about the study
of some features of a four-dimensional N = 1 supersymmetric field theory on the super-
gravity side. Therefore an additional constraint is imposed on the way of placing D-branes
in a supergravity background. They must satisfy a local fermionic symmetry called “kappa
symmetry”, which we explain in the next subsection.

1.3.2 The probe approximation and the kappa symmetry analysis

As a first approach to understand on the gravity side some features of the field theory which
need the introduction of additional D-branes, we can neglect the backreaction undergone by
the supergravity background. This can be achieved by considering a number of D-branes
much smaller than the number of branes which generate the background. This simplifica-
tion, whose dual counterpart is known as the quenched approximation, is called the probe
approximation on the gravity side. Let us explain a bit more in detail the physical meaning
of this limit. Let us call NDp to the number of extra Dp branes we are introducing on the
gravity side in order to study some feature of the field theory. We will use Nc to denote
the number of branes that engineer the supergravity background. The quenched/probe ap-
proximation (NDp ≪ Nc) consists of neglecting all the effects of order NDp/Nc on both sides
of the duality. On the gravity side this can be done by considering the NDp extra branes
as brane probes. The meaning of a brane probe is that it does not modify the background
configuration but it does couple to the background fields. In consequence we can study its
dynamics by means of the effective action displayed in eq. (1.3.6). A particular case where
the probe limit has a well-known dual interpretation is when we deal with a number Nf

of flavour branes. When the ratio Nf/Nc is very small, we are neglecting the effects that
include the running of fundamentals in internal loops. Even when these fundamentals are
massless, their effects while running in loops are suppressed by a factor of O(Nf/Nc). In
the strict ’t Hooft limit [7], if the number of flavours is kept fixed, the corrections due to the
quantum dynamics of quarks exactly vanish [92].

We are interested in bosonic configurations of the brane probe since we want to keep the
classical limit. Hence we set to zero the fermionic fields of the background. However, if we
wish that the brane probe does not break supersymmetry completely, we should look at the
coupling of the fermionic degrees of freedom of the Dp-branes to the bosonic background
fields. A crucial ingredient (in the Green-Schwarz formulation) is then a local fermionic
symmetry of the worldvolume theory called kappa symmetry [97, 98]. The role played by
this symmetry is to eliminate the extra fermionic degrees of freedom which appear when the
target space supersymmetry becomes manifest. A nice review of this topic can be found
in [99]. The idea is to obtain kappa symmetric actions for Dp-branes embedded in a given
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background. This determines the form of the kappa symmetry matrix Γκ:

Γκ =
1√

−det(g + F)

∞∑

n=0

1

2nn!
γµ1ν1...µnνnFµ1ν1 . . .Fµnνn J

(n)
(p) , (1.3.8)

where g is the induced metric, γµ1µ2... is the antisymmetric product of induced worldvolume

Dirac matrices and F = B + 2πα′F as in eq. (1.3.1). In eq. (1.3.8), J
(n)
(p) is the following

matrix:

J
(n)
(p) =

{
(Γ11)

n+(p−2)/2 Γ(0) (IIA)

(−1)n(σ3)
n+(p−3)/2 iσ2 ⊗ Γ(0) (IIB) ,

where IIA and IIB stand for type IIA and type IIB string theory respectively, Γ11 is the
chiral matrix in ten dimensions and Γ(0) is defined by

Γ(0) =
1

(p+ 1)!
ǫµ1...µ(p+1)γµ1...µ(p+1)

. (1.3.9)

Recall that in the type IIB string theory the spinor ǫ is composed by two Majorana-Weyl
spinors which can be arranged as a two-component vector. In order to write the expression
of Γκ, it is convenient sometimes to decompose the complex spinor ǫ in its real and imaginary
parts as ǫ = ǫL + iǫR. It is straightforward to find the following rules to pass from complex
to real spinors:

ǫ∗ ↔ σ3 ǫ , iǫ∗ ↔ σ1 ǫ , iǫ ↔ −iσ2 ǫ . (1.3.10)

We can write an induced worldvolume Dirac matrix in terms of the ten-dimensional
constant gamma matrices ΓM . We need to choose a frame basis eM in the background
geometry where GMN = ηMN e

M eN . The eM one-forms are related to the coordinates chosen
in the geometry by means of the vielbein coefficients EM

N , namely:

eM = EM
N dXN . (1.3.11)

Then, the induced Dirac matrices on the worldvolume are defined as

γµ = ∂µX
M EN

M ΓN . (1.3.12)

We mentioned that we must fix the local kappa symmetry in order to remove the extra
fermionic degrees of freedom of the worldvolume theory of the Dp-brane. The extra bosonic
degrees of freedom are removed by choosing the “static gauge”. In this gauge the worldvol-
ume general coordinate invariance is used to equate p + 1 of the target space coordinates
with the worldvolume coordinates, Xµ = ξµ (µ = 0, · · · , p).

The fact that we are interested in bosonic configurations of D-branes that preserve a
fraction of the spacetime supersymmetry imposes projections on the Killing spinor of the
background of the kind:

Γκǫ = ±ǫ , (1.3.13)

where + stands for branes and − for anti-branes. In what follows, we will concentrate
on the kappa symmetry condition applied to D-branes. The equation (1.3.13) can be used
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to determine the supersymmetric configuration of a brane probe. Γκ is a matrix which
depends on the embedding of the probe and the condition (1.3.13) gives rise to a set of
first-order BPS equations which fix, up to integration constants, the embedding of the brane
probe. In addition, one has to check that these first-order equations fulfil the second-order
equations of motion for the worldvolume bosonic fields and, actually, we will see that they
saturate a bound for the energy, as it usually happens in the case of worldvolume solitons
[100]. Moreover, eq. (1.3.13) can also be applied to determine the fraction of spacetime
supersymmetry preserved by a bosonic D-brane. For brane probes, eq. (1.3.13) is the only
supersymmetry condition that arises. However, for supergravity configurations with branes
as sources, we have the D-brane action coupled to supergravity. Thus, the supersymmetry
condition (1.3.13) must be complemented with the supersymmetric transformations of the
supergravity theory. Therefore, the fraction of supersymmetry preserved by a D-brane is
determined by the number of solutions of (1.3.13), where ǫ is the Killing spinor of the
background. Obviously, to apply the technique sketched above one has to know first the
Killing spinor (see the first part of section 1.2).

In chapters 2, 3 and 6 we will apply the kappa symmetry technique in order to find,
in a systematic way, supersymmetric configurations of brane probes which preserve some
amount of supersymmetry in different supersymmetric backgrounds. Moreover, in those
chapters, we will give a field theory interpretation of these configurations supported with
some gauge/gravity checks.

1.3.3 Introducing backreacting D-branes: the smearing procedure

It is interesting to go beyond this ‘quenched’ or ‘non-backreacting’ probe approximation and
see what happens when one adds a large number of D-branes, of the same order of magnitude
as the number of colour branes which generate the geometry, and the backreaction effects
of the D-branes are considered. Indeed, many phenomena that cannot be captured by the
quenched approximation might be apparent when a string backreacted background is found.
For instance, if we consider a number of flavour branes in a given background of the order of
the colour branes, we are working on the so called Veneziano’s topological expansion [101].
New physics (beyond the ’t Hooft limit [7] where the number of flavours is kept fixed and
much smaller than the number of colours) is captured by Veneziano’s proposal: we will be
able to see this in chapters 4 and 5 that consider the backreaction of the flavour branes in
the Klebanov-Witten and Klebanov-Strassler models respectively.

Although all the procedure we are going to carry out below may be generalised for the
case of dealing with any kind of D-brane introduced in a given background, we will just
pay attention in this introductory chapter to the particular case of flavour D7-branes in
the Klebanov-Witten background and its extensions to the AdS5 × Y p,q and AdS5 × La,b,c.
The explanation of what we will call “smearing procedure” is particularly simple and well
motivated from a geometrical point of view in those cases. Extensions of the smearing
procedure to all kind of D-branes, besides the flavour branes, may be a simple generalisation
of the ideas that we will discuss in this subsection.

The procedure that we will follow is inspired mostly by the papers [80, 102] and more
recently [103, 104]. In those papers flavours are added into the dynamics of the dual back-
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ground via the introduction of Nf spacetime filling flavour branes, whose dynamics is given
by a Dirac-Born-Infeld action (1.3.6). This dynamics is intertwined with the usual Einstein
action of type IIB supergravity.

To illustrate the way in which flavour branes will be added, let us start by considering
the background of type IIB supergravity studied in subsection 1.2.1. For the sake of brevity,
in the following we will take units is which gs = 1, α′ = 1.

We will add Nf spacetime filling D7-branes to this geometry, in a way that preserves
some amount of supersymmetry. This problem was studied in [105, 106] for the conformal
case and in [94, 107] for the cascading theory. These authors found calibrated embeddings of
D7-branes which preserve (at least some fraction of) the supersymmetry of the background.
We will choose to put two sets of D7-branes on the surfaces parameterised by

ξα1 = {x0, x1, x2, x3, r, θ2, ϕ2, ψ} θ1 = const. ϕ1 = const. ,

ξα2 = {x0, x1, x2, x3, r, θ1, ϕ1, ψ} θ2 = const. ϕ2 = const. . (1.3.14)

Note that these two configurations are mutually supersymmetric with the background. More-
over, since the two embeddings are non-compact, the gauge theory supported on the D7-
branes has vanishing four-dimensional effective coupling on the Minkowski directions; there-
fore the gauge symmetry on them is seen as a flavour symmetry by the four-dimensional
gauge theory of interest. The two sets of flavour branes introduce a U(Nf ) × U(Nf ) sym-
metry, the expected flavour symmetry with massless flavours. The configuration with two
sets (two branches) can be deformed to a single set, shifted from the origin, that represents
massive flavours, and realises the explicit breaking of the flavour symmetry to the diagonal
vector-like U(Nf ). Our configuration (eq. (1.3.14)) for probes is nothing else than the z1 = 0
holomorphic embedding of [106].

We will then write an action for a system consisting of type IIB supergravity (1.2.1) plus
D7-branes described by their Dirac-Born-Infeld action (in Einstein frame, see eq, (1.3.7)):

S =
1

2κ2
10

∫
d10x

√
−G
[
R− 1

2
∂Mφ∂

Mφ− 1

2
e2φF 2

1 − 1

4
F 2

5

]
+

− T7

Nf∑∫
d8x eφ

[√
−Ĝ(1)

8 +

√
−Ĝ(2)

8

]
+ T7

Nf∑∫
C8 .

(1.3.15)

Notice that we did not excite the worldvolume gauge fields, but this is a freedom of the
approach that we adopted. Otherwise one may need to find new suitable kappa symmetric
embeddings.

These two sets of D7-branes are localised in their two transverse directions, hence the
equations of motion derived from (1.3.15) will be quite complicated to solve, due to the
presence of source terms (Dirac delta functions).

But we can take some advantage of the fact that we are adding lots of flavours. Indeed,
since we will have many (Nf ∼ Nc) flavour branes, we might think about distributing them
in a homogeneous way on their respective transverse directions. This ‘smearing procedure’
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boils down to approximating

T7

Nf∑∫
d8x eφ

√
−Ĝ(i)

8 → T7Nf

4π

∫
d10x sin θi

√
−Ĝ(i)

8 ,

T7

Nf∑∫
C8 → T7Nf

4π

∫
d10x

[
V ol(Y1) + V ol(Y2)

]
∧ C8 , (1.3.16)

with V ol(Yi) = sin θi dθi ∧ dϕi the volume form of the S2’s.
This effectively generates a ten-dimensional action

S =
1

2κ2
10

∫
d10x

√
−G
[
R− 1

2
∂Mφ∂

Mφ− 1

2
e2φF 2

1 − 1

4
F 2

5

]
+

− T7Nf

4π

∫
d10x eφ

∑

i=1,2

sin θi

√
−Ĝ(i)

8 +
T7Nf

4π

∫ [
V ol(Y1) + V ol(Y2)

]
∧ C8 .

(1.3.17)

We can derive in the smeared case the following equations of motion, coming from the
action (1.3.17):

RMN − 1

2
GMNR =

1

2

(
∂Mφ∂Nφ− 1

2
GMN∂Pφ∂

Pφ
)

+
1

2
e2φ
(
F

(1)
M F

(1)
N − 1

2
GMNF

2
1

)
+

+
1

96
F

(5)
MPQRSF

(5)PQRS
N + TMN ,

1√
−G∂M

(
GMN

√
−G∂Nφ

)
= e2φF 2

1 +
2κ2

10T7√
−G

Nf

4π
eφ
∑

i=1,2

sin θi

√
−Ĝ(i)

8 ,

d
(
e2φ ⋆ F1

)
= 0 ,

dF1 = −2κ2
10T7

Nf

4π

[
V ol(Y1) + V ol(Y2)

]
,

dF5 = 0 . (1.3.18)

The modified Bianchi identity comes from the WZ part of the action (1.3.17). The contri-
bution to the stress-energy tensor coming from the two sets of Nf D7 flavour branes is given
by

TMN =
2κ2

10√
−G

δSflavour

δGMN
= −Nf

4π

eφ√
−G

∑

i=1,2

sin θi
1

2

√
−Ĝ(i)

8 Ĝ
(i)αβ
8 δMα δ

N
β , (1.3.19)

where α, β are coordinate indices on the D7-brane. In chapter 4 we will solve the equations
of motion (1.3.18)-(1.3.19) and we will propose that this type IIB background is dual to the
Klebanov-Witten field theory when two sets of Nf flavours are added for each gauge group.
We will actually find BPS equations for the purely bosonic background, by imposing that
the variations of the dilatino and gravitino (1.2.5) vanish. We will verify that these BPS
first-order equations solve all the equations of motion (1.3.18).

After explaining the strategy that we will adopt to add flavours, let us discuss the sig-
nificance and effect on the dual gauge theory of the ‘smearing procedure’ introduced above.
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It is clear that we smear the flavour branes just to be able to write a ten-dimensional action
that will produce ordinary differential equations without Dirac delta functions source terms.

The results that we will show in chapters 4 and 5 state that many properties of the
flavoured field theory are still well captured by the solutions obtained following this pro-
cedure. It is not clear what important phenomena on the gauge theory we are losing in
smearing, but see below for an important subtlety.

One relevant point to discuss is related to global symmetries. Let us go back to the
weak coupling (gsNc → 0) limit, in which we have branes living on a spacetime that is
the product of four Minkowski directions and the conifold. When all the flavour branes of
the two separate stacks (1.3.14) are on top of each other, the gauge symmetry on the D7’s
worldvolume is given by the product U(Nf )×U(Nf ). When we take the decoupling limit for
the D3-branes α′ → 0, with fixed gsNc and keeping constant the energies of the excitations
on the branes, we are left with a solution of type IIB supergravity that we propose is dual
to the Klebanov-Witten field theory with Nf flavours for both gauge groups [106]. In this
case the flavour symmetry is U(Nf )×U(Nf ), where the axial U(1) is anomalous. When we
smear the Nf D7-branes, we are breaking U(Nf ) → U(1)Nf (see Fig. 1.2).

fN D7

ψ

S 2
(     ,     ) θ1 

ϕ
1 2

ϕS 2 (     ,     )θ2

U(      )fN

fN D7

U(      )fN
U(1 ) fN fN

U(1 )

Figure 1.2: We see on the left side the two stacks of Nf flavour-branes localised on each
of their respective S2’s (they wrap the other S2). The flavour group is clearly U(Nf ) ×
U(Nf ). After the smearing on the right side of the figure, this global symmetry is broken to
U(1)Nf−1 × U(1)Nf−1 × U(1)B × U(1)A.

One can also think about the smearing procedure in the following way: usually (unless
they are D9 branes) the “localised” flavour branes break part of the isometries of the original
background dual to the unflavoured field theory. On the other hand, the “smeared” flavour
branes reinstate these isometries, which are global symmetries of the field theory dual. In
some sense the flavour branes are ‘deconstructing’ these dimensions (or these global groups)
for the field theory of interest. In the case in which we have a finite number of flavours, these
manifolds become fuzzy, while for Nf → ∞, we recover the full invariance.

Another point that is worth elaborating on is whether there is a limit on the number
of D7-branes that can be added. Indeed, since a D7-brane is a codimension-two object,



56 CHAPTER 1. INTRODUCTION

its gravity solution will generate a deficit angle; having many seven branes, will basically
“eat-up” the transverse space. This led to the conclusion that solutions that can be globally
extended cannot have more than a maximum number of twelve D7-branes [108] (and exactly
twenty-four in compact spaces). We are adding a number Nf → ∞ of D7-branes, certainly
larger that the bound mentioned above. However, the smearing procedure distributes the
D7-branes all over a two-dimensional compact space, in such a way that the equation for the
axion-dilaton is not the one in the vacuum at any point. This avoids the constraint on the
number of D7-branes, which came from solving the equation of motion for the axion-dilaton
outside sources.

It is possible to extend the smearing procedure of the D7-brane, which was formulated
above for the particular case of the AdS5×T 1,1 space, to the more general case of a geometry
of the type AdS5 ×M5, where M5 is a five-dimensional compact manifold. Of course, the
requirement of supersymmetry restricts greatly the form of M5. Actually, we will verify that,
when M5 is Sasaki-Einstein, the formalism can be easily generalised. The five-dimensional
manifolds described in subsections 1.2.4 and 1.2.5 are particular cases of Sasaki-Einstein
space where the generalisation could be applied, as we will see in chapter 4. As a result of
this generalisation we will get a more intrinsic formulation of the smearing, which eventually
could be further generalised to other types of D-branes in different geometries.

Following the line of thought that led to the action (1.3.17), let us assume that, for a
general geometry, the effect of the smearing on the WZ term of the D7-brane action can be
modelled by means of the substitution:

SWZ = T7

∑

Nf

∫

M8

C8 → T7

∫

M10

Ω ∧ C8 , (1.3.20)

where Ω is a two-form which determines the distribution of the RR charge of the D7-brane
in the smearing and M10 is the full ten-dimensional manifold. Notice that a well defined
Ω not only must be closed (which is charge conservation) but also exact. Moreover the
supersymmetry of this class of solutions forces Ω to be a real (1,1)-form with respect to
the complex structure (as we will see below). For a supersymmetric brane one expects the
charge density to be equal to the mass density and, thus, the smearing of the DBI part
of the D7-brane action should be also determined by the form Ω. Let us explain in detail
how this can be done. First of all, let us suppose that Ω is decomposable, i.e. that it can
be written as the wedge product of two one-forms. In that case, at an arbitrary point, Ω
would determine an eight-dimensional orthogonal hyperplane, which we are going to identify
with the tangent space of the D7-brane worldvolume. A general two-form Ω will not be
decomposable. However, it can be written as a finite sum of the type:

Ω =
∑

i
Ω(i) , (1.3.21)

where each Ω(i) is decomposable. At an arbitrary point, each of the Ω(i)’s is dual to an eight-
dimensional hyperplane. Thus, Ω will determine locally a collection of eight-dimensional
hyperplanes. In the smearing procedure, to each decomposable component of Ω we associate
the volume form of its orthogonal complement in M10. Thus, the contribution of every Ω(i)

to the DBI action will be proportional to the ten-dimensional volume element. Since energy
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is additive, the DBI action is obtained by summing the moduli of each decomposable piece
(and not just taking the modulus of Ω). We simply sum the separate contributions because
of supersymmetry: the D7-branes do not interact among themselves due to the cancellation
of attractive/repulsive forces. Accordingly, let us perform the following substitution:

SDBI = −T7

∑

Nf

∫

M8

d8ξ

√
−Ĝ8 eφ → −T7

∫

M10

d10x
√
−G eφ

∑
i

∣∣Ω(i)
∣∣ , (1.3.22)

where
∣∣Ω(i)

∣∣ is the modulus of Ω(i) and represents the mass density of the ith piece of Ω

in the smearing. There is a natural definition of
∣∣Ω(i)

∣∣ which is invariant under coordinate

transformations. Indeed, let us suppose that Ω(i) is given by:

Ω(i) =
1

2!

∑

M,N

Ω
(i)
MN dx

M ∧ dxN . (1.3.23)

Then,
∣∣Ω(i)

∣∣ is defined as follows:

∣∣Ω(i)
∣∣ ≡

√
1

2!
Ω

(i)
MN Ω

(i)
PQG

MP GNQ . (1.3.24)

Notice that Ω acts as a magnetic source for the field strength F1. Actually, from the
equation of motion of C8 one gets that Ω is just the violation of the Bianchi identity for F1,
namely:

dF1 = −Ω . (1.3.25)

For a supersymmetric configuration the form Ω is not arbitrary. Indeed, eq. (1.3.25) de-
termines F1 which, in turn, enters the equation that determines the Killing spinors of the
background. On the other hand, Ω must come from the superposition (smearing) of kappa
symmetric branes. When the manifold M5 is Sasaki-Einstein, we will show in subsection
4.2.1 of chapter 4 that Ω can be determined in terms of the Kähler form of the Kähler-
Einstein base of M5 and that the resulting DBI+WZ action is a direct generalisation of the
result written in (1.3.17).

The last step is to provide a well defined and coordinate invariant way of splitting the
charge distribution Ω in decomposable pieces. It turns out that the splitting in the minimal
number of pieces compatible with supersymmetry is almost unique.

In our setup, Ω lives on the internal six-dimensional manifold, which is complex and
SU(3)-structure. This means that the internal geometry has an integrable complex structure
I and a non-closed Kähler form J compatible with the metric: Jab = gacI c

b . We can always
find a vielbein basis that diagonalizes the metric and block-diagonalizes the Kähler form:

g =
∑

a
ea ⊗ ea ,

J = e1 ∧ e2 + e3 ∧ e4 + e5 ∧ e6 .
(1.3.26)

This pattern is invariant under the structure group SU(3), as it is also clear by expressing
them in local holomorphic basis: ezi ≡ e2i−1 + i e2i, ēz̄i ≡ e2i−1 − i e2i, with i = 1, 2, 3. One
gets the canonical expressions: g =

∑
i e
zi ⊗S ē

z̄i and J = i
2
ezi ∧ ēz̄i .
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In our class of solutions, the supersymmetry equations force the charge distribution to
be a real (1, 1)-form with respect to the complex structure (see [109]). Notice that such a

property is shared with J . The dilatino equation is eφF̄
(0,1)
1 = i∂̄φ (which without sources

amounts to the holomorphicity of the axion-dilation τ = C0 + i e−φ). From this one gets

Ω = −dF1 = 2i e−φ
(
∂φ ∧ ∂̄φ− ∂∂̄φ

)
. (1.3.27)

It is manifest that Ω is (1, 1) and Ω∗ = Ω. Going to complex components Ω = Ωlk̄e
zl ∧ ēz̄k ,

the reality condition translates to the matrix Ωlk̄ being anti-hermitian. Thus it can be
diagonalized with an SU(3) rotation of vielbein that leaves (1.3.26) untouched, and the
eigenvalues are imaginary.

Going back to real vielbein and summarizing, there is always a choice of basis which
satisfies the diagonalizing condition (1.3.26) and in which the charge distribution can be
written as the sum of three real (1,1) decomposable pieces:

Ω = −λ1 e
1 ∧ e2 − λ2 e

3 ∧ e4 − λ3 e
5 ∧ e6 . (1.3.28)

Supersymmetry forces the eigenvalues λa to be real and, as we will see in chapters 4 and 5,
positive. Moreover, as inferred by the previous construction, the splitting is unique as long
as the three eigenvalues λa are different, while there are ambiguities for degenerate values,
but different choices give the same DBI action.

We conclude noticing that, in order to extract the eigenvalues |λk| = |Ω(k)| it is not
necessary to construct the complex basis: one can simply compute the eigenvalues of the
matrix (Ω)MP g

PN in any coordinate basis. But in order to compute the stress-energy tensor,
the explicit splitting into real (1,1) decomposable pieces is in general required.



Chapter 2

Supersymmetric Branes on
AdS5 × Yp,q

In this chapter we perform a systematic classification of supersymmetric branes in the AdS5×
Y p,q geometry and we study their field theoretical interpretation. Geometrical aspects of the
Y p,q manifold, as well as the type IIB supergravity background AdS5×Y p,q and its field theory
dual were reviewed in subsection 1.2.4. It is worth mentioning that the spectrum of type IIB
supergravity compactified on Y p,q is not known due to various technical difficulties including
the general form of Heun’s equation [110]. Therefore, leaving aside the chiral primaries, very
little is known about the gravity modes dual to protected operators in the field theory. As
we explained in section 1.3, our study of supersymmetric objects in the gravity side is a way
to obtain information about properties of these operators in the gauge theory. Important
aspects of this duality, relevant in the context of this chapter, have been further developed in
[81, 83, 111]. They comprise interesting physical objects of these theories such as the baryon
vertex, wall defects, the introduction of flavour, “fat” strings, etc. It is very remarkable that
we are able to provide precise information about operators with large conformal dimension
that grows like Nc. Moreover, we can also extract information about excitations of these
operators.

The main technique that we employ to determine the supersymmetric embeddings of D-
brane probes in the AdS5×Y p,q background is the kappa symmetry of the brane probe studied
in subsection 1.3.2. The configurations found by solving the kappa symmetry condition also
solve the equations of motion derived from the Dirac-Born-Infeld action of the probe and,
actually, we will verify that they saturate a bound for the energy, as it usually happens in
the case of worldvolume solitons [100].

2.1 Supersymmetric probes on AdS5 × Y p,q

In the remainder of this chapter we will consider D-brane probes moving in the AdS5 × Y p,q

background. To write the kappa symmetry matrix (see eq.(1.3.8))1 we will assume that the

1We will use a simpler notation for the determinant of the induced metric, namely det g ≡ g.
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worldvolume gauge field A is zero:

Γκ =
1

(p+ 1)!
√−g ǫ

µ1···µp+1 (σ3)
p−3
2 iσ2 ⊗ γµ1···µp+1 . (2.1.1)

This assumption is consistent with the equations of motion of the probe as far as there are
no source terms in the action (1.3.6) which could induce a non-vanishing value of A. These
source terms must be linear in A and can only appear in the Wess-Zumino term of the probe
action, which is responsible for the coupling of the probe to the Ramond-Ramond fields of
the background. In the case under study only F (5) is non-zero and the only linear term in
A is of the form

∫
A∧ F (5), which is different from zero only for a D5-brane which captures

the flux of F (5). This only happens for the baryon vertex configuration studied in subsection
2.5.5. In all other cases studied in this chapter one can consistently put the worldvolume
gauge field to zero. Nevertheless, even if one is not forced to do it, in some cases we can
switch on the field A to study how this affects the supersymmetric embeddings.

As we discuss in subsection 1.3.2, the kappa symmetry condition Γκ ǫ = ǫ imposes a new
projection to the Killing spinor ǫ. In general, it will not be compatible with those already
satisfied by ǫ (see eq.(1.2.99)). This is so because the new projections involve matrices
which do not commute with those appearing in (1.2.99). The only way of making these two
conditions consistent with each other is by requiring the vanishing of the coefficients of those
non-commuting matrices, which will give rise to a set of first-order BPS differential equations.
By solving these BPS equations we will determine the supersymmetric embeddings of the
brane probes that we are looking for. Notice also that the kappa symmetry condition must
be satisfied at any point of the probe worldvolume. It is a local condition whose global
meaning, as we will see in a moment, has to be addressed a posteriori. This requirement
is not obvious at all since the spinor ǫ depends on the coordinates (see eqs. (1.2.97) and
(1.2.106)). However this would be guaranteed if we could reduce the Γκ ǫ = ǫ projection
to some algebraic conditions on the constant spinor η of eqs.(1.2.97) and (1.2.106). The
counting of solutions of the algebraic equations satisfied by η will give us the fraction of
supersymmetry preserved by our brane probe.

2.2 Supersymmetric D3-branes on AdS5 × Y p,q

Let us now apply the methodology just described to find the supersymmetric configurations
of a D3-brane in the AdS5 × Y p,q background. The kappa symmetry matrix in this case can
be obtained by putting p = 3 in the general expression (2.1.1):

Γκ = − i

4!
√−g ǫ

µ1···µ4 γµ1···µ4 , (2.2.1)

where we have used the rule (1.3.10) to write the expression of Γκ acting on complex spinors.
Given that the Y p,q space is topologically S2×S3, it is natural to consider D3-branes wrapping
two- and three-cycles in the Sasaki-Einstein space. A D3-brane wrapping a two-cycle in Y p,q

and extended along one of the spatial directions of AdS5 represents a “fat” string. We



2.2. SUPERSYMMETRIC D3-BRANES ON ADS5 × Y P,Q 61

will study such type of configurations in section 2.5 where we conclude that they are not
supersymmetric, although we will find stable non-supersymmetric embeddings of this type.

In this section we will concentrate on the study of supersymmetric configurations of D3-
branes wrapping a three-cycle of Y p,q. These objects are pointlike from the gauge theory
point of view and, on the field theory side, they correspond to dibaryons constructed from the
different bifundamental fields. In what follows we will study the kappa symmetry condition
for two different sets of worldvolume coordinates, which will correspond to two classes of
cycles and dibaryons.

2.2.1 Singlet supersymmetric three-cycles

Let us use the global coordinates of eq. (1.2.102) to parameterise the AdS5 part of the metric
and let us consider the following set of worldvolume coordinates:

ξµ = (T, θ, φ, β), (2.2.2)

and the following generic ansatz for the embedding:

y = y(θ, φ, β), ψ(θ, φ, β). (2.2.3)

The kappa symmetry matrix in this case is:

Γκ = −iL cosh ̺√−g ΓT γθφβ . (2.2.4)

The induced gamma matrices along the θ, φ and β directions can be straightforwardly
obtained from (1.3.12), namely:

1

L
γθ =

√
1 − c y√

6
Γ3 +

1

3
ψθ Γ5 −

1√
6H

yθ Γ1,

1

L
γφ =

cH cos θ√
6

Γ2 +

√
1 − c y√

6
sin θ Γ4 +

1

3
(ψφ + (1 − c y) cos θ) Γ5 −

1√
6H

yφ Γ1,

1

L
γβ = − H√

6
Γ2 +

1

3
(ψβ + y) Γ5 −

1√
6H

yβ Γ1, (2.2.5)

where the subscripts in y and ψ denote partial differentiation. By using this result and the
projections (1.2.99) the action of the antisymmetrised product γθφβ on the Killing spinor ǫ
reads:

− i

L3
γθφβ ǫ = [ a5 Γ5 + a1Γ1 + a3Γ3 + a135 Γ135 ] ǫ , (2.2.6)
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where the coefficients on the right-hand side are given by:

a5 =
1

18

[
(y + ψβ) [ (1 − cy) sin θ + c yθ cos θ] +

+ [ψφ + (1 − cy) cos θ ] yθ − ψθyφ − c cos θψθyβ

]
,

a1 = −1 − cy

6
√

6
sin θ

[ yβ
H

− iH
]
,

a3 = −
√

1 − cy

6
√

6

[
yφ + c cos θyβ − i sin θyθ

]
,

a135 =

√
1 − cy

18

[
sin θ

H

[
ψθyβ − (y + ψβ) yθ

]
+ H

[
ψφ + (1 + cψβ) cos θ

]
+

+
i

H

[
(ψφ + (1 − cy) cos θ )yβ − (y + ψβ) yφ

]
− iH sin θψθ

]
. (2.2.7)

As discussed at the end of section 2.1, in order to implement the kappa symmetry projection
we must require the vanishing of the terms in (2.2.6) which are not compatible with the
projection (1.2.99). Since the matrices Γ1, Γ3 and Γ135 do not commute with those appearing
in the projection (1.2.99), it follows that we must impose that the corresponding coefficients
vanish, i.e.:

a1 = a3 = a135 = 0 . (2.2.8)

Let us concentrate first on the condition a1 = 0. By looking at its imaginary part:

H(y) = 0 , (2.2.9)

which, in the range of allowed values of y, means:

y = y1 , or y = y2 . (2.2.10)

If H(y) = 0, it follows by inspection that a1 = a3 = a135 = 0. Notice that ψ can be an
arbitrary function. Moreover, one can check that:

√−g
∣∣
BPS

= L4 cosh ̺ a5|BPS . (2.2.11)

Thus, one has the following equality:

Γκ ǫ|BPS = ΓTΓ5 ǫ , (2.2.12)

and, therefore, the condition Γκǫ = ǫ becomes equivalent to

ΓTΓ5 ǫ = ǫ . (2.2.13)

As it happens in the T 1,1 case [105], the compatibility of (2.2.13) with the AdS5 structure
of the spinor implies that the D3-brane must be placed at ̺ = 0, i.e. at the center of AdS5.
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Indeed, as discussed at the end of section 2.1, we must translate the condition (2.2.13) into
a condition for the constant spinor η of eq. (1.2.106). Notice that ΓTΓ5 commutes with all
the matrices appearing on the right-hand side of eq. (1.2.106) except for Γ̺γ∗. Since the
coefficient of Γ̺γ∗ in (1.2.106) only vanishes for ̺ = 0, it follows that only at this point the
equation Γκ ǫ = ǫ can be satisfied for every point in the worldvolume and reduces to:

ΓTΓ5 η = η . (2.2.14)

Therefore, if we place the D3-brane at the center of the AdS5 space and wrap it on the three-
cycles at y = y1 or y = y2, we obtain a 1

8
supersymmetric configuration which preserves the

Killing spinors of the type (1.2.106) with η satisfying (1.2.98) and the additional condition
(2.2.14).

The cycles that we have just found have been identified by Martelli and Sparks as those
dual to the dibaryonic operators det(Y ) and det(Z), made out of the bifundamental fields
that, as the D3-brane wraps the two-sphere whose isometries are responsible for the global
SU(2) group, are singlets under this symmetry [25]. For this reason we will refer to these
cycles as singlet (S) cycles. Let us recall how this identification is carried out. First of all, we
look at the conformal dimension ∆ of the corresponding dual operator. Following the general
rule of the AdS/CFT correspondence (and the zero-mode corrections of ref. [83]), ∆ = LM ,
where L is given by (1.2.68) and M is the mass of the wrapped three-brane. The latter can
be computed as M = T3 V3, with T3 being the tension of the D3-brane (1/T3 = 8π3(α′)2gs)
and V3 the volume of the three-cycle. If gC is the determinant of the spatial part of the
induced metric on the three-cycle C, one has:

V3 =

∫

C

√
gC d3ξ . (2.2.15)

For the singlet cycles Si at y = yi (i = 1, 2) and ψ=constant, the volume V3 is readily
computed, namely:

V Si
3 =

2L3

3
( 1 − cyi ) | yi | (2π)2 ℓ . (2.2.16)

Let us define λ1 = +1, λ2 = −1. Then, if ∆S
i ≡ ∆Si , one has:

∆S
i =

Nc

2q2

[
− 4p2 + 3q2 + 2λi pq + (2p− λi q)

√
4p2 − 3q2

]
. (2.2.17)

As it should be for a BPS saturated object, the R-charges Ri of the Si cycles are related to ∆S
i

as Ri = 2
3
∆S
i . By comparing the values of Ri with those determined in [26] from the gauge

theory dual (see Table 1.1 in chapter 1) one concludes that, indeed, a D3-brane wrapped at
y = y1 (y = y2) can be identified with the operator det(Y ) (det(Z)) as claimed. Another
piece of evidence which supports this claim is the calculation of the baryon number, that
can be identified with the third homology class of the three-cycle C over which the D3-brane
is wrapped. This number (in units of Nc) can be obtained by computing the integral over C
of the pullback of a (2, 1) three-form Ω2,1 on CY p,q:

B(C) = ±i
∫

C

P
[
Ω2,1

]
C
, (2.2.18)



64 CHAPTER 2. SUPERSYMMETRIC BRANES ON ADS5 ×YP,Q

where P [· · · ]C denotes the pullback to the cycle C of the form that is inside the brackets. The
sign of the right-hand side of (2.2.18) depends on the orientation of the cycle. The explicit
expression of Ω2,1 has been determined in ref. [33]:

Ω2,1 = K
( dr
r

+
i

L
e5
)
∧ ω , (2.2.19)

where e5 is the one-form of our vielbein (1.2.71) for the Y p,q space, K is the constant

K =
9

8π2
(p2 − q2) , (2.2.20)

and ω is the two-form:

ω = − 1

(1 − cy)2L2

[
e1 ∧ e2 + e3 ∧ e4

]
. (2.2.21)

Using (θ, φ, β) as worldvolume coordinates of the singlet cycles Si,

P
[
Ω2,1

]
Si

= −i K
18

yi
1 − cyi

sin θ dθ ∧ dφ ∧ dβ . (2.2.22)

Then, changing variables from β to α by means of (1.2.76), and taking into account that
α ∈ [0, 2πℓ], one gets: ∫

Si

P
[
Ω2,1

]
Si

= −i 8π2

3

Kℓyi
1 − cyi

. (2.2.23)

After using the values of y1 and y2 displayed in (1.2.75), we arrive at:

B(S1) = −i
∫

S1

P
[
Ω2,1

]
S1

= p− q ,

B(S2) = i

∫

S2

P
[
Ω2,1

]
S2

= p+ q . (2.2.24)

Notice the perfect agreement of B(S1) and B(S2) with the baryon numbers of Y and Z
displayed in Table 1.1.

2.2.2 Doublet supersymmetric three-cycles

Let us now try to find supersymmetric embeddings of D3-branes on three-cycles by using a
different set of worldvolume coordinates. As in the previous subsection it is convenient to
use the global coordinates (1.2.102) for the AdS5 part of the metric and the following set of
worldvolume coordinates:

ξµ = (T, y, β, ψ) . (2.2.25)

Moreover, we will adopt the ansatz:

θ(y, β, ψ) , φ(y, β, ψ) . (2.2.26)
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The kappa symmetry matrix Γκ in this case takes the form:

Γκ = −iL cosh ̺√−g ΓT γy β ψ , (2.2.27)

and the induced gamma matrices are:

1

L
γy = − 1√

6H
Γ1 +

cH cos θ√
6

φyΓ2 +

√
1 − cy√

6
(θyΓ3 + φy sin θ Γ4) +

1 − c y

3
cos θφy Γ5 ,

1

L
γβ =

H√
6

(−1 + c cos θ φβ) Γ2 +

√
1 − c y√

6
θβ Γ3 +

√
1 − c y√

6
sin θ φβ Γ4

+
1

3

(
y + (1 − c y) cos θ φβ

)
Γ5 , (2.2.28)

1

L
γψ =

cH cos θ√
6

φψ Γ2 +

√
1 − c y√

6
(θψ Γ3 + sin θ φψ Γ4) +

1

3
(1 + (1 − c) cos θφψ) Γ5 .

By using again the projections (1.2.99) one easily gets the action of γy β ψ on the Killing
spinor

− i

L3
γy β ψ ǫ =

[
c5 Γ5 + c1 Γ1 + c3 Γ3 + c135 Γ135

]
ǫ , (2.2.29)

where the different coefficients appearing on the right-hand side of (2.2.29) are given by:

c5 =
1

18

[
− 1 − cos θ(φψ − cφβ) + (1 − cy) sin θ

[
θy(φβ − yφψ) − φy(θβ − yθψ)

] ]
,

c1 = −1 − cy

6
√

6
sin θ

[ θβφψ − θψφβ
H

+ iH (θyφψ − θψφy)
]
,

c3 = −
√

1 − cy

6
√

6

[
θψ − c cos θ (θψφβ − θβφψ) + i sin θφψ

]
,

c135 = −
√

1 − cy

18

[
sin θ

H
(φβ − yφψ) +H

(
θy + cos θ

[
θy(φψ − cφβ) − φy(θψ − cθβ)

])

+iH sin θ φy −
i

H

[
θβ − yθψ + (1 − cy) cos θ(θβφψ − θψφβ)

]]
. (2.2.30)

Again, we notice that the matrices Γ1, Γ3 and Γ135 do not commute with the projections
(1.2.99). We must impose:

c1 = c3 = c135 = 0 . (2.2.31)

From the vanishing of the imaginary part of c3 we obtain the condition:

sin θ φψ = 0 . (2.2.32)

One can solve the condition (2.2.32) by taking sin θ = 0, i.e. for θ = 0, π. By inspection
one easily realises that c1, c3 and c135 also vanish for these values of θ and for an arbitrary
function φ(y, β, ψ). Therefore, we have the solution

θ = 0, π , φ = φ(y, β, ψ) . (2.2.33)
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Another possibility is to take φψ = 0. In this case one readily verifies that c1 and c3 vanish
if θψ = 0. Thus, let us assume that both φ and θ are independent of the angle ψ. From
the vanishing of the real and imaginary parts of c135 we get two equations for the functions
θ = θ(y, β) and φ = φ(y, β), namely:

θy +
sin θ

H2
φβ + c cos θ (φy θβ − θy φβ) = 0 ,

θβ − H2 sin θφy = 0 . (2.2.34)

If the BPS equations (2.2.34) hold, one can verify that the kappa symmetry condition Γκ ǫ =
ǫ reduces, up to a sign, to the projection (2.2.13) for the Killing spinor. As in the case of
the S three-cycles studied in subsection 2.2.1, by using the explicit expression (1.2.106) of ǫ
in terms of the global coordinates of AdS5, one concludes that the D3-brane must be placed
at ̺ = 0. The corresponding configuration preserves four supersymmetries.

In the next subsection we will tackle the problem of finding the general solution of the
system (2.2.34). Here we will analyze the trivial solution of this system, namely:

θ = constant , φ = constant . (2.2.35)

This kind of three-cycle was studied in ref. [33] by Herzog, Ejaz and Klebanov (see also
[26]), who showed that it corresponds to dibaryons made out of the SU(2) doublet fields Uα.
In what follows we will refer to it as doublet (D) cycle. Let us review the arguments leading
to this identification. First of all, the volume of the D cycle (2.2.35) can be computed with
the result:

V D
3 =

L3

3
(2π)2 (y2 − y1) ℓ . (2.2.36)

By using the values of y1 and y2 (eq.(1.2.75)), L (eq.(1.2.68)) and ℓ (eq.(1.2.78)) we find the
following value of the conformal dimension:

∆D = Nc
p

q2

(
2p −

√
4p2 − 3q2

)
. (2.2.37)

By comparison with Table 1.1 in chapter 1, one can verify that the corresponding R-charge,
namely 2/3 ∆D, is equal to the R-charge of the field Uα multiplied by Nc. We can check this
identification by computing the baryon number. Since, in this case, the pullback of Ω2,1 is:

P
[
Ω2,1

]
D

= i
K

3(1 − cy)2
dy ∧ dα ∧ dψ , (2.2.38)

we get:

B(D) = −i
∫

D

P
[
Ω2,1

]
D

= −p , (2.2.39)

which, indeed, coincides with the baryon number of Uα written in Table 1.1.
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General integration

Let us now try to integrate in general the first-order differential system (2.2.34). With this
purpose it is more convenient to describe the locus of the D3-brane by means of two functions
y = y(θ, φ), β = β(θ, φ). Notice that this is equivalent to the description used so far (in
which the independent variables were (y, β)), except for the cases in which (θ, φ) or (y, β)
are constant. The derivatives in these two descriptions are related by simply inverting the
Jacobian matrix, i.e.: (

yθ yφ
βθ βφ

)
=

(
θy θβ
φy φβ

)−1

. (2.2.40)

By using these equations the first-order system (2.2.34) is equivalent to:

βθ =
yφ

H2 sin θ
, βφ = c cos θ − sin θ

H2
yθ . (2.2.41)

These equations can be obtained directly by using θ and φ as worldvolume coordinates.
Interestingly, in this form the BPS equations can be written as Cauchy-Riemann equations
and, thus, they can be integrated in general. This is in agreement with the naive expectation
that, at least locally, these equations should determine some kind of holomorphic embeddings.
In order to verify this fact, let us introduce new variables u1 and u2, related to θ and y as
follows:

u1 = log

(
tan

θ

2

)
, u2 = log

(
(sin θ)c

f1(y)

)
. (2.2.42)

By comparing the above expressions with the definitions of z1 and z2 in eq. (1.2.86), one
gets:

u1 − iφ = log z1 , u2 − iβ = log z2 . (2.2.43)

The relation between u1 and θ leads to du1 = dθ/ sin θ, from which it follows that:

∂u2

∂u1
= c cos θ − sin θ

H2
yθ ,

∂β

∂u1
= sin θ βθ , (2.2.44)

and it is easy to demonstrate that the BPS equations (2.2.41) can be written as:

∂u2

∂u1

=
∂β

∂φ
,

∂u2

∂φ
= − ∂β

∂u1

, (2.2.45)

these being the Cauchy-Riemann equations for the variables u2 − iβ = log z2 and u1 − iφ =
log z1. Then, the general integral of the BPS equations is

log z2 = f(log z1) , (2.2.46)

where f is an arbitrary (holomorphic) function of log z1. By exponentiating eq. (2.2.46) one
gets that the general solution of the BPS equations is a function z2 = g(z1), in which z2 is
an arbitrary holomorphic function of z1. This result is analogous to what happened for T 1,1

[105]. The appearance of a holomorphic function in the local complex coordinates z1 and z2
is a consequence of kappa symmetry or, in other words, supersymmetry. But one still has
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to check that this equation makes sense globally. We will come to this point shortly. The
simplest case is that in which log z2 depends linearly on log z1, namely

log z2 = n(log z1) + const. , (2.2.47)

where n is a constant. By exponentiating this equation we get a relation between z2 and z1
of the type:

z2 = C zn1 , (2.2.48)

where C is a complex constant. If we represent this constant as C = Ce−iβ0, the embedding
(2.2.48) reduces to the following real functions β = β(φ) and y = y(θ):

β = nφ + β0 ,

f1(y) = C

(
sin θ

)c
(

tan θ
2

)n . (2.2.49)

This is a nontrivial embedding of a D3-brane probe on AdS5 × Y p,q. Notice that in the
limit c → 0 one recovers the results of [105]. For c 6= 0, a key difference arises. As we
discussed earlier, z2 is not globally well defined in CY p,q due to its dependence on β. As a
consequence, eqs.(2.2.48)-(2.2.49) describe a kappa-symmetric embedding for the D3-brane
on Y p,q but it does not correspond to a wrapped brane. The D3-brane spans a submanifold
with boundaries.2 The only solution corresponding to a probe D3-brane wrapping a three-
cycle is z1 = const. which is the one obtained in the preceding subsection.

In order to remove β while respecting holomorphicity, we seem to be forced to let z3 enter
into the game. The reason is simple, any dependence in β disappears if z2 enters through the
product z2z3. This would demand embeddings involving the radius that we did not consider.
In this respect, it is interesting to point out that this is also the conclusion reached in [63]
from a different perspective: there, the complex coordinates corresponding to the generators
of the chiral ring are deduced and it turns out that all of them depend on z1, z2z3 and z3. It
would be clearly desirable to understand these generalised wrapped D3-branes in terms of
algebraic geometry, following the framework of ref. [111] which, in the case of the conifold,
emphasizes the use of global homogeneous coordinates. Unfortunately, the relation between
such homogeneous coordinates and the chiral fields of the quiver theory is more complicated
in the case of CY p,q.

2.2.3 The calibrating condition

Let us now verify that the BPS equations we have obtained ensure that the three-dimensional
submanifolds we have found are calibrated. Given a three-submanifold in Y p,q one can
construct its cone D, which is a four-dimensional submanifold of CY p,q. The calibrating
condition for a supersymmetric four-submanifold D of CY p,q is just:

P
[ 1

2
J ∧ J

]
D

= Vol(D) , (2.2.50)

2In this respect, notice that it might happen that global consistency forces, through boundary conditions,
the D3-brane probes to end on other branes.
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where Vol(D) is the volume form of the divisor D and J is the Kähler form of CY p,q (1.2.93).
Let us check that the condition (2.2.50) is indeed satisfied by the cones constructed from
our three-submanifolds. In order to verify this fact it is more convenient to describe the
embedding by means of functions y = y(θ, φ) and β = β(θ, φ). The corresponding BPS
equations are the ones written in (2.2.41). By using them one can verify that the induced
volume form for the three-dimensional submanifold is:

vol =
1

18

∣∣∣ (1 − cy) sin θ + c cos θyθ + βθyφ − yθβφ

∣∣∣
BPS

dθ ∧ dφ ∧ dψ . (2.2.51)

By computing the pullback of J ∧ J one can verify that the calibrating condition (2.2.50) is
indeed satisfied for:

Vol(D) = −r3 dr ∧ vol , (2.2.52)

which is just the volume form of D with the metric ds2
CY p,q having a particular orientation.

Eq. (2.2.50) is also satisfied for the cones constructed from the singlet and doublet three-
cycles of subsections 2.2.1 and 2.2.2. This fact is nothing but the expression of the local
nature of supersymmetry.

2.2.4 Energy bound

The dynamics of the D3-brane probe is governed by the Dirac-Born-Infeld lagrangian that,
for the case in which there are not worldvolume gauge fields, reduces in Einstein frame (see
eq. (1.3.7)) to:

L = −√−g , (2.2.53)

where we have taken the D3-brane tension equal to one. We have checked that any solution
of the first-order equations (2.2.34) or (2.2.41) also satisfies the Euler-Lagrange equations
derived from the lagrangian density (2.2.53). Moreover, for the static configurations we are
considering here the hamiltonian density H is, as expected, just H = −L. We are now going
to verify that this energy density satisfies a bound, which is just saturated when the BPS
equations (2.2.34) or (2.2.41) hold. In what follows we will take θ and φ as independent
variables. For an arbitrary embedding of a D3-brane described by two functions β = β(θ, φ)
and y = y(θ, φ) one can show that H can be written as:

H =
√
Z2 + Y2 + W2 , (2.2.54)

where Z, Y and W are given by:

Z =
L4

18

[
(1 − cy) sin θ + c cos θyθ + yφβθ − yθβφ

]
,

Y =
L4

18

√
1 − cy H

[
βφ − c cos θ +

sin θ

H2
yθ

]
,

W =
L4

18

√
1 − cy H

[
sin θ βθ − yφ

H2

]
. (2.2.55)
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Obviously one has:
H ≥

∣∣Z
∣∣ . (2.2.56)

Moreover, since
Y∣∣BPS = W∣∣BPS = 0 , (2.2.57)

the bound saturates when the BPS equations (2.2.41) are satisfied. Thus, the system of
differential equations (2.2.41) is equivalent to the condition H =

∣∣Z
∣∣ (actually Z ≥ 0 if

the BPS equations (2.2.41) are satisfied). Moreover, for an arbitrary embedding Z can be
written as a total derivative, namely:

Z =
∂

∂θ
Zθ +

∂

∂φ
Zφ . (2.2.58)

This result implies that H is bounded by the integrand of a topological charge. The explicit
form of Zθ and Zφ is:

Zθ = −L
4

18

[
(1 − cy) cos θ + y βφ

]
,

Zφ =
L4

18
y βθ . (2.2.59)

In this way, from the point of view of the D3-branes, the configurations satisfying eq. (2.2.41)
can be regarded as BPS worldvolume solitons.

2.2.5 BPS fluctuations of dibaryons

In this subsection we study BPS fluctuations of dibaryon operators in the Y p,q quiver theory.
We start with the simplest dibaryon which is singlet under SU(2), let us say detY . To
construct excited dibaryons we should replace one of the Y factors by any other chiral field
transforming in the same representation of the gauge groups. For example, replacing Y by
Y UαV βY , we get a new operator of the form

ǫ1ǫ
2(Y UαV βY )Y · · ·Y , (2.2.60)

where ǫ1 and ǫ2 are abbreviations for the completely anti-symmetric tensors for the respective
SU(Nc) factors of the gauge group. Using the identity

ǫa1···aNc ǫb1···bNc =
∑

σ

(−1)σδa1σ(b1) · · · δ
aNc
σ(bNc )

, (2.2.61)

the new operator we get can factorise into the original dibaryon and a single-trace operator

Tr(UαV βY ) det Y . (2.2.62)

Indeed for singlet dibaryons, a factorisation of this sort always works. This fact seems to
imply, at least at weak coupling, that excitation of a singlet dibaryon can be represented as
graviton fluctuations in the presence of the original dibaryon.
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For the case of a dibaryon with SU(2) quantum number the situation is different. Con-
sider, for simplicity, the state with maximum J3 of the SU(2)

ǫ1ǫ
2(U1 · · ·U1) = detU1, (2.2.63)

we can replace one of the U1 factors by U1 O, where O is some operator given by a closed
loop in the quiver diagram. As in the case of a singlet dibaryon, this kind of excitation is fac-
torisable since all SU(2) indices are symmetric. So this kind of operator should be identified
with a graviton excitation with wrapped D3-brane in the dual string theory. However, if the
SU(2) index of the U field is changed in the excitation, i.e. U1 → U2 O, then the resulting
operator cannot be written as a product of the original dibaryon and a meson-like operator.
Instead it has to be interpreted as a single particle state in AdS. Since the operator also
carries the same baryon number, the natural conclusion is that the one-particle state is a
BPS excitation of the wrapped D3-brane corresponding to the dibaryon [83].

UUUUU
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Y Y

YY

Y

Y Z

Z

V

UUUUU

V

Y Y

YY

Y

Y Z

Z

V

UUUUU

V

Y Y

YY

Y

Y Z

Z

V

Figure 2.1: Loops in the Y 4,2 quiver representing mesonic operators in the chiral ring. There
are short loops such as UV Y , V UY or Y UZU (upper), longest loops as V UV UZUZU
(middle) and long loops like Y UY Y Y U (bottom). The representative of each class in the
chiral ring is, respectively, O1, O2 and O3.

In order to classify all these BPS excitations of the dibaryon, we have to count all possible
inequivalent chiral operators O that transform in the bifundamental representation of one of
the gauge group factors of the theory. In Y p,q quiver gauge theory, these operators correspond
to loops in the quiver diagram just like the mesonic chiral operators discussed in [112]. The
simplest ones are operators with R-charge 2. They have been thoroughly discussed in [113].
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Operator QR QF Spin

O1 2 0 1

O2 p+ q − 1
3ℓ

p p+q
2

O3 p− q + 1
3ℓ

−p p−q
2

Table 2.1: Charges assignments for the mesonic operators Oi that generate the chiral ring.

They are given by short loops of length 3 or 4 in the quiver, precisely as those operators
entering in the superpotential (1.2.107). They are single trace operators of the form (in
what follows we omit the trace and the SU(2) indices) UV Y , V UY or Y UZU (see the
upper quiver in Fig. 2.1). Since they are equivalent in the chiral ring, we can identify them
as a single operator O1. It transforms in the spin 1

2
⊗ 1

2
= 0⊕ 1 representation of the global

SU(2). The scalar component vanishes in the chiral ring. Thus, we end up with a spin 1
chiral operator with scaling dimension ∆ = 3. Its U(1)F charge vanishes.

There are also two classes of long loops in the quiver. The first class, whose representative
is named O2, has length 2p, winds the quiver from the left to the right and is made of p
U type operators, q V type operators and p − q Z type operators. For example, in Y 4,2,
a long loop of this class is V UV UZUZU (middle quiver in Fig. 2.1). It transforms in the
spin 1

2
⊗ ...⊗ 1

2
= p+q

2
⊕ . . . representation of SU(2). The dots amount to lower dimensional

representations that vanish in the chiral ring. The resulting operator, O2, has spin p+q
2

.
There is another class of long loops which has length 2p − q, running along the quiver in
the opposite direction, build with p Y type operators and p − q U type operators. We
name its representative as O3. In the case of Y 4,2, it is an operator like Y UY Y Y U (bottom
quiver in Fig. 2.1). SU(2) indices, again, have to be completely symmetrised, the spin being
p−q
2

. Long loops wind around the quiver and this leads to a nonvanishing value of QF [112].
The baryonic charge vanishes for any of these loops. We summarise in Table 2.1 the charge
assignments for the three kinds of operators Oi [112]. We can see that these operators satisfy
the BPS condition ∆ = 3

2
QR. In fact, they are the building blocks of all other scalar BPS

operators. The general BPS excitation corresponds to operators of the form

O =
3∏

i=1

O ni
i . (2.2.64)

It is interesting to notice that the spectrum of fluctuations of a dibaryon must coincide with
the mesonic chiral operators in the Y p,q quiver theory. This would provide a nontrivial test of
the AdS/CFT correspondence. We show this result explicitly via an analysis of open string
fluctuation on wrapped D3-branes.

Now we are interested in describing the excitations of dibaryon operators from the dual
string theory. For those excitations that are factorisable, the dual configurations are just
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the multi-particle states of graviton excitations in the presence of a dibaryon. The corre-
spondence of graviton excitation and mesonic operator were studied in [112, 114]. What we
are really interested in are those non-factorisable operators that can be interpreted as open
string excitations on the D-brane. This can be analyzed by using the Dirac-Born-Infeld ac-
tion of the D3-brane. In what follows we will focus on the dibaryon made of U fields, which
corresponds to the three-cycle D studied in subsection 2.2.2 which, for convenience, we will
parameterise with the coordinates (y, ψ, α). The analysis of the dibaryon made of V field is
similar. For our purpose we will use, as in eq. (1.2.102), the global coordinate system for
the AdS5 part of the metric and we will take the Y p,q part as written in eq. (1.2.80). We are
interested in the normal modes of oscillation of the wrapped D3-brane around the solution
corresponding to some fixed worldline in AdS5 and some fixed θ and φ on the transverse S2.
For such a configuration, the induced metric on the dibaryon is:

L−2ds2
ind = −dT 2 +

1

wv
dy2 +

v

9
dψ2 + w(dα+ fdψ)2 , (2.2.65)

where the functions v(y), w(y) and f(y) have been defined in eq. (1.2.81) (in what follows
of this subsection we will take c = 1).

The fluctuations along the transverse S2 are the most interesting, since they change the
SU(2) quantum numbers and are most readily compared with the chiral primary states in
the field theory. Without lost of generality, we consider fluctuations around the north pole
of the S2, i.e. θ0 = 0. Instead of using coordinates θ and φ, it is convenient to go from
polar to Cartesian coordinates: ζ1 = θ sinφ and ζ2 = θ cosφ. As a further simplification we
perform a shift in the coordinate ψ. The action for the D3-brane is:

S = −T3

∫
d4ξ
√
− det g + T3

∫
P [C(4)] . (2.2.66)

Let us expand the induced metric g around the static configuration as g = g(0) + δg, where
g(0) is the zeroth order contribution. The corresponding expansion for the action takes the
form:

S = S0 − T3

2

∫
d4ξ
√
− det g(0) Tr

[
g−1
(0) δg

]
+ T3

∫
P [C(4)] , (2.2.67)

where S0 = −T3

∫
d4ξ
√

− det g(0). Note that the determinant of the induced metric at

zeroth order is a constant:
√
−det(g(0)) = 1

3
L4. The five-form field strength is

F5 = (1 + ∗) 4
√

det(GY p,q)L
4dθ ∧ dφ ∧ dy ∧ dψ ∧ dα . (2.2.68)

Moreover, using that det(GY p,q) is the determinant of the metric of the Y p,q manifold and√
det(GY p,q) = 1−y

18
sin θ, we can choose the four-form Ramond-Ramond field to be

C4 =
2

9
(1 − y)L4(cos θ − 1) dα ∧ dy ∧ dψ ∧ dφ , (2.2.69)

which is well defined around the north pole of S2. At quadratic order, the four form C4 is

C4 = −
√

−det g(0)
1 − y

3
ǫij ζ

i dζj ∧ dα ∧ dy ∧ dψ . (2.2.70)
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The contribution from the Born-Infeld part of the effective action is:

Tr
[
g−1
(0) δg

]
= Gij g

µν
(0) (∂µζ

i∂νζ
j) + 2gµν(0) Gµi ∂νζ

i, (2.2.71)

where G is the metric of the background, i, j denote the components of G along the ζ1,2

directions and the indices µ, ν refer to the directions of the worldvolume of the cycle. The
non-vanishing components of G are:

Gij =
1 − y

6
L2δij, Gψi = −1

2

(
wf 2 +

v

9

)
L2ǫij ζ

j, Gαi = −wf
2
L2ǫij ζ

j . (2.2.72)

Using these results one can verify that the effective Lagrangian is proportional to:

∑

i

L2 1 − y

6
gµν(0)(∂µζ

i∂νζ
i) + 2gµν(0) Gµi ∂νζ

i +
2(1 − y)

3
ǫij ζ

i ∂T ζ
j . (2.2.73)

The equations of motion for the fluctuation are finally given by

L2

6
∂µ

(
(1 − y) gµν(0) ∂νζ

i

)
+ 2∂ν(g

µν
(0)Gµi) −

2(1 − y)

3
ǫij ∂T ζ

j = 0 . (2.2.74)

Introducing ζ± = ζ1 ± iζ2, the equations of motion reduce to
(
∇2 − 1 − y

6
∂2
T

)
ζ± ± i

2(1 − y)

3
∂T ζ

± ± i∂ψζ
± = 0 , (2.2.75)

where ∇2 is the laplacian along the spatial directions of the cycle for the induced metric g(0).
The standard strategy to solve this equation is to use separation of variables as

ζ± = exp(−iωT ) exp

(
i
m

ℓ
α

)
exp(inψ) Y k±

mn (y) . (2.2.76)

Plugging this ansatz into the equation of motion, we find

1

1 − y

d

dy

[
(1 − y)w(y)v(y)

d

dy
Y k±
mn (y)

]
(2.2.77)

=

[(
9f 2(y)

v(y)
+

1

w(y)

)
m2

ℓ2
− 18f(y)

v(y)

m

ℓ
n+

9

v(y)
n2 − ω(ω ± 4) ± 6n

1 − y

]
Y k±
mn (y) .

The resulting equation has four regular singularities at y = y1, y2, y3 and ∞ and is known as
Heun’s equation (for clarity, in what follows we omit the indices in Y ) [110]:

d2

dy2
Y ± +

( 3∑

i=1

1

y − yi

)
d

dy
Y ± + q(y)Y ± = 0, (2.2.78)

where, in our case

q(y) =
2

Q(y)

[
µ− y

4
ω(ω ± 4) − 1

2

3∑

i=1

α2
iQ′(yi)

y − yi

]
,

µ =
3

32
(
m

ℓ
+ 2n)(

m

ℓ
− 6n) +

1

4
ω(ω ± 4) ∓ 3n

2
, (2.2.79)
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with Q(y) being the function defined in eq. (1.2.74). Now, given that the R-symmetry is
dual to the Reeb Killing vector of Y p,q, namely 2∂/∂ψ − 1

3
∂/∂α, we can use the R-charge

QR = 2n−m/3ℓ instead of n as quantum number. The exponents at the regular singularities
y = yi are then given by

αi = ±1

2

(1 − yi)(m/ℓ+ 3QR yi)

Q′(yi)
. (2.2.80)

The exponents at y = ∞ are −ω
2

and ω
2

+ 2 for Y +, while −ω
2

+ 2 and ω
2

for Y −. We can
transform the singularity from {y1, y2, y3,∞} to {0, 1, b = y1−y3

y1−y2
,∞} by introducing a new

variable x, defined as:

x =
y − y1

y2 − y1
. (2.2.81)

It is also convenient to substitute

Y = x|α1|(1 − x)|α2|(b− x)|α3| h(x) , (2.2.82)

which transforms equation (2.2.78) into the standard form of the Heun’s equation

d2

dx2
h(x) +

(
C

x
+

D

x− 1
+

E

x− b

)
d

dx
h(x) +

ABx− k

x(x− 1)(x− b)
h(x) = 0. (2.2.83)

Here the Heun’s parameters are given by

A = −ω
2

+
3∑

i=1

|αi| , B =
ω + 4

2
+

3∑

i=1

|αi| ,

C = 1 + 2|α1| , D = 1 + 2|α2| , E = 1 + 2|α3| , (2.2.84)

and

k = (|α1| + |α3|)(|α1| + |α3| + 1) − |α2|2

+ b

[
(|α1| + |α2|)(|α1| + |α2| + 1) − |α3|2

]
− µ̃ ,

µ̃ = − 1

y1 − y2

(
µ− y1

4
ω(ω + 4)

)

=
p

q

[
1

6
(1 − y1)ω(ω + 4) − 3

16
QR

(
QR +

4m

3ℓ

)
− 1

2

(
QR +

m

3ℓ

)]
,

b =
1

2

(
1 +

√
4p2 − 3q2

q

)
. (2.2.85)

We only presented the equation for Y +; the corresponding equation for Y − can be obtained
by replacing ω with ω − 4 and changing the sign of the last term in (2.2.85).

Now let us discuss the solutions to this differential equation. For quantum number
QR = 2Nc (which implies m = 0), we find all αi equal to Nc/2. If we set ω = 3Nc, the
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Heun’s parameters A and k both vanish. The corresponding solution h(x) is a constant
function. Similarly if ω = −3Nc − 4, then B and k vanish which also implies a constant
h(x). The complete solution of ζ± in these two cases is given by

ζ±1 = e±i(−3NcT+Ncψ)

3∏

i=1

(y − yi)
Nc/2 ,

ζ±2 = e±i((3Nc+4)T+Nψ)
3∏

i=1

(y − yi)
Nc/2 . (2.2.86)

These constant solutions represent ground states with fixed quantum numbers and, since
they have the lowest possible dimension for a given R-charge, they should be identified with
the BPS operators. Indeed, in the solutions (2.2.86) the energy is quantised in units of
3L−1, and 3 is precisely the conformal dimension of O1. This provides a perfect matching of
AdS/CFT in this setting.

The situation for quantum numbers QR = Nc(p ± q ∓ 1/3ℓ) and m = ±Nc is similar to
the case we have just discussed. The solutions for h(x) are constant with

ω =
Ncp

2

(
3 ± 2p−

√
4p2 − 3q2

q

)
, (2.2.87)

and

ω = −Ncp

2

(
3 ± 2p−

√
4p2 − 3q2

q

)
− 4. (2.2.88)

We can see that the conformal dimension satisfies ∆ = 3
2
QR. So all these solutions are BPS

fluctuations which should correspond to the operators O2 and O3.
An interesting comment is in order at this point. Notice that the dibaryon excitations

should come out with the multiplicities associated to the SU(2) spin (see Table 2.1) of the Oi

operators. However, in order to tackle this problem, we would need to consider at the same
time the fluctuation of the D3-brane probes and the zero-mode dynamics corresponding to
their collective motion along the sphere with coordinate θ and φ (see ref. [83] for a similar
discussion in the conifold case). This is an interesting problem that we leave open.

2.3 Supersymmetric D5-branes in AdS5 × Y p,q

In this section we will study the supersymmetric configurations of D5-branes in the AdS5 ×
Y p,q background. First of all, notice that in this case Γκ acts on the Killing spinors ǫ as:

Γκ ǫ =
i

6!
√−g ǫ

µ1···µ6 γµ1···µ6 ǫ
∗ , (2.3.1)

where we have used the relation (1.3.10) to translate eq. (2.1.1). The appearance of the
complex conjugation on the right-hand side of eq. (2.3.1) is crucial in what follows. Indeed,
the complex conjugation does not commute with the projections (1.2.99). Therefore, in order
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to construct an additional compatible projection involving the ǫ → ǫ∗ operation we need to
include a product of gamma matrices which anticommutes with both Γ12 and Γ34. As in the
D3-brane case just analyzed, this compatibility requirement between the Γκ ǫ = ǫ condition
and (1.2.99) implies a set of differential equations whose solutions, if any, determine the
supersymmetric embeddings we are looking for.

We will carry out successfully this program only in the case of a D5-brane extended
along a two-dimensional submanifold of Y p,q. One expects that these kinds of configurations
represent wall defects in the field theory. When we allow the D5-brane to extend infinitely
in the holographic direction, we get a configuration dual to a defect conformal field theory.
In the remainder of this section we will find the corresponding configurations of the D5-
brane probe. Moreover, in section 2.5 we will find, based on a different set of worldvolume
coordinates, another embedding of this type preserving the same supersymmetry as the one
found in the present section and we will analyze the effect of adding flux of the worldvolume
gauge fields. In section 2.5 we will also look at the possibility of having D5-branes wrapped
on a three-dimensional submanifold of Y p,q. This configuration looks like a domain wall
in the field theory dual and although these configurations are not supersymmetric, we have
been able to find stable solutions of the equations of motion. The case in which the D5-brane
wraps the entire Y p,q corresponds to the baryon vertex. In this configuration, studied also
in section 2.5, the D5-brane captures the flux of the RR five-form, which acts as a source for
the electric worldvolume gauge field. We will conclude in section 2.5 that this configuration
cannot be supersymmetric, in analogy with what happens in the conifold case [105].

2.3.1 Wall defect solutions

We want to find a configuration in which the D5-brane probe wraps a two-dimensional
submanifold of Y p,q and is a codimension one object in AdS5. Accordingly, let us place the
probe at some constant value of one of the Minkowski coordinates (say x3) and let us extend
it along the radial direction. To describe such an embedding we choose the following set of
worldvolume coordinates for a D5-brane probe

ξµ = (t, x1, x2, r, θ, φ) , (2.3.2)

and we adopt the following ansatz:

y = y(θ, φ) , β = β(θ, φ) , (2.3.3)

with x3 and ψ constant. The induced Dirac matrices can be computed straightforwardly from
eq. (1.3.12). From the general expression (2.3.1) one readily gets that the kappa symmetry
matrix acts on the spinor ǫ as:

Γκ ǫ =
i√−g

r2

L2
Γx0x1x2r γθφ ǫ

∗ . (2.3.4)

By using the complex conjugate of the projections (1.2.99) one gets:

6

L2
γθφ ǫ

∗ =
[
bI + b15 Γ15 + b35 Γ35 + b13 Γ13

]
ǫ∗ , (2.3.5)
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where the different coefficients are:

bI = −i
[
(1 − cy) sin θ + c cos θ yθ + yφβθ − yθβφ

]
,

b15 = −
√

2

3

1

H

[
(1 − cy) cos θ yθ + y (βφ yθ − βθ yφ)

]
− i

√
2

3
H cos θ βθ ,

b35 =

√
2

3

√
1 − cy

[
(1 − cy) cos θ + yβφ

]
+ i

√
2

3

√
1 − cy y sin θβθ ,

b13 =
√

1 − cy
[ yφ
H

− Hβθ sin θ
]

+ i
√

1 − cy
[ sin θ

H
yθ − H (c cos θ − βφ)

]
.(2.3.6)

As discussed above, in this case the action of Γκ involves the complex conjugation, which
does not commute with the projections (1.2.99). Actually, the only term on the right-hand
side of (2.3.5) which is consistent with (1.2.99) is the one containing Γ13. Accordingly, we
must require:

bI = b15 = b35 = 0 . (2.3.7)

From the vanishing of the imaginary part of b15 we get:

βθ = 0 , (2.3.8)

while the vanishing of the real part of b15 leads to:

βφ = −1 − cy

y
cos θ . (2.3.9)

Notice that b35 is zero as a consequence of equations (2.3.8) and (2.3.9) which, in particular
imply that:

β = β(φ) . (2.3.10)

Moreover, by using eq. (2.3.8), the condition bI = 0 is equivalent to

(1 − cy) sin θ + (c cos θ − βφ)yθ = 0 , (2.3.11)

and plugging the value of βφ from (2.3.9), one arrives at:

yθ = −(1 − cy) y tan θ . (2.3.12)

In order to implement the kappa symmetry condition at all points of the worldvolume the
phase of b13 must be constant. This can be achieved by requiring that the real part of b13
vanishes, which for βθ = 0 is equivalent to the condition yφ = 0, i.e.:

y = y(θ) . (2.3.13)

The equation (2.3.12) for y(θ) is easily integrated, namely:

y

1 − cy
= k cos θ , (2.3.14)
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where k is a constant. Moreover, by separating variables in eq. (2.3.9), one concludes that:

βφ = m , (2.3.15)

where m is a new constant. Plugging (2.3.14) into eq. (2.3.9) and using the result (2.3.15)
one concludes that the two constants m and k must be related as:

km = −1 , (2.3.16)

which, in particular implies that k and m cannot vanish. Thus, the embedding of the D5-
brane becomes

β = mφ+ β0 ,

y = − cos θ

m− c cos θ
. (2.3.17)

Notice that the solution (2.3.17) is symmetric under the change m → −m, θ → π − θ and
φ→ 2π − φ. Thus, from now on we can assume that m ≥ 0.

It is now straightforward to verify that the BPS equations are equivalent to impose the
following condition on the spinor ǫ:

Γx0x1x2r13ǫ
∗ = σǫ , (2.3.18)

where σ is:

σ = sign
( cos θ

y

)
= −sign

(
m − c cos θ

)
. (2.3.19)

Obviously, the only valid solutions are those which correspond to having a constant sign
σ along the worldvolume. This always happens for m/c ≥ 1. In this case the minimal
(maximal) value of θ is θ = 0 (θ = π) if |m − c||y1| > 1 (|m − c||y2| > 1). Otherwise the
angle θ must be restricted to lie in the interval θ ∈ [θ1, θ2], where θ1 and θ2 are given by:

θi = arccos
[ myi
cyi − 1

]
, (i = 1, 2) . (2.3.20)

Notice that, similarly to what we obtained in the previous section, eq.(2.3.17) implies that
the configuration we arrived at does not, in general, correspond to a wrapped brane but to
a D5-brane that spans a two-dimensional submanifold with boundaries.

Let us now count the number of supersymmetries preserved by our configuration. In
order to do so we must convert eq. (2.3.18) into an algebraic condition on a constant spinor.
With this purpose in mind let us write the general form of ǫ as the sum of the two types of
spinors written in eq. (1.2.101), namely:

e
i
2
ψ ǫ = r−

1
2 η+ + r

1
2

( x̄3

L2
Γrx3 η+ + η−

)
+

r
1
2

L2
xp Γrxp η+ , (2.3.21)

where x̄3 is the constant value of the coordinate x3 in the embedding and the index p runs
over the set {0, 1, 2}. By substituting eq. (2.3.21) on both sides of eq. (2.3.18), one can get
the conditions that η+ and η− must satisfy. Indeed, let us define the operator P as follows:

P ǫ ≡ iσeiψ0 Γrx3 Γ13 ǫ
∗ . (2.3.22)
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Then, one can check that eq. (2.3.18) is equivalent to:

P η+ = η+ ,

(1 + P ) η− = −2x̄3

L2
Γrx3 η+ . (2.3.23)

As P2 = 1, we can classify the four spinors η− according to their P-eigenvalue as: P η
(±)
− =

±η(±)
− . We can now solve the system (2.3.23) by taking η+ = 0 and η− equal to one of the

two spinors η
(−)
− of negative P-eigenvalue. Moreover, there are other two solutions which

correspond to taking a spinor η
(+)
− of positive P-eigenvalue and a spinor η+ related to the

former as:

η+ =
L2

x̄3
Γrx3 η

(+)
− . (2.3.24)

Notice that, according to the first equation in (2.3.23), the spinor η+ must have positive
P-eigenvalue, in agreement with eq. (2.3.24). All together this configuration preserves four
supersymmetries, i.e. one half of the supersymmetries of the background, as expected for a
wall defect.

2.3.2 The calibrating condition

For any two-dimensional submanifold L̃ of Y p,q one can construct its three-dimensional cone
L ⊂ CY p,q. The holomorphic (3, 0) form Ω of CY p,q can be naturally used to calibrate such
submanifolds. Indeed, L is called a special Lagrangian submanifold of CY p,q if the pullback
of Ω to L is, up to a constant phase, equal to the volume form of L, namely:

P
[
Ω
]
L

= eiλ Vol (L) , (2.3.25)

where λ is constant on L. If the cone L is special Lagrangian, its base L̃ is said to be special
Legendrian. It has been argued in ref. [115] that the supersymmetric configurations of a
D5-brane extended along a two-dimensional submanifold L̃ of a Sasaki-Einstein space are
those for which L is special Lagrangian. Let us check that this is indeed the case for the
embeddings (2.3.17). First of all, we notice that the expression of Ω written in (1.2.89) can
be recast as:

Ω = eiψ r2 Ω4 ∧
[
dr + i

r

L
e5
]
, (2.3.26)

where Ω4 is the two-form:

Ω4 =
1

L2

(
e1 + ie2

)
∧
(
e3 − ie4

)
. (2.3.27)

In eqs. (2.3.26) and (2.3.27) e1, · · · , e5 are the vielbein one-forms of (1.2.71). Moreover, the
volume form of L can be written as:

Vol (L) = r2dr ∧ Vol (L̃) . (2.3.28)
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For our embeddings (2.3.17) one can check that:

Vol (L̃) =
H

6

∣∣∣ cos θ

y

∣∣∣
√

1 − cy

[
1 + (1 − cy)

y2

H2
tan2 θ

]
dθ ∧ dφ . (2.3.29)

It is now straightforward to verify that our embeddings (2.3.17) satisfy (2.3.25) with eiλ =
−iσeiψ, where σ is the constant sign defined in (2.3.19) (recall that in our ansatz (2.3.3) the
angle ψ is constant). Thus, we conclude that L̃ is special Legendrian, as claimed. Moreover,
one can check that:

P
[
J
]
L

= 0 . (2.3.30)

2.3.3 Energy bound

Let us consider a generic embedding y = y(θ), β = β(φ) and let us define the following
functions of θ and y

∆θ ≡ −y(1 − cy) tan θ , ∆φ ≡ −1 − cy

y
cos θ . (2.3.31)

In terms of these functions the BPS equations (2.3.9) and (2.3.12) are simply yθ = ∆θ

and βφ = ∆φ. We have checked that any solution of this first-order equations also solves the
Euler-Lagrange equations derived from the Dirac-Born-Infeld lagrangian (2.2.53). Moreover,
the hamiltonian density H =

√−g satisfies a BPS bound as in (2.2.56), where Z is a total
derivative. To prove this statement, let us notice that H can be written as:

H =
r2

6

H√
1 − cy

∣∣∣ y

cos θ

∣∣∣
√

∆2
φ + (1 − cy)

cos2 θ

y2H2
y2
θ ×

×
√

(c cos θ − βφ)2 +
cos2 θ

H2y2(1 − cy)
∆2
θ +

2y2

3H2
(βφ − ∆φ)2 . (2.3.32)

Let us now rewrite H as H = |Z| + S, where

Z =
r2

6

H√
1 − cy

y

cos θ

[ cos2 θ

y2H2
∆θ yθ − (c cos θ − βφ)∆φ

]
. (2.3.33)

One can check that |Z||BPS =
√−g|BPS. Moreover, for arbitrary functions y = y(θ) and

β = β(φ), one can verify that Z is a total derivative, namely:

Z =
∂

∂θ
Zθ +

∂

∂φ
Zφ . (2.3.34)

In order to write the explicit expressions of Zθ and Zφ, let us define the function g(y) as
follows:

g(y) ≡ −
∫ √

1 − cy

H(y)
dy . (2.3.35)
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Then one can verify that eq. (2.3.34) is satisfied for Zθ and Zφ given by:

Zθ =
r2

6
sin θ g(y) ,

Zφ =
r2

6

[
− cos θ g(y)φ + H(y)

√
1 − cy (cφ cos θ − β)

]
. (2.3.36)

One can prove that H ≥
∣∣Z
∣∣ is equivalent to:

cos2 θ

y2(1 − cy)

[
∆φ ∆θ + (1 − cy) (c cos θ − βφ) yθ

]2
+

2y2

3

[
∆2
φ +

(1 − cy) cos2 θ

y2H2
y2
θ

]
[ βφ − ∆φ ]2 ≥ 0 , (2.3.37)

which is always satisfied. Moreover, by using that (c cos θ − βφ)|BPS = cos θ/y, one can
prove that this inequality is saturated precisely when the BPS differential equations are
satisfied.

2.4 Supersymmetric D7-branes in AdS5 × Y p,q

For a D7-brane the kappa symmetry matrix (2.1.1) takes the form:

Γk = − i

8!
√−g ǫ

µ1...µ8γµ1...µ8 , (2.4.1)

where, again, we have used the rules of eq. (1.3.10) to write the expression of Γk acting on
complex spinors. The D7-branes which fill the four Minkowski spacetime directions and ex-
tend along some holographic non-compact direction can be potentially used as flavour branes,
i.e. as branes whose fluctuations can be identified with the dynamical mesons of the gauge
theory. In this section we will find a family of these configurations which preserve four super-
symmetries. In section 2.5 we will determine another family of supersymmetric spacetime
filling configurations of D7-branes and we will also demonstrate that there are embeddings
in which the D7-brane wraps the entire Y p,q space and preserve two supersymmetries.

2.4.1 Spacetime filling D7-brane

Let us choose a system of worldvolume coordinates motivated by the spacetime filling char-
acter of the configuration that we are trying to find, namely:

ξ = (t, x1, x2, x3, y, β, θ, φ). (2.4.2)

The ansatz we will adopt for the embedding is:

ψ = ψ(β, φ), r = r(y, θ). (2.4.3)
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In this case the general expression of Γκ (eq. (2.4.1)) reduces to:

Γκ = −i r4

L4
√−g Γx0···x3 γyβθφ . (2.4.4)

In order to implement the Γκ ǫ = ǫ condition we require that the spinor ǫ is an eigenvector
of the matrix Γ∗ defined in eq. (1.2.96). Then, according to eq. (1.2.101), Γ∗ǫ = −ǫ, i.e. ǫ
is of the form ǫ− and, therefore, it satisfies:

Γx0···x3 ǫ− = iǫ− . (2.4.5)

Moreover, as ǫ− has fixed ten-dimensional chirality, the condition (2.4.5) implies:

Γr5ǫ− = −iǫ− . (2.4.6)

By using the projection (2.4.5), one immediately arrives at:

Γκ ǫ− =
r4

L4
√−g γyβθφ ǫ− . (2.4.7)

After using eqs. (1.2.99) and (2.4.6), the action of γyβθφ on ǫ can be written as:

1

L4
γyβθφ ǫ− =

[
dI + d15 Γ15 + d35 Γ35 + d13Γ13

]
ǫ− , (2.4.8)

where the different coefficients are given by:

dI =
1 − cy

36
sin θ +

1 − cy

18
sin θ (y + ψβ)

ry
r

− 1

18

[
(1 + cψβ) cos θ + ψφ

] rθ
r
,

d15 = i
1 − cy

6
√

6
H sin θ

[ ry
r

− y + ψβ
3H2

]
,

d35 = −i
√

1 − cy

6
√

6

[
sin θ

rθ
r

+
1

3

(
(1 + cψβ) cos θ + ψφ )

]
,

d13 =

√
1 − cy

18
H
[

sin θ
y + ψβ
H2

rθ
r

+
(
(1 + cψβ) cos θ + ψφ

) ry
r

]
. (2.4.9)

As the terms containing the matrices Γ15, Γ35 and Γ13 give rise to projections which are not
compatible with those in eq. (1.2.99), we have to impose that:

d15 = d35 = d13 = 0 . (2.4.10)

From the vanishing of d15 and d35 we obtain the following first-order differential equations

ry = Λy , rθ = Λθ , (2.4.11)

where we have defined Λy and Λθ as:

Λy =
r

3H2

(
y + ψβ

)
,

Λθ = − r

3 sin θ

[
(1 + cψβ) cos θ + ψφ

]
. (2.4.12)
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Notice that the equations (2.4.11) imply that d13 = 0. One can also check that r4 dI =
√−g

if the first-order equations (2.4.11) hold and, therefore, one has indeed that Γκǫ− = ǫ−.
Thus, any Killing spinor of the type ǫ = ǫ−, with ǫ− as in eq. (1.2.101), satisfies the kappa
symmetry condition if the BPS equations (2.4.11) hold. Therefore, these configurations
preserve the four ordinary supersymmetries of the background and, as a consequence, they
are 1/8 supersymmetric.

Integration of the first-order equations

Let us now obtain the general solution of the system (2.4.11). Our first observation is that,
according to (2.4.3), the only dependence on the coordinates β and φ appearing in eqs.
(2.4.11) and (2.4.12) comes from the derivatives of ψ. Therefore, for consistency with the
assumed dependence of the functions of the ansatz (2.4.3), ψφ and ψβ must be constants.
Thus, let us write:

ψφ = n1 , ψβ = n2 , (2.4.13)

which can be trivially integrated, namely:

ψ = n1 φ + n2 β + constant . (2.4.14)

It is now easy to obtain the function r(θ, y). The equations to integrate are:

ry =
r

3H2
(y + n2) , rθ = − r

3 sin θ

[
(1 + cn2) cos θ + n1

]
. (2.4.15)

Let us first integrate the equation for rθ in (2.4.15). We get:

r(y, θ) =
A(y)

[
sin θ

2

] 1+n1+cn2
3

[
cos θ

2

] 1−n1+cn2
3

, (2.4.16)

with A(y) a function of y to be determined. Plugging this result in the equation for ry in
(2.4.15), we get the following equation for A:

1

A

dA

dy
=

1

3

y + n2

H2
, (2.4.17)

which can be integrated immediately, namely:

A3(y) = C
[
f1(y)

]n2

f2(y) , (2.4.18)

with C a constant and f1(y) and f2(y) being the functions defined in (1.2.87). Then, we can
write r(y, θ) as:

r3(y, θ) = C

[
f1(y)

]n2

f2(y)
[
sin θ

2

]1+n1+cn2
[
cos θ

2

]1−n1+cn2
. (2.4.19)

Several comments concerning the solution displayed in eqs. (2.4.14) and (2.4.19) are in order.
First of all, after a suitable change of variables it is easy to verify that for c = 0 one recovers



2.4. SUPERSYMMETRIC D7-BRANES IN ADS5 × Y P,Q 85

from (2.4.14) and (2.4.19) the family of D7-brane embeddings in AdS5 × T 1,1 found in ref.
[105]. Secondly, the function r(y, θ) in (2.4.19) always diverges for some particular values of
θ and y, which means that the probe always extends infinitely in the holographic direction.
Moreover, for some particular values of n1 and n2 there is a minimal value of the coordinate
r, which depends on the integration constant C. This fact is important when one tries to
use these D7-brane configurations as flavour branes, since this minimal value of r provides
us with an energy scale, which is naturally identified with the mass of the dynamical quarks
added to the gauge theory. It is also interesting to obtain the form of the solution written
in eqs. (2.4.14) and (2.4.19) in terms of the complex variables zi defined in (1.2.86). After a
simple calculation one can verify that this solution can be written as a polynomial equation
of the form:

zm1
1 zm2

2 zm3
3 = constant , (2.4.20)

where the mi’s are constants and m3 6= 0.3 The relation between the mi’s of (2.4.20) and
the ni’s of eqs. (2.4.14) and (2.4.19) is:

n1 =
m1

m3

, n2 =
m2

m3

. (2.4.21)

Notice that when n2 = m2 = 0 the dependence on β disappears and the configuration
is reminiscent of its analog in the conifold case [105]. When n2 6= 0 the D7-brane winds
infinitely the ψ-circle.

2.4.2 Energy bound

As it happened in the case of D3- and D5-branes, one can verify that any solution of the
first-order equations (2.4.11) also solves the equations of motion. We are now going to check
that there exists a bound for the energy which is saturated by the solutions of the first-order
equations (2.4.11). Indeed, let r(y, θ) and ψ(β, φ) be arbitrary functions. The hamiltonian
density H =

√−g in this case can be written as:

H =
r2

6
sin θ

√√√√
(
r2
θ + (1 − cy)

[
H2 r2

y +
r2

6

])(
Λ2
θ + (1 − cy)

[
H2 Λ2

y +
r2

6

])
,

(2.4.22)
where Λy and Λθ are the functions displayed in eq. (2.4.12). Let us rewrite this function H
as Z + S, where Z is given by:

Z =
r2

6
sin θ

[
rθΛθ + (1 − cy)

(
H2 ry Λy +

r2

6

)]
. (2.4.23)

One can prove that Z is a total derivative:

Z = ∂θ Zθ + ∂y Zy , (2.4.24)

3It is natural to expect a condition of the form f(z1, z2, z3) = 0, where f is a general holomorphic function
of its arguments. However, in order to be able to solve the problem analytically we started from a restrictive
ansatz (2.4.3) that, not surprisingly, leads to a particular case of the expected answer.
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where Zθ and Zy are:

Zθ = − r4

72

[
ψφ + (1 + cψβ) cos θ

]
,

Zy =
r4

72
(1 − cy) (y + ψβ) sin θ . (2.4.25)

Moreover, when Z is given by (2.4.23), one can demonstrate the bound (2.2.56). Actually,
one can show that the condition H ≥ |Z| is equivalent to the inequality:

(rθ − Λθ)
2 + H2 (1 − cy) (ry − Λy)

2 +
H2

r2
(rθ Λy − ry Λθ)

2 ≥ 0 , (2.4.26)

which is always satisfied and is saturated precisely when the BPS equations (2.4.11) are
satisfied. Notice also that Z|BPS is positive.

2.5 Other interesting possibilities

Let us now look at some other configurations of different branes and cycles not considered so
far. We first consider D3-branes extended along one of the Minkowski coordinates and along
a two-dimensional submanifold of Y p,q. These configurations represent “fat” strings from the
point of view of the gauge theory. We verify in subsection 2.5.1 that an embedding of this
type breaks completely the supersymmetry, although there exist stable non-supersymmetric
“fat” strings. In subsection 2.5.2 we find a new configuration of a D5-brane wrapping a two-
dimensional submanifold, whereas in subsection 2.5.3 we add worldvolume flux to the wall
defect solutions of section 2.3. In subsection 2.5.4 we consider the possibility of having D5-
branes wrapping a three-cycle. We show that such embeddings cannot be supersymmetric,
even though stable solutions of the equations of motion with these characteristics do exist.
In subsection 2.5.5 we analyze the baryon vertex configuration and we verify that such
embedding breaks supersymmetry completely. In subsection 2.5.6 we explore the existence
of spacetime filling supersymmetric configurations of D7-branes by using a set of worldvolume
coordinates different from those used in section 2.4. Finally, in subsection 2.5.7 we show that
a D7-brane can wrap the whole Y p,q space and preserve some fraction of supersymmetry. It
can be thought of as a codimension two defect in the gauge theory dual.

2.5.1 D3-branes on a two-submanifold

Let us take a D3-brane which is extended along one of the spatial directions of the worldvol-
ume of the D3-branes of the background (say x1) and wraps a two-dimensional cycle. The
worldvolume coordinates we will take are

ξµ = (x0, x1, θ, φ) , (2.5.1)

and we will look for embeddings with x2, x3, r and ψ constant and with

y = y(θ, φ) , β = β(θ, φ) . (2.5.2)



2.5. OTHER INTERESTING POSSIBILITIES 87

In this case the kappa symmetry matrix acts on ǫ as:

Γκ ǫ = − i√−g
r2

L2
Γx0x1 γθφ ǫ . (2.5.3)

The expressions of γθ and γφ are just those calculated in section 2.3 and γθφ ǫ can be obtained
by taking the complex conjugate of eq. (2.3.5):

6

L2
γθφ ǫ =

[
b∗I + b∗15 Γ15 + b∗35 Γ35 + b∗13 Γ13

]
ǫ , (2.5.4)

where the b’s are given in eq. (2.3.6). Since now the complex conjugation does not act on
the spinor ǫ, the only possible projection compatible with those of the background is the one
originated from the term with the unit matrix in the previous expression. Then, we must
require:

b15 = b35 = b13 = 0 . (2.5.5)

The conditions b15 = 0 and b35 = 0 are equivalent and give rise to eqs. (2.3.8) and (2.3.9),
which can be integrated as in eq. (2.3.17). Moreover, the condition b13 = 0 leads to the
equation:

y

H2
yθ = cot θ . (2.5.6)

The integration of this equation can be straightforwardly performed in terms of the function
f2(y) defined in eq. (1.2.87) and can be written as:

1√
a− 3y2 + 2cy3

= k sin θ , (2.5.7)

with k being a constant of integration, which should be related to the constant m in eq.
(2.3.17). However, the dependence of y on θ written in the last equation does not seem to
be compatible with the one of eq. (2.3.17) (even for c = 0). Thus, we conclude that there is
no solution for the kappa symmetry condition in this case.

If we forget about the requirement of supersymmetry it is not difficult to find solutions
of the Euler-Lagrange equations of motion of the D3-brane probe. Indeed, up to irrelevant
global factors, the lagrangian for the D3-brane considered here is the same as the one cor-
responding to a D5-brane extended along a two-dimensional submanifold of Y p,q. Thus, the
embeddings written in eq. (2.3.17) are stable solutions of the equations of motion of the
D3-brane which represent a “fat” string from the gauge theory point of view.

2.5.2 More D5-branes wrapped on a two-cycle

Let us consider a D5-brane wrapped on a two-cycle and let us choose the following set of
worldvolume coordinates: ξµ = (x0, x1, x2, r, θ, y). The embeddings we shall consider have
x3 and ψ constant and φ = φ(θ, y), β = β(θ, y). For this case, one has:

Γκ ǫ =
i√−g

r2

L2
Γx0x1x2r γθy ǫ

∗ . (2.5.8)
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where
6

L2
γθy ǫ

∗ =
(
fI + f15Γ15 + f35Γ35 + f13Γ13

)
ǫ∗ , (2.5.9)

and the different coefficients are given by:

fI = −i
(

(1 − cy) sin θ φy − c cos θφθ + βθ

)
,

f15 =

√
2

3

1

H

(
yβθ + (1 − cy) cos θφθ

)
+ i

√
2

3
H cos θ

(
βy φθ − βθ φy

)
, (2.5.10)

f35 =

√
2

3

√
1 − cy

[(
yβy + (1 − cy) cos θφy

)
− i y sin θ

(
βy φθ − βθ φy

)]
,

f13 =
√

1 − cy
[( 1

H
+ H sin θ ( βy φθ − βθ φy )

)
− i
(sin θ

H
φθ −H(βy − c cos θφy)

)]
.

The BPS conditions in this case are the following:

fI = f15 = f35 = 0 . (2.5.11)

From the vanishing of fI we get the equation:

βθ + (1 − cy) sin θ φy − c cos θφθ = 0 . (2.5.12)

Moreover, the vanishing of f15 and f35 is equivalent to the equations:

yβθ + (1 − cy) cos θφθ = 0 ,

yβy + (1 − cy) cos θ φy = 0 ,

βy φθ − βθ φy = 0 . (2.5.13)

Notice that this system of equations is redundant, i.e. the first two equations are equivalent
if one uses the last one. Substituting the value of βθ as given by the first equation in (2.5.13)
into (2.5.12), one can get a partial differential equation which only involves derivatives of φ,
namely:

cot θ φθ − y(1 − cy)φy = 0 . (2.5.14)

By using in (2.5.14) the last equation in (2.5.13), one gets:

cot θ βθ − y(1 − cy) βy = 0 . (2.5.15)

Eqs. (2.5.14) and (2.5.15) can be easily integrated by the method of separation of variables.
One gets

φ = A

[
y

(1 − cy) cos θ

]α
+ φ0 ,

β =
α

1 − α
A

[
y

(1 − cy) cos θ

]α−1

+ β0 , (2.5.16)

where A, α, φ0 and β0 are constants of integration and we have used eq. (2.5.13) to relate
the integration constants of φ and β. However, in order to implement the condition Γκ ǫ = ǫ,
one must require the vanishing of the imaginary part of f13. This only happens if φ and β
are constant, i.e. when A = 0 in the above solution. One can check that this configuration
satisfies the equations of motion.
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2.5.3 D5-branes on a two-submanifold with flux

We now analyze the effect of adding flux of the worldvolume gauge field F to the configura-
tions of section 2.3 4. Notice that we now have a non-zero contribution from the Wess-Zumino
term of the action, which is of the form5:

LWZ = P [C(4) ] ∧ F . (2.5.17)

Let us suppose that we switch on a worldvolume gauge field along the angular directions
(θ, φ). We will adopt the ansatz:

Fθφ = q K(θ, φ) , (2.5.18)

where q is a constant and K(θ, φ) a function to be determined. The relevant components of
P [C(4) ] are

P [C(4) ]x0x1x2r = h−1 ∂x
3

∂r
, (2.5.19)

where h = L4/r4. It is clear from the above expression of LWZ that a nonvanishing value
of q induces a dependence of x3 on r. In what follows we will assume that x3 = x3(r), i.e.
that x3 only depends on r. Let us assume that the angular embedding satisfies the same
equations as in the case of zero flux. The Lagrangian density in this case is given by:

L = −h− 1
2

√
1 + h−1 (x′)2

√
gθθgφφ + q2K2 + q h−1x′K , (2.5.20)

where gθθ and gφφ are elements of the induced metric, we have denoted x3 simply by x and
the prime denotes derivative with respect to r. The equation of motion of x is:

−
√
gθθgφφ + q2K2

√
1 + h−1 (x′)2

h−
3
2 x′ + q h−1K = constant . (2.5.21)

Taking the constant on the right-hand side of the above equation equal to zero, we get the
following solution for x′:

x′(r) = q h
1
2
K(θ, φ)
√
gθθgφφ

. (2.5.22)

Notice that the left-hand side of the above equation depends only on r, whereas the right-
hand side can depend on the angles (θ, φ). For consistency the dependence of K(θ, φ) and√
gθθgφφ on (θ, φ) must be the same. Without lost of generality let us take K(θ, φ) to be:

L2 K(θ, φ) =
√
gθθgφφ , (2.5.23)

where the factor L2 has been introduced for convenience. Using this form of K, the differ-
ential equation which determines the dependence of x3 on r becomes:

x′(r) =
q

r2
, (2.5.24)

4A nice discussion of supersymmetric configurations with nonzero gauge field strengths by means of kappa
symmetry can be found in ref. [116].

5In this subsection we will rescale the gauge field F given in eqs. (1.3.6) and (1.3.8) by a factor of 2πα′.
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which can be immediately integrated, namely:

x(r) = x̄3 − q

r
. (2.5.25)

Moreover, the expression of K can be obtained by computing the induced metric along the
angular directions. It takes the form:

K(θ) = σ

√
1 − cy

6H(y)

[
H2(y) + (1 − cy)y2 tan2 θ

] cos θ

y
, (2.5.26)

where y = y(θ) is the function obtained in section 2.3 and σ = sign
(

cos θ/y
)
. Actually,

notice that K only depends on the angle θ and it is independent of φ.
We are now going to verify that the configuration just found is supersymmetric. The

expression of Γκ in this case has an additional term due to the worldvolume gauge field (see
eq. (1.3.8)). Actually, it is straightforward to check that in the present case

Γκ ǫ =
i√

− det(g + F )

r3

L3
Γx0x1x2

[
γr γθφ ǫ

∗ − γr Fθφ ǫ

]
. (2.5.27)

Notice that γr is given by:

γr =
L

r

(
Γr +

r2

L2
x′ Γx3

)
. (2.5.28)

For the angular embeddings we are considering it is easy to prove from the results of section
2.3 that:

γθφ ǫ
∗ = −iσL2K(θ) Γ13 ǫ

∗ . (2.5.29)

By using this result and the value of Fθφ (eq. (2.5.18)), one easily verifies that:

Γκ ǫ = − i

1 + q2

L4

Γx0x1x2r

[
iσΓ13 ǫ

∗ +
q

L2
iσ Γrx3 Γ13 ǫ

∗ +
q

L2
ǫ +

q2

L4
Γrx3 ǫ

]
. (2.5.30)

By using the explicit dependence of x on r (eq. (2.5.25)), one can write the Killing spinor ǫ
evaluated on the worldvolume as:

e
i
2
ψ ǫ = r−

1
2

(
1 − q

L2
Γrx3

)
η+ + r

1
2

( x̄3

L2
Γrx3 η+ + η−

)
+

r
1
2

L2
xp Γrxp η+ , (2.5.31)

where the constant spinors η± are the ones defined in eq. (1.2.100). Remarkably, one finds
that the condition Γκǫ = ǫ is verified if η+ and η− satisfy the same system (2.3.23) as is the
case of zero flux.

2.5.4 D5-branes wrapped on a three-cycle

We will now try to find supersymmetric configurations of D5-branes wrapping a three cy-
cle of the Y p,q space. Let us choose the following set of worldvolume coordinates ξµ =
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(x0, x1, x2, y, β, ψ) and consider an embedding with x3 and r constant, θ = θ(y, β) and
φ = φ(y, β). In this case:

Γκ ǫ =
i√−g

r3

L3
Γx0x1x2 γyβψ ǫ

∗ . (2.5.32)

The value of γyβψ ǫ
∗ can be obtained by taking the complex conjugate of eq. (2.2.29). As

c1 = c3 = 0 when θψ = φψ = 0, we can write:

i

L3
γyβψ ǫ

∗ =
[
c∗5 Γ5 + c∗135 Γ135

]
ǫ∗ . (2.5.33)

The only possible BPS condition compatible with the projections satisfied by ǫ is c5 = 0,
which leads to a projection of the type

Γx0x1x2Γ135 ǫ
∗ = λǫ , (2.5.34)

where λ is a phase. Notice that, however, as the spinor ǫ contains a factor e−
i
2
ψ, the

two sides of the above equation depend differently on ψ due to the complex conjugation
appearing on the left-hand side (λ does not depend on ψ). Thus, these configurations
cannot be supersymmetric. We could try to use another set of worldvolume coordinates, in
particular one which does not include ψ. After some calculation one can check that there is
no consistent solution.

For the ansatz considered above the lagrangian density of the D5-brane is, up to irrelevant
factors, the same as the one obtained in subsection 2.2.2 for a D3-brane wrapping a three-
dimensional submanifold of Y p,q. Therefore any solution of the first-order equations (2.2.34)
gives rise to an embedding of a D5-brane which solves the equations of motion and saturates
an energy bound. This last fact implies that the D5-brane configuration is stable, in spite
of the fact that it is not supersymmetric.

2.5.5 The baryon vertex

If a D5-brane wraps the whole Y p,q space, the flux of the Ramond-Ramond five form F (5)

that it captures acts as a source for the electric worldvolume gauge field which, in turn,
gives rise to a bundle of fundamental strings emanating from the D5-brane. This is the basic
argument of Witten’s construction of the baryon vertex [8], which we will explore in detail
now. In this case the probe action must include the worldvolume gauge field F in both the
Born-Infeld and Wess-Zumino terms. It takes the form6:

S = −T5

∫
d6ξ
√

− det(g + F ) + T5

∫
d6ξ A ∧ F (5) , (2.5.35)

where T5 is the tension of the D5-brane and A is the one-form potential for F (F = dA).
In order to analyze the contribution of the Wess-Zumino term in (2.5.35) let us rewrite the
standard expression of F (5) as:

F (5) =
L4

27
(1 − cy) sin θ dy ∧ dβ ∧ dθ ∧ dφ ∧ dψ + Hodge dual , (2.5.36)

6In this subsection we will rescale again the gauge field F given in eqs. (1.3.6) and (1.3.8) by a factor of
2πα′.
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where, for simplicity we are taking the string coupling constant gs equal to one. Let us also
choose the following set of worldvolume coordinates:

ξµ = (x0, y, β, θ, φ, ψ) . (2.5.37)

It is clear from the expressions of F (5) in (2.5.36) and of the Wess-Zumino term in (2.5.35)
that, for consistency, we must turn on the time component of the field A. Actually, we will
adopt the following ansatz:

r = r(y) , A0 = A0(y) . (2.5.38)

The action (2.5.35) for such a configuration can be written as:

S =
T5L

4

108
V4

∫
dx0dy Leff , (2.5.39)

where the volume V4 is :

V4 = 6

∫
dα dψ dφ dθ sin θ = 96π3 ℓ , (2.5.40)

and the effective lagrangian density Leff is given by:

Leff = (1 − cy)

[
−H

√
r2

H2
+ 6 (r′)2 − 6 (Fx0y)2 + 4A0

]
. (2.5.41)

Notice that, for our ansatz (2.5.38), the electric field is Fx0y = −∂yA0. Let us now introduce
the displacement field, defined as:

D(y) ≡ ∂Leff
∂Fx0y

=
6(1 − cy)HFx0y√

r2

H2 + 6 (r′)2 − 6 (Fx0y)2

. (2.5.42)

From the equations of motion of the system it is straightforward to determine D(y). Indeed,
the variation of S with respect to A0 gives rise to the Gauss’ law:

dD(y)

dy
= −4(1 − cy) , (2.5.43)

which can be immediately integrated, namely:

D(y) = −4

(
y − cy2

2

)
+ constant . (2.5.44)

By performing a Legendre transform in (2.5.39) we can obtain the energy of the configuration:

E =
T5L

4

108
V4

∫
dy H , (2.5.45)
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where H is given by:

H = (1 − cy)H

√
r2

H2
+ 6 (r′)2 − 6 (Fx0y)2 + D(y)Fx0y . (2.5.46)

Moreover, the relation (2.5.42) between D(y) and Fx0y can be inverted, with the result:

Fx0y =
1

6

√
r2

H2 + 6 (r′)2

√
D2

6
+ (1 − cy)2H2

D . (2.5.47)

Using the relation (2.5.47) we can rewrite H as:

H =

√
D2

6
+ (1 − cy)2H2

√
r2

H2
+ 6 (r′)2 , (2.5.48)

where D(y) is the function of the y coordinate displayed in (2.5.44). The Euler-Lagrange
equation derived from H is a second-order differential equation for the function r(y). This
equation is rather involved and we will not attempt to solve it here. In a supersymmetric
configuration one expects that there exists a first-order differential equation for r(y) whose
solution also solves the equations of motion. This first-order equation has been found in
ref. [117] for the AdS5 × S5 background. We have not been able to find such first-order
equation in this AdS5 × Y p,q case. A similar negative result was obtained in [105] for the
AdS5 × T 1,1 background. This result is an indication that this baryon vertex configuration
is not supersymmetric. Let us check explicitly this fact by analyzing the kappa symmetry
condition. In our case Γκ ǫ reduces to:

Γκ ǫ = − i√
− det( g + F )

[
r

L
Γx0 γyβθφψ ǫ

∗ − Fx0y γβθφψ ǫ

]
. (2.5.49)

The two terms on the right-hand side of (2.5.49) containing the antisymmetrised products
of gamma matrices can be written as:

γyβθφψ ǫ
∗ =

L5

108
(1 − cy) sin θ

(
Γ5 −

√
6H

r′

r
Γr15

)
ǫ∗ ,

γβθφψ ǫ = − L4

18
√

6
(1 − cy)H sin θ Γ15 ǫ . (2.5.50)

By using this result, we can write Γκ ǫ as:

Γκ ǫ = − i L4 (1 − cy)√
− det( g + F )

sin θ

[
r

108
Γx0Γ5 ǫ

∗ +
H

18
√

6

(
Fx0y Γ15 ǫ − r′ Γx0r15 ǫ

∗
)]

. (2.5.51)

In order to solve the Γκ ǫ = ǫ equation we shall impose, as in ref. [118], an extra projection
such that the contributions of the worldvolume gauge field Fx0y and of r′ in (2.5.51) cancel
each other. This can be achieved by imposing that Γx0r ǫ

∗ = ǫ and that Fx0y = r′. Notice
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that the condition Γx0r ǫ
∗ = ǫ corresponds to having fundamental strings in the radial

direction, as expected for a baryon vertex configuration. Moreover, as the spinor ǫ has fixed
ten-dimensional chirality, this extra projection implies that iΓx0Γ5 ǫ

∗ = −ǫ which, in turn, is
needed to satisfy the Γκ ǫ = ǫ equation. However, the condition Γx0r ǫ

∗ = ǫ is incompatible
with the conditions (1.2.99) and, then, it cannot be imposed on the Killing spinors. Thus,
as in the analysis of [105], we conclude from this incompatibility argument (which is more
general than the particular ansatz we are adopting here) that the baryon vertex configuration
breaks completely the supersymmetry of the AdS5 × Y p,q background.

2.5.6 More spacetime filling D7-branes

Let us adopt ξµ = (x0, x1, x2, x3, y, β, ψ, r) as our set of worldvolume coordinates for a D7-
brane probe and let us consider a configuration with θ = θ(y, β) and φ = φ(y, β). In this
case:

Γκ = − i√−g
r4

L4
Γx0x1x2x3 γyβψr . (2.5.52)

Let us take ǫ = ǫ−, where Γ∗ǫ− = −ǫ−(see eq. (1.2.101)). As γr = L
r

Γr, we can write:

r

L4
γyβψr ǫ− = −

[
c5 + c135 Γ13

]
ǫ− , (2.5.53)

where the coefficients c5 and c135 are exactly those written in eq. (2.2.30) for the D (doublet)
three-cycles. The BPS condition is just c135 = 0, which leads to the system of differential
equations (2.2.34). Thus, in this case the D7-brane extends infinitely in the radial direction
and wraps a three-dimensional submanifold of the Y p,q space of the type studied in subsection
2.2.2. These embeddings preserve four supersymmetries.

2.5.7 D7-branes wrapped on Y p,q

Let us take a D7-brane which wraps the entire Y p,q space and is extended along two spa-
tial directions. The set of worldvolume coordinates we will use in this case are ξµ =
(x0, x1, r, θ, φ, y, β, ψ) and we will assume that x2 and x3 are constant. The matrix Γκ in this
case is:

Γκ = − i√−g γx0x1rθφyβψ . (2.5.54)

Acting on a spinor ǫ of the background one can prove that

Γκ ǫ = iΓx0x1r5 ǫ , (2.5.55)

which can be solved by a spinor ǫ− = r
1
2 e−

i
2
ψ η−, with η− satisfying the additional projection

Γx0x1r5 η− = −iη−. Thus this configuration preserves two supersymmetries.
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2.6 Summary and Discussion

Let us briefly summarise the results of this chapter. Using kappa symmetry as the central
tool, we have systematically studied supersymmetric embeddings of branes in the AdS5×Y p,q

geometry. Our study focused on three kinds of branes D3, D5 and D7.

D3-branes: This is the case that we studied most exhaustively. For D3-branes wrapping
three-cycles in Y p,q we first reproduced all the results present in the literature. In particular,
using kappa symmetry, we obtained two kinds of supersymmetric cycles: localised at y1 and
y2 [25] and localised in the round S2 [26, 33]. For these branes we found perfect agreement
with the field theory results. Moreover, we also found a new class of supersymmetric em-
beddings of D3-branes in this background. They do not correspond to dibaryonic operators
since the D3-brane does not wrap a three-cycle. The field theory interpretation of these new
embeddings is not completely clear to us due to various issues with global properties. We
believe that they might be a good starting point to find candidates for representatives of
the integer part of the third homology group of Y p,q, just like the analogous family of cycles
found in [83, 105] were representative of the integer part H3(T

1,1,Z). It would be important
to understand these wrapped D3-branes in terms of algebraic geometry as well as in terms
of operators in the field theory dual, following the framework of ref. [111] which, in the case
of the conifold, emphasizes the use of global homogeneous coordinates. It is worth stressing
that such global homogeneous coordinates exist in any toric variety [119] but the relation to
the field theory operators is less clear in CY p,q. We analyzed the spectrum of excitations of a
wrapped D3-brane describing an SU(2)-charged dibaryon and found perfect agreement with
the field theory expectations. We considered other embeddings and found that a D3-brane
wrapping a two-cycle in Y p,q is not a supersymmetric state but, nevertheless, it is stable. In
the field theory this configuration describes a “fat” string.

D5-branes: The embedding that we paid the most attention to is a D5-brane extended
along a two-dimensional submanifold in Y p,q and having codimension one in AdS5. In the
field theory this is the kind of brane that represents a wall defect. When we allow the
D5-brane to extend infinitely in the holographic direction, we get a configuration dual to a
defect conformal field theory. We showed explicitly that such configuration preserves four
supersymmetries and saturates the expected energy bound. For this configuration we also
considered turning on a worldvolume flux and found that it can be done in a supersymmetric
way. The flux in the worldvolume of the brane provides a bending of the profile of the wall,
analogously to what happens in AdS5 × T 1,1 [105]. We showed the consistency of similar
embeddings in which the D5-brane wraps a different two-dimensional submanifold in Y p,q.
We also considered D5-branes wrapping three-cycles. This configuration looks like a domain
wall in the field theory dual and, although it cannot be supersymmetric, it is stable. Finally,
we considered a D5-brane wrapping the whole Y p,q, which corresponds to the baryon vertex.
We verified that, as in the case of T 1,1, it is not a supersymmetric configuration.

D7-branes: With the aim of introducing mesons in the corresponding field theory, we con-
sidered spacetime filling D7-branes. We explicitly showed that such configurations preserve
four supersymmetries and found the precise embedding in terms of the radial coordinate. We
found an interpretation of the embedding equation in terms of complex coordinates. We also
analyzed other spacetime filling D7-brane embeddings. Finally, we considered a D7-brane
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that wraps Y p,q and is codimension two in AdS5. This configuration looks, from the field
theory point of view, as a string (one-dimensional defect) and preserves two supersymmetries.

Part of our analysis of some branes could be made more precise. In particular, it would
be interesting to understand the new family of supersymmetric embeddings of D3-branes in
terms of algebraic geometry as well as in terms of operators in the field theory. We did not
present an analysis of the spectrum of excitations for all of the branes. In particular, we
would like to understand the excitations of the spacetime filling D7-branes and the baryon
vertex better. However, the study of the excitations of the flavour branes will turn out to be
more relevant in the background that we will display in chapter 4, where their backreaction
is taken into account.

In the next chapter we will present a similar systematic study of supersymmetric embed-
dings of branes in the AdS5 × La,b,c geometry, using again kappa symmetry as the central
tool.



Chapter 3

Supersymmetric Branes on
AdS5 × La,b,c

In this chapter, we aim at exhausting the study of D-brane probes at the tip of toric Calabi-
Yau cones on a base with topology S2 × S3 initiated in [105]. Thus, we perform the same
analysis as in the previous chapter but now in La,b,c theories. We will skip over many details1

since the analysis is pretty closed to the one in chapter 2. Furthermore, geometrical aspects
of the La,b,c manifold as well as the type IIB supergravity background AdS5 × La,b,c and its
field theory interpretation were reviewed in subsection 1.2.5.

In order to determine the supersymmetric embeddings of D-brane probes we employ again
kappa symmetry, as explained in subsection 1.3.2. This condition gives rise to a set of first-
order BPS differential equations whose solutions determine the details of the embedding.
As well, they solve the equations of motion derived from the DBI action of the probe while
saturating a bound for the energy [100].

3.1 D3-branes on three-cycles

In this section we consider D3-brane probes wrapping three-cycles of La,b,c. These are point-
like objects from the gauge theory point of view, corresponding to dibaryons constructed
from the different bifundamental fields of the quiver theory. There are other configurations
of physical interest that we will not discuss in this chapter. Though, we will briefly discuss
their most salient features in section 3.4.

Given a D3-brane probe wrapping a supersymmetric three-cycle C, the conformal dimen-
sion ∆ of the corresponding dual operator is proportional to the volume of the wrapped
three-cycle, as we already used in the previous chapter:

∆ =
π

2

Nc

L3

Vol(C)

Vol(La,b,c)
. (3.1.1)

1One should be careful with not getting confused with the notation, which is similar to that used in
chapter 2.
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Since the R-charge of a protected operator is related to its dimension by R = 2
3
∆, we can

readily compute the R-charge of the dibaryon operators. We also used in the previous chapter
that the baryon number associated to the D3-brane probe wrapping C (in units of Nc) can
be obtained as the integral over the cycle of the pullback of a (2, 1)-form Ω2,1:

B(C) = ±i
∫

C

P
[
Ω2,1

]
C
. (3.1.2)

The explicit form of Ω2,1 is:

Ω2,1 =
K

ρ̃4

( dr
r

+ i e5
)
∧
(
e1 ∧ e2 − e3 ∧ e4

)
, (3.1.3)

where K is a constant that will be determine below and we are using the frame displayed in
(1.2.112). Armed with these expressions, we can extract the relevant gauge theory informa-
tion of the configurations under study.

3.1.1 U1 dibaryons

Let us take the worldvolume coordinates (defined in subsection 1.2.5) for the D3-brane probe
to be ξµ = (T, x, ψ, τ̃), with θ = θ0 and φ = φ0 constant, and let us assume that the brane
is located at a fixed point in AdS5 (1.2.102). The action of the kappa symmetry matrix
(2.2.1) on the Killing spinor reads

Γκ ǫ = − i

4!
√− det g

ǫµ1···µ4 γµ1···µ4 ǫ = − iL4

√− det g

[
a5ΓT5 + a135 ΓT135

]
ǫ , (3.1.4)

where

a5 = −icosh ̺

2β
cos2 θ , a135 = −cosh ̺

4
√

∆x

(
1 − x

β

) √
∆θ sin(2θ) . (3.1.5)

Compatibility of (3.1.4) with the projections (1.2.133) demands a135 = 0. Since ∆θ cannot
vanish for positive α and β, this condition implies sin(2θ) = 0, i.e. θ = 0 or π/2. Due to
the fact that, for these configurations, the determinant of the induced metric is:

− det g =
L8

4

[
∆θ sin2(2θ)

4∆x

(
1 − x

β

)2

+
cos4 θ

β2

]
cosh2 ̺ , (3.1.6)

we must discard the θ = π/2 solution since the volume of the cycle would vanish in that case.
Thus, the D3-brane probe is placed at θ = 0 and the kappa symmetry condition Γκ ǫ = ǫ
reduces to the new projection:

ΓT5 ǫ = − ǫ , (3.1.7)

which can only be imposed at the center of AdS5. The corresponding configuration preserves
four supersymmetries.
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Given that the volume of U1 can be easily computed with the result

Vol(U1 ) =
πL3

β
(x2 − x1)

∆τ̃

k
, (3.1.8)

the corresponding value for the R-charge is:

RU1 =
2

3

α

α + β − x1 − x2
Nc =

2α

3x3
Nc , (3.1.9)

where we have used the second relation in (1.2.116). This result agrees with the value
expected for the operator det(U1) [30]. Let us now compute the baryon number associated
to the D3-brane probe wrapping U1. For the U1 cycle, we get

B(U1) = i

∫

U1

P
[
Ω2,1

]
U1

= − 2π2

αβ

c

a b
K , (3.1.10)

where we have used the second identity in (1.2.118). From the field theory analysis [30] it
is known that the baryon number of the U1 field should be −c (see Table 1.2 in chapter 1).
We can use this result to fix the constant K to:

K = − αβ

2π2
a b . (3.1.11)

Once it is fixed, formulas (3.1.2) and (3.1.3) allow us to compute the baryon number of any
D3-brane probe wrapping a three-cycle.

3.1.2 U2 dibaryons

Let us again locate the D3-brane probe at a fixed point in AdS5 and take the following set of
worldvolume coordinates ξµ = (T, x, φ, τ̃), with constant θ = θ0 and ψ = ψ0. The kappa
symmetry matrix now acts on the Killing spinor as

Γκǫ = − iL4

√− det g

[
b5ΓT5 + b135 ΓT135

]
ǫ , (3.1.12)

where

b5 = −icosh ̺

2α
sin2 θ , b135 =

cosh ̺

4
√

∆x

(
1 − x

α

) √
∆θ sin(2θ) . (3.1.13)

The BPS condition is b135 = 0, which can only be satisfied if sin(2θ) = 0. We have to
select now the solution θ = π

2
if we want to have a non-zero volume for the cycle. The

above condition defines the U2 cycle. The associated R-charge can be computed as above
and reads:

RU2 =
2β

3x3
Nc , (3.1.14)

in precise agreement with the gauge theory result [30]. The baryon number reads

B(U2) = i

∫

U2

P
[
Ω2,1

]
U2

= −c β
α

(α− x1)(α− x2)

(β − x1)(β − x2)
, (3.1.15)
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where we have used (3.1.11) and, after using the third identity in (1.2.118), we get:

B(U2) = −d = −(a + b− c) , (3.1.16)

in agreement with the field theory result [28] (see Table 1.2 in chapter 1). If we consider
the case a = p − q, b = p + q and c = p, which amounts to Y p,q, a U(1) factor of the
isometry group enhances to SU(2) and these dibaryons are constructed out of a doublet of
bifundamental fields.

3.1.3 Y, Z dibaryons

We now take the following set of worldvolume coordinates ξµ = (T, θ, ψ, τ̃) and the embed-
ding x = x0 and ψ′ = ψ′

0, where ψ′
0 is a constant and ψ′ = 3τ̃+φ+ψ is the angle conjugated

to the U(1)R charge (see eq. (1.2.129)). We implement this embedding in our coordinates
by setting φ(ψ, τ̃) = ψ′

0 − 3τ̃ − ψ. In this case

Γκǫ = − iL4

√− det g

[
c3ΓT3 + c5ΓT5 + c135 ΓT135

]
ǫ , (3.1.17)

where

c3 = 3i
ρ̃ cosh ̺

2αβ
sin(2θ)

√
∆x ,

c5 = i
cosh ̺

2αβ
sin(2θ)

(
3x2 − 2(α + β)x+ αβ

)
,

c135 =
cosh ̺

αβ

α cos2 θ (1 − 3 sin2 θ) − β sin2 θ (1 − 3 cos2 θ)√
∆θ

√
∆x . (3.1.18)

The BPS conditions are, as before, c3 = c135 = 0. Clearly these conditions are satisfied
only if ∆x = 0, or, in other words, when

x = x1 , x2 . (3.1.19)

Notice that the value of ψ′
0 is undetermined. The induced volume takes the form:

√
− det g

∣∣
x=xi

=
L4

2αβ

∣∣3x2
i − 2(α + β)xi + αβ

∣∣ sin(2θ) cosh ̺ . (3.1.20)

As before, the compatibility with the AdS5 SUSY requires that ̺ = 0. Let us denote by Xi

the cycle with x = xi. We get that the volumes are given by:

Vol
(
Xi

)
=

π

k α β

∣∣3x2
i − 2(α+ β)xi + αβ

∣∣ ∆τ̃ L3 . (3.1.21)

From this result we get the corresponding values of the R-charges, namely:

RY =
2Nc

3

x3 − x1

x3
, RZ =

2Nc

3

x3 − x2

x3
, (3.1.22)
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where Y = X1 and Z = X2. Let us now compute the baryon number of these cycles. The
pullback of the three-form Ω2,1 to the cycles with x = xi and ψ′ = ψ′

0 is:

P
[
Ω2,1

]
x=xi

= iK
(3x2

i − 2(α + β)xi + αβ)

2αβ

sin(2θ)

ρ̃4
dθ ∧ dψ ∧ dτ̃ , (3.1.23)

where K is the constant written in (3.1.11). We obtain:

B(Xi) = −i
∫

Xi

P
[
Ω2,1

]
Xi

=
π

k αβ
K

3x2
i − 2(α + β)xi + αβ

(α − xi) (β − xi)
∆τ̃ . (3.1.24)

Taking into account the third identity in (1.2.118), we get:

B(Y) = a , B(Z) = b , (3.1.25)

as it should [30] (see Table 1.2 in chapter 1).

3.1.4 Generalised embeddings

In this subsection we show that there are generalised embeddings of D3-brane probes that can
be written in terms of the local complex coordinates (1.2.122) as holomorphic embeddings
or divisors of CLa,b,c. Let us consider, for example, (T, x, ψ, τ̃) as worldvolume coordinates
and the ansatz

θ = θ(x, ψ) , φ = φ(x, ψ) . (3.1.26)

This ansatz is a natural generalisation of the one used in subsection 3.1.1. The case where
the worldvolume coordinate ψ is changed by φ, can be easily addressed by changing α → β
and θ → π/2 − θ. Putting the D3-brane at the center of AdS5, we get that the kappa
symmetry condition is given by an expression as in (3.1.4)

Γκǫ = − iL4

√− det g

[
a5ΓT5 + a135 ΓT135

]
ǫ , (3.1.27)

where a5 and a135 are now given by:

a5 = − i

2

[
cos2 θ

β
+

sin2 θ

α
φψ + sin(2θ)

{(
1 − x

β

)
θx −

(
1 − x

α

)(
θxφψ − θψφx

)} ]
,

a135 = −
√

∆θ

∆x

sin(2θ)

4

[
1 − x

β
−
(

1 − x

α

)
φψ

]
+

√
∆x

∆θ

[
cos2 θ

β
θx +

+
sin2 θ

α

(
θxφψ − θψφx

) ]
+

i

2

[√
∆x∆θ

sin(2θ)

αβ
φx − ρ̃2

√
∆x∆θ

θψ

]
. (3.1.28)

The BPS condition a135 = 0 reduces to the following pair of differential equations:

cos2 θ

β
θx +

sin2 θ

α

(
θxφψ − θψφx

)
=

∆θ

∆x

[
1 − x

β
−
(

1 − x

α

)
φψ

]
sin(2θ)

4
,

ρ̃2θψ =
∆x∆θ

αβ
sin(2θ)φx . (3.1.29)
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The integral of the above equations can be simply written as:

z2 = f(z1) , (3.1.30)

where z1 and z2 are the local complex coordinates of CLa,b,c written in eq. (1.2.122) and f(z1)
is an arbitrary holomorphic function. Actually, if ξµ is an arbitrary worldvolume coordinate,
one has:

∂ξµ z2 = f ′(z1) ∂ξµ z1 . (3.1.31)

One can eliminate the function f in the above equation by considering the derivatives with
respect to two worldvolume coordinates ξµ and ξν . One gets:

∂ξµ log z2 ∂ξν log z1 = ∂ξν log z2 ∂ξµ log z1 . (3.1.32)

Taking ξµ = x and ξν = ψ in the previous equation and considering that the other coordinates
θ and φ entering z1 and z2 depend on (x, ψ) (as in the ansatz (3.1.26)), one can prove that
(3.1.32) is equivalent to the system of BPS equations (3.1.29).

We have checked that the Hamiltonian density of a static D3-brane probe of the kind
discussed in this section satisfies a bound that is saturated when the BPS equations (3.1.29)
hold, as it happened in section 2.2. This comes from the fact that, from the point of view
of the probes, these configurations can be regarded as BPS worldvolume solitons. We have
also checked that these generalised embeddings are calibrated

P
[ 1

2
J ∧ J

]
D

= Vol(D) , (3.1.33)

where Vol(D) is the volume form of the divisor D, namely Vol(D) = r3 dr ∧ Vol(C) and
the Kähler form J is displayed in (1.2.130) . It is important to remind at this point that
supersymmetry holds locally but it is not always true that a general embedding makes sense
globally. We have seen examples of this feature in chapter 2.

3.2 D5-branes

Let us consider a D5-brane probe that creates a codimension one defect on the field theory.
It represents a wall defect in the gauge theory side.

We choose the following set of worldvolume coordinates: ξµ = (t, x1, x2, r, θ, φ), and we
will adopt the ansatz x = x(θ, φ), ψ = ψ(θ, φ), τ̃ = τ̃ (θ, φ) with x3 constant. The kappa
symmetry matrix (2.3.1) acts on the spinor ǫ as:

Γκ ǫ =
i√− det g

r2

L2
Γx0x1x2r γθφ ǫ

∗ =
i√− det g

r2 Γx0x1x2r

[
bI + b15 Γ15 + b35 Γ35 + b13 Γ13

]
ǫ∗ ,

(3.2.1)
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where

bI =
i

2

[
sin(2θ)

(
1 − x

α
−
(

1 − x

β

)
ψφ

)
− sin2 θ

α
xθ +

cos2 θ

β

(
ψθ xφ − ψφ xθ

) ]
,

b15 =
ρ̃√
∆θ

[(
1 − x

α

)
sin2 θ +

(
1 − x

β

)
cos2 θ ψφ + τ̃φ

]
−

− i

2
sin(2θ)

√
∆θ

ρ̃

[ (
1 − x

α

)[
τ̃θ +

(
1 − x

β

)
ψθ

]
+

(
1 − x

β

)(
τ̃φ ψθ − τ̃θ ψφ

) ]
,

b35 =

√
∆x

ρ̃

[
α− β

4αβ
sin2(2θ)ψθ − sin2 θ

α
τ̃θ +

cos2 θ

β

(
τ̃φ ψθ − τ̃θ ψφ

) ]
+

+
i

2

ρ̃√
∆x

[(
1 − x

α

)
sin2 θ xθ −

(
1 − x

β

)
cos2 θ

(
ψθ xφ − ψφ xθ

)
+ τ̃φ xθ − τ̃θ xφ

]
,

b13 =
1

4

√
∆θ

∆x
sin(2θ)

[(
1 − x

α

)
xθ +

(
1 − x

β

)(
ψθ xφ − ψφ xθ

) ]
+

+

√
∆x

∆θ

[
sin2 θ

α
+

cos2 θ

β
ψφ

]
+

i

2

[
ρ̃2

√
∆x∆θ

xφ −
√

∆x∆θ
sin(2θ)

αβ
ψθ

]
. (3.2.2)

The BPS conditions are bI = b15 = b35 = 0. The imaginary part of b15 is zero if ψθ = τ̃θ = 0,
i.e., ψ = ψ(φ), τ̃ = τ̃ (φ). Let us assume that this is the case and define the quantities n
and m as:

ψφ = n , τ̃φ = m . (3.2.3)

Clearly n and m are independent of the angle θ. Moreover, from the vanishing of the real
part of b15 and of the imaginary part of b35 we get an algebraic equation for x, which can be
solved as:

x = αβ
sin2 θ + n cos2 θ + m

β sin2 θ + nα cos2 θ
. (3.2.4)

On the other hand, when ψθ = 0 and ψφ = n the vanishing of bI is equivalent to the
equation: [

sin2 θ

α
+

cos2 θ

β
n

]
xθ = sin(2θ)

(
1 − x

α
−
(

1 − x

β

)
n

)
, (3.2.5)

which is certainly satisfied by our function (3.2.4). For an embedding satisfying (3.2.3) and
(3.2.4) one can check that

√− det g = r2 | b13 |. Therefore, for these embeddings, Γκ acts on
the Killing spinors as:

Γκ ǫ = ieiδ13 Γx0x1x2r Γ13 ǫ
∗ , (3.2.6)

where δ13 is the phase of b13. In order to implement correctly the kappa symmetry condition
Γκ ǫ = ǫ, the phase δ13 must be constant along the worldvolume of the probe. By inspecting
the form of the coefficient b13 in (3.2.2), one readily concludes that b13 must be real, which
happens only when xφ = 0. Moreover, it follows from (3.2.4) that x is independent of φ only
when n and m are constant. Thus, ψ and τ̃ are linear functions of the angle φ, namely:

ψ = nφ + ψ0 , τ̃ = mφ + τ̃0 , (3.2.7)
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where ψ0 and τ̃0 are constant. Notice that in these conditions the equation Γκ ǫ = ǫ reduces
to

iΓx0x1x2r Γ13 ǫ
∗ = ǫ . (3.2.8)

Due to the presence of the complex conjugation, (3.2.8) is only consistent if the R-charge
angle ψ′ = 3τ̃+φ+ψ is constant along the worldvolume (see the expression of ǫ in (1.2.132)).
This in turn gives rise to an additional restriction to the possible supersymmetric embeddings.
Indeed, the condition 3τ̃ + φ + ψ = ψ′

0 = constant implies that the constants n and m
satisfy

3m+ n+ 1 = 0 . (3.2.9)

Thus, the possible supersymmetric embeddings of the D5-brane are labeled by a constant n
and are given by:

ψ = nφ + ψ0 , τ̃ = −n+ 1

3
φ + τ̃0 ,

x =
αβ

3

2 − n− 3(1 − n) cos2 θ

β + (nα − β) cos2 θ
. (3.2.10)

It can be now checked as in section 2.3 that the projection (3.2.8) can be converted into a set
of algebraic conditions on the constant spinors η± of (1.2.134). These conditions involve a
projector which depends on the constant R-charge angle ψ′

0 = 3τ̃0 +ψ0 and has four possible
solutions. Therefore these embeddings are 1/8 supersymmetric.

The configuration obtained in this section can be also shown to saturate a Bogomol’nyi
bound in the worldvolume theory of the D5-brane probes, as it happened in section 2.3. This
amounts to a point of view in which the solution is seen as a worldvolume soliton.

Other configurations of physical interest can be considered at this point. Most notably, we
expect to find stable non-supersymmetric configurations of D5-branes wrapping three cycles
of La,b,c. A similar solution where the D5-brane probe wraps the entire La,b,c manifold, thus
corresponding to the baryon vertex of the gauge theory, should also be found. We will not
include here the detailed analysis of these aspects.

3.3 Spacetime filling D7-branes

Let us consider a D7-brane probe that fills the four Minkowski gauge theory directions
while possibly extending along the holographic direction. These configurations are relevant
to add flavour to the gauge theory. In particular, the study of fluctuations around them
provides the meson spectrum. We start from the following set of worldvolume coordinates
ξµ = (x0, x1, x2, x3, x, ψ, θ, φ) and the ansatz r = r(x, θ), τ̃ = τ̃(ψ, φ). The kappa symmetry
matrix (2.4.1) in this case reduces to:

Γκ ǫ = −i r4

L4
√− det g

Γx0···x3 γxψθφ ǫ . (3.3.1)

Let us assume that the Killing spinor ǫ satisfies the condition Γ∗ǫ = −ǫ, i.e. ǫ is of the form
ǫ− (see eq. (1.2.134)) and, therefore, one has:

Γx0···x3 ǫ− = iǫ− , (3.3.2)
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which implies Γr5ǫ− = iǫ−. Then:

Γκ ǫ− =
r4

√− det g

[
dI + d15 Γ15 + d35 Γ35 + d13Γ13

]
ǫ− . (3.3.3)

In order to express these coefficients in a compact form, let us define Λx and Λθ as:

Λx = − 1

2∆x

[ (
α− x

) (
β − x

)
+ α

(
β − x

)
τ̃φ + β

(
α− x

)
τ̃ψ

]
,

Λθ =
1

∆θ

[ (
α− β

)
sin θ cos θ + α cot θ τ̃φ − β tan θ τ̃ψ

]
. (3.3.4)

Then:

dI =
sin θ cos θ

2αβ

[
ρ̃2 + ∆θ Λθ

rθ
r

+ 4 ∆x Λx
rx
r

]
,

d15 = iρ̃
sin θ cos θ

2αβ

√
∆θ

[
rθ
r

− Λθ

]
,

d35 = −ρ̃ sin θ cos θ

αβ

√
∆x

[
rx
r

− Λx

]
,

d13 = i
sin θ cos θ

αβ

√
∆θ∆x

[
Λx

rθ
r

− Λθ
rx
r

]
. (3.3.5)

The BPS conditions are clearly d15 = d35 = d13 = 0. From the vanishing of d15 and d35 we
get the following first-order equations:

rθ
r

= Λθ ,
rx
r

= Λx . (3.3.6)

Notice that d13 = 0 as a consequence of these equations. By looking at the explicit form of
our ansatz and at the expression of Λθ and Λx in (3.3.4), one realises that the only dependence
on the angles φ and ψ in the first-order equations (3.3.6) comes from the partial derivatives
of τ̃ (ψ, φ). For consistency these derivatives must be constant, i.e. τ̃ψ = nψ, τ̃φ = nφ, where
nψ and nφ are constants. These equations can be trivially integrated:

τ̃(ψ, φ) = nψ ψ + nφ φ + τ̃0 . (3.3.7)

Notice that τ̃ (ψ, φ) relates angles whose periods are not congruent (see eq. (1.2.114)). Thus,
the D7-brane spans a submanifold that is not, in general, a cycle. It is worth reminding
that this is not a problem for flavour branes. If the BPS conditions (3.3.6) hold one can
check that r4dI =

√− det g and, therefore, one has indeed that Γκǫ = ǫ for any Killing
spinor ǫ = ǫ−, with ǫ− as in (1.2.134). Thus these configurations preserve the four ordinary
supersymmetries of the background.

In order to get the dependence of r on θ and x it is interesting to notice that, if τ̃ (ψ, φ)
is given by (3.3.7), the integrals of Λθ and Λx turn out to be:

∫
Λθ dθ = log

[
(sin θ)nφ (cos θ)nψ

∆
nφ+nψ+1

2
θ

]
,

∫
Λx dx = log

[
[f1(x)]

nφ−nψ
2

∆
1
6
x [f2(x)]

nφ+nψ
2

+ 1
3

]
, (3.3.8)
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where f1(x) and f2(x) are the functions defined in (1.2.123). From this result it straightfor-
ward to obtain the general solution of r(θ, x):

r(θ, x) = C
(sin θ)nφ (cos θ)nψ

∆
nφ+nψ+1

2
θ

[f1(x)]
nφ−nψ

2

∆
1
6
x [f2(x)]

nφ+nψ
2

+ 1
3

, (3.3.9)

where C is a constant. Notice that the function r(x, θ) diverges for some particular values of
θ and x. This means that the probe always extends infinitely in the holographic direction.
For particular values of nφ and nψ there is a minimal value of the coordinate r, r⋆, which
depends on the integration constant C. If one uses this probe as a flavour brane, r⋆ provides
an energy scale that is naturally identified with the mass of the dynamical quarks added to
the gauge theory.

It is finally interesting to write the embedding characterized by eqs. (3.3.7) and (3.3.9)
in terms of the complex coordinates z1, z2 and z3 defined in eq. (1.2.122). Indeed, one can
check that this embedding can be simply written as:

zm1
1 zm2

2 zm3
3 = constant , (3.3.10)

where m3 6= 0. The relation between the exponents mi and the constants nψ and nφ is the
following:

m1

m3
=

3

2
(nψ − nφ) ,

m2

m3
= −3

2
(nψ + nφ) − 1 . (3.3.11)

By using the Dirac-Born-Infeld action of the D7-brane, it is again possible to show that there
exists a bound for the energy which is saturated for BPS configurations.

3.4 Final Remarks

In this chapter we have worked out supersymmetric configurations involving D-brane probes
in AdS5 × La,b,c. Our study focused on three kinds of branes, namely D3, D5 and D7.
We have dealt with embeddings corresponding to dibaryons, defects and flavour branes in
the gauge theory. For D3-branes wrapping three-cycles in La,b,c we first reproduced all
quantum numbers of the bifundamental chiral fields in the dual quiver theory. We also
found a new class of supersymmetric embeddings of D3-branes in this background that we
identified with a generic holomorphic embedding. The three-cycles wrapped by these D3-
branes are calibrated. In the case of D5-branes, we found an embedding that corresponds
to a codimension one defect in AdS5. From the point of view of the D5-branes, it can be
seen as a BPS saturated worldvolume soliton. We finally found a spacetime filling D7-brane
probe configuration that can be seen to be holomorphically embedded in the Calabi-Yau,
and is a suitable candidate to introduce flavour in the quiver theory.

Other interesting configurations have been considered. We would only list their main
features:

“Fat” strings If we take a D3-brane with worldvolume coordinates (x0, x1, θ, φ) and con-
sider an embedding of the form x = x(θ, φ) and ψ = ψ(θ, φ), with the remaining scalars
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constant, we see that there is no solution preserving kappa symmetry. However, we have ob-
tained a “fat” string solution by wrapping a probe D3-brane on a two-cycle, which is the same
considered in section 3.2 for a D5-brane probe. This configuration is not supersymmetric
but it is stable.

D5 on a three-cycle We have found an embedding corresponding to D5-branes that wrap
a three-cycle in La,b,c. They are codimension one in the gauge theory coordinates. These
configurations happen to be non supersymmetric yet stable. These could be thought of as
being a domain wall of the dual field theory.

D5 on a two-cycle We studied another embedding where a D5-brane probe wraps a
two-cycle in La,b,c while it extends along the radial coordinate. For this embedding, φ, ψ,
x3 and τ̃ are held constant. This is a supersymmetric configuration. We also considered
turning on a worldvolume flux in the case studied in section 3.2, and found that it can be
done in a supersymmetric way. The flux in the worldvolume of the brane provides a bending
of the profile x3 of the wall, analogously to what happened in subsection 2.5.3 for this kind
of configurations.

Another spacetime filling D7 We considered a different spacetime filling D7-brane that
extends infinitely in the radial direction and wraps a three-cycle holomorphically embedded
in La,b,c of the type studied in subsection 3.1.4. It preserves four supersymmetries.

D7 on La,b,c We finally studied a D7-brane probe wrapping the entire La,b,c space and
extended along the radial coordinate. From the point of view of the gauge theory, this is a
string-like configuration that preserves two supersymmetries.

We would like to understand the excitations of the spacetime filling D7-branes and the
baryon vertex better. However, the study of the excitations of the flavour branes will turn
out to be more relevant in the background that we will display in chapter 4, where their
backreaction is taken into account.
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Chapter 4

Unquenched Flavours in the KW
Model

In this chapter we will propose a type IIB string dual to the field theory of Klebanov-Witten
described in subsection 1.2.1, in the case in which a large number of flavours (comparable
to the number of colours) is added to each gauge group. Therefore, we are going beyond
the probe approximation and we will be working on the so called Veneziano’s topological
expansion [101] (see subsection 1.3.3), unlike in chapters 2 and 3.

We will study in detail the dual field theory to the supergravity solutions mentioned
above, making a considerable number of matchings. The field theories turn out to have a
positive β-function along the RG flow, exhibiting a Landau pole in the UV. In the IR we
still have a strongly coupled field theory, which is “almost conformal”.

We will also generalise all these results to the interesting case of a large class of different
N = 1 superconformal field theories, deformed by the addition of flavours. In particular we
will be able to add flavours to every gauge theory whose dual is AdS5 ×M5, where M5 is a
five-dimensional Sasaki-Einstein manifold. The backgrounds introduced in subsections 1.2.4
and 1.2.5 are included in that family of dual solutions.

Finally, a possible way of handling the massive flavour case is undertaken.

4.1 Adding Flavors to the Klebanov-Witten Field Model

4.1.1 What to Expect from Field Theory Considerations

In this first part we will address in detail the problem of adding a large number of back-
reacting non-compact D7-branes to the Klebanov-Witten type IIB supergravity solution
introduced in subsection 1.2.1. Before presenting the solution and describing how it is ob-
tained, we would like to have a look at the dual field theory and sketch which are the features
that we expect.

The addition of flavours, transforming in the fundamental and antifundamental repre-
sentations of the gauge groups, can be addressed by including D7-brane probes into the

109
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geometry, following the procedure proposed in [92]. This was done in [106], where the em-
bedding of the flavour branes and the corresponding superpotential for the fundamental and
antifundamental superfields were found. The D7-branes have four Minkowski directions par-
allel to the stack of D3-branes transverse to the conifold, whereas the other four directions
are embedded holomorphically in the conifold. In particular, D7-branes describing massless
flavours can be introduced by considering the holomorphic non-compact embedding z1 = 0
(see eq. (1.2.9)). The flavours, which correspond to 3-7 and 7-3 strings, are massless be-
cause the D7-branes intersect the D3-branes. Note that the D7-branes have two branches,
described by z1 = z3 = 0 and z1 = z4 = 0, each one corresponding to a stack. The presence
of two branches is required by RR tadpole cancellation: in the field theory this amounts to
adding flavours in vector-like representations to each gauge group, hence preventing gauge
anomalies. The fundamental and antifundamental chiral superfields of the two gauge groups
will be denoted as q, q̃ and Q, Q̃ respectively, and the gauge invariant and flavour invariant
superpotential proposed in [106] is

W = WKW +Wf , (4.1.1)

where WKW is the SU(2) × SU(2) invariant Klebanov-Witten superpotential for the bifun-
damental fields given in eq. (1.2.13). For a stack of flavour branes, it is conventional to take
the coupling between bifundamentals and quarks at a given point of S2 as

Wf = h1 q̃
aA1Qa + h2 Q̃

aB1qa . (4.1.2)

This coupling between bifundamental fields and the fundamental and antifundamental flavours
arises from the D7-brane embedding z1 = 0. The explicit indices are flavour indices.
This superpotential, as well as the holomorphic embedding z1 = 0, explicitly breaks the
SU(2) × SU(2) global symmetry (this global symmetry will be recovered after the smear-
ing).

The field content and the relevant gauge and flavour symmetries of the theory are sum-
marised in Table 4.1 and depicted in the quiver diagram in Fig. 4.1.

SU(Nc)
2 SU(Nf )

2 SU(2)2 U(1)R U(1)B U(1)B′

A (Nc, Nc) (1, 1) (2, 1) 1/2 0 1
B (Nc, Nc) (1, 1) (1, 2) 1/2 0 −1
q (Nc, 1) (Nf , 1) (1, 1) 3/4 1 1
q̃ (Nc, 1) (1, Nf) (1, 1) 3/4 −1 −1
Q (1, Nc) (1, Nf) (1, 1) 3/4 1 0

Q̃ (1, Nc) (Nf , 1) (1, 1) 3/4 −1 0

Table 4.1: Field content and symmetries of the KW field theory with massless flavours.

The U(1)R R-symmetry is preserved at the classical level by the inclusion of D7-branes
embedded in such a way to describe massless flavours, as it can be seen from the fact that
the equation z1 = 0 is invariant under the rotation zi → e−iαzi and the D7-brane wrap the
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Nf

Nf

NcNc

Q̃

Q

A1, A2

q̃

q

B1, B2

Figure 4.1: Quiver diagram of the Klebanov-Witten gauge theory with flavours. Circles are
gauge groups while squares are non-dynamical flavour groups.

R-symmetry circle. Nevertheless the U(1)R turns out to be anomalous after the addition of
flavours, due to the nontrivial C0 gauge potential sourced by the D7-brane. The baryonic
symmetry U(1)B inside the flavour group is anomaly free, being vector-like.

As it was noted in [106], the theory including D7-brane probes is also invariant under a
rescaling zi → βzi, therefore the field theory is scale invariant in the probe approximation. In
this limit the scaling dimension of the bifundamental fields is 3/4 and the one of the flavour
fields is 9/8, as required by power counting in the superpotential. Then the β-function for
the holomorphic gauge couplings in the Wilsonian scheme is

β 8π2

g2
i

= −16π2

g3
i

βgi = −3

4
Nf , βλi =

1

(4π)2

3Nf

2Nc

λ2
i , (4.1.3)

with λi = g2
iNc the ’t Hooft couplings. In the strict planar ’t Hooft limit (zero order in

Nf/Nc), the field theory has a fixed point specified by the aforementioned choice of scaling
dimensions, since the beta functions of the superpotential couplings and the ’t Hooft cou-
plings are zero. As soon as Nf/Nc corrections are taken into account, the field theory has no
fixed points for nontrivial values of all couplings. Rather, it displays a “near conformal point”
with vanishing β-functions for the superpotential couplings, but non-vanishing β-functions
for the ’t Hooft couplings. In a Nf/Nc expansion, formula (4.1.3) holds at order Nf/Nc if
the anomalous dimensions of the bifundamental fields Aj and Bj do not get corrections at
this order. A priori it is difficult to expect such a behaviour from string theory, since the
stress-energy tensor of the flavour branes will induce backreaction effects on the geometry at
linear order in Nf/Nc, differently from the fluxes, which will backreact at order (Nf/Nc)

2.

Moreover, since we are adding flavours to a conformal theory, we can naively expect a
Landau pole to appear in the UV. Conversely, we expect the theory to be slightly away from
conformality in the far IR.
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4.1.2 The Setup and the BPS Equations

The starting point for adding backreacting branes to a given background is the identification
of the supersymmetric embeddings in that background, that is the analysis of brane probes.
In [105], by imposing kappa symmetry on the brane worldvolume, the supersymmetric em-
beddings displayed in eq. (1.3.14) for D7-branes on the Klebanov-Witten background were
found:

ξα1 = {x0, x1, x2, x3, r, θ2, ϕ2, ψ} θ1 = const. ϕ1 = const. ,

ξα2 = {x0, x1, x2, x3, r, θ1, ϕ1, ψ} θ2 = const. ϕ2 = const.
(4.1.4)

They are precisely the two branches of the supersymmetric embedding z1 = 0 first proposed
in [106]. Each branch realises a U(Nf ) symmetry group, giving the total flavour symmetry
group U(Nf ) × U(Nf ) of massless flavours (a diagonal axial U(1)A is anomalous in field
theory). We choose these embeddings because of the following properties: they reach the
tip of the cone and intersect the colour D3-branes; wrap the U(1)R circle corresponding
to rotations ψ → ψ + α; are invariant under radial rescalings. So they realise in field
theory massless flavours, without breaking explicitly the U(1)R and the conformal symmetry.
Actually, they are both broken by quantum effects. Moreover the configuration does not
break the Z2 symmetry of the conifold solution which corresponds to exchanging the two
gauge groups.

The fact that we must include both branches is due to D7-charge tadpole cancellation,
which is dual to the absence of gauge anomalies in field theory. An example of a (non-
singular) two-submanifold in the conifold geometry is S2 = {θ1 = θ2, ϕ1 = 2π − ϕ2, ψ =
const, r = const}. The charge distributions of the two branches are

ω(1) =
∑

Nf
δ(2)(θ1, ϕ1) dθ1 ∧ dϕ1 , ω(2) =

∑
Nf
δ(2)(θ2, ϕ2) dθ2 ∧ dϕ2 , (4.1.5)

where the sum is over the various D7-branes, possibly localised at different points, and a cor-

rectly normalised scalar delta function (localised on an eight-submanifold) is δ(2)(x)
√

−Ĝ8/
√
−G.

Integrating the two D7-charges on the two-submanifold we get:

∫

S2

ω(1) = −Nf ,

∫

S2

ω(2) = Nf . (4.1.6)

Thus, whilst the two branches have separately non-vanishing tadpole, putting an equal num-
ber of them on the two sides, the total D7-charge cancels. This remains valid for all (non-
singular) two-submanifolds.

The embedding can be deformed into a single D7-brane that only reaches a minimum ra-
dius, and realises a merging of the two branches. This corresponds to giving mass to flavours
and explicitly breaking the flavour symmetry to SU(Nf ) and the R-symmetry completely.
These embeddings were also found in [105].

Each embedding preserves the same four supercharges, irrespectively of where the branes
are located on the two two-spheres parameterised by (θ1, ϕ1) and (θ2, ϕ2). Thus we can
smear the distribution and still preserve the same amount of supersymmetry. The two-form
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charge distribution is readily obtained to be the same as the volume forms on the two two-
spheres in the geometry, and through the modified Bianchi identity it sources the flux F1.

1

We expect to obtain a solution where all the functions have only radial dependence, thanks
to the smearing procedure. Moreover we were careful in never breaking the Z2 symmetry
that exchanges the two spheres. The natural ansatz is2:

ds2 = h(r)−1/2dx2
1,3 + h(r)1/2

(
dr2+

+
e2g(r)

6

∑

i=1,2

(dθ2
i + sin2 θi dϕ

2
i ) +

e2f(r)

9
(dψ +

∑

i=1,2

cos θi dϕi)
2

)
,

φ = φ(r) ,

F5 = K(r) h(r)3/4
(
ex

0x1x2x3r − eθ1ϕ1θ2ϕ2ψ
)
,

F1 =
Nf

4π

(
dψ + cos θ1 dϕ1 + cos θ2 dϕ2

)
=

3Nf

4π
h(r)−1/4e−f(r) eψ ,

dF1 = −Nf

4π

(
sin θ1 dθ1 ∧ dϕ1 + sin θ2 dθ2 ∧ dϕ2

)
, (4.1.7)

where the unknown functions are h(r), g(r), f(r), φ(r) and K(r) and the vielbein that we
have chosen is:

ex
i

= h−1/4 dxi ,

eθi =
1√
6
h1/4eg dθi ,

eψ =
1

3
h1/4ef (dψ + cos θ1 dϕ1 + cos θ2 dϕ2) .

er = h1/4 dr ,

eϕi =
1√
6
h1/4eg sin θidϕi , (4.1.8)

With this ansatz the field equation d
(
e2φ ∗ F1) = 0 is automatically satisfied, as well as

the self-duality condition F5 = ∗F5. The Bianchi identity dF5 = 0 together with the Dirac
quantisation condition (1.2.11) and the fact that V ol(T 1,1) = 16

27
π3 give:

K h2 e4g+f = 27πNc , (4.1.9)

and K(r) can be solved.

We impose that the ansatz preserves the same four supersymmetries as the D7-brane
probes on the Klebanov-Witten solution. In the next section we will perform a careful
analysis of the supersymmetry variations of the dilatino and gravitino (1.2.5) for the ansatz
sketched above. Actually, the first-order BPS differential equations which arise from the
vanishing of the SUSY variations turn out to be the same for the introduction of backreacted
flavour branes in all manifolds of the sort AdS5 ×M5, with M5 a Sasaki-Einstein space. Let

1The modified Bianchi identity of F1 is obtained from the Wess-Zumino action term (1.3.20) with F1 =
−e−2φ ∗ F9.

2See subsection 1.2.1 to get used to the notation.
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us just show here the solution and put the analysis off for the next section:

g′ = ef−2g ,

f ′ = e−f(3 − 2 e2f−2g) − 3Nf

8π
eφ−f ,

φ′ =
3Nf

4π
eφ−f ,

h′ = −27πNc e
−f−4g . (4.1.10)

Notice that taking Nf = 0 in the BPS system (4.1.10) we simply get equations for a
deformation of the Klebanov-Witten solution without any addition of flavour branes. Solving
the system we find both the original KW background and the solution for D3-branes at a
conifold singularity, as well as other solutions which correspond on the gauge theory side to
giving VEV to dimension six operators. These solutions were considered in [120, 121] and
were shown to follow from our system in [13].

In order to be sure that the BPS equations (4.1.10) capture the correct dynamics, we have
to check that the Einstein, Maxwell and dilaton equations are solved. This can be done even
before finding actual solutions of the BPS system. We checked that the first-order system
(4.1.10) (and the Bianchi identity) in fact implies the second-order Einstein, Maxwell and
dilaton differential equations. An analytic general proof will be given in subsection 4.2.2. We
did not explicitly check the Dirac-Born-Infeld equations for the D7-brane distribution. We
expect them to be solved because of kappa symmetry (supersymmetry) on their worldvolume.

Solution with General Couplings

We can generalise our set of solutions by switching on non-vanishing VEV’s for the bulk
gauge potentials C2 and B2. We show that this can be done without modifying the previous
set of equations and the two parameters are present for every solution of them. The condition
is that the gauge potentials are flat, that is with vanishing field strength.

Let us switch on the following fields:

C2 = cW2 , B2 = bW2 , (4.1.11)

where the two-form W2 is Poincaré dual3 to the two-cycle S2. We see that F3 = 0 and
H3 = 0. So the supersymmetry variations are not modified, neither are the gauge invariant
field strength definitions. In particular the BPS system (4.1.10) does not change.

Consider the effects on the action (the argument is valid both for localised and smeared
branes). It can be written as a bulk term plus the D7-brane terms:

S = Sbulk − T7

∫
d8ξ eφ

√
− det(Ĝ8 + F) + T7

∫ [∑
q
Ĉq ∧ eF

]
8
, (4.1.12)

with F = B̂2 + 2πα′ F is the D7 gauge invariant field strength and the hat means that the
pullback is taken. To get solutions of the kappa symmetry conditions and of the equations
of motion, we must take F such that

F = B̂2 + 2πα′ F = 0 . (4.1.13)

3Actually, it is a rescaling of the two-form Υ2 introduced in eq. (1.2.20).
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Notice that there is a solution for F because B2 is flat: dB̂2 = d̂B2 = 0. With this choice
kappa symmetry is preserved as before, since it depends on the combination F . The dilaton
equation is fulfiled. The Bianchi identities and the bulk field strength equations of motion are
not modified, since the WZ term only sources C8. The stress-energy tensor is not modified,
so the Einstein equations are fulfiled. The last steps are the equations of B2 and A1 (the
gauge potential on the D7-brane). For this, notice that they can be written as:

d
δS

δF
= 2πα′ d

δSbrane
δF = 0 ,

δS

δB2

=
δSbulk
δB2

+
δSbrane
δF = 0 . (4.1.14)

The first is solved by F = 0 since in the equation all the terms are linear or higher order
in F . This is because the brane action does not contain terms linear in F , and this is true
provided C6 = 0 (which in turn is possible only if C2 is flat). The second equation then
reduces to δSbulk

δB2
= 0, which amounts to d(e−φ ∗H3) = 0 and is solved.

As we will see in subsection 4.1.5, being able to switch on arbitrary constant values c
and b for the (flat) gauge potentials, we can freely tune the two gauge couplings (actually
the two renormalization invariant scales Λ’s) and the two theta angles [22, 122]. This turns
out to break the Z2 symmetry that exchanges the two gauge groups, even if the breaking
is mild and only affects C2 and B2, while the metric and all the field strengths continue to
have that symmetry. However this does not modify the behaviour of the gauge theory.

4.1.3 The Solution in Type IIB Supergravity

The BPS system (4.1.10) can be solved through the change of the radial variable

ef
d

dr
≡ d

dρ
⇒ e−fdr = dρ . (4.1.15)

We get the new system:

ġ = e2f−2g , (4.1.16)

ḟ = 3 − 2e2f−2g − 3Nf

8π
eφ , (4.1.17)

φ̇ =
3Nf

4π
eφ , (4.1.18)

ḣ = −27πNc e
−4g , (4.1.19)

where derivatives are taken with respect to ρ.
Equation (4.1.18) can be solved first. By absorbing an integration constant in a shift of

the radial coordinate ρ, we get

eφ = − 4π

3Nf

1

ρ
⇒ ρ < 0 . (4.1.20)

The solution is thus defined only up to a maximal radius ρMAX = 0 where the dilaton
diverges. As we will see, it corresponds to a Landau pole in the UV of the gauge theory.
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On the contrary for ρ → −∞, which corresponds in the gauge theory to the IR, the string
coupling goes to zero. Note however that the solution could stop at a finite negative ρMIN due
to integration constants or, for example, more dynamically, due to the presence of massive
flavours. Then define

u = 2f − 2g ⇒ u̇ = 6(1 − eu) +
1

ρ
, (4.1.21)

whose solution is

eu =
−6ρ e6ρ

(1 − 6ρ)e6ρ + c1
. (4.1.22)

The constant of integration c1 cannot be reabsorbed, and according to its value the
solution dramatically changes in the IR. A systematic analysis of the various behaviours was
presented in [13]. The value of c1 determines whether there is a (negative) minimum value
for the radial coordinate ρ. The requirement that the function eu be positive defines three
cases:

−1 < c1 < 0 → ρMIN ≤ ρ ≤ 0 ,

c1 = 0 → −∞ < ρ ≤ 0 ,

c1 > 0 → −∞ < ρ ≤ 0 .

In the case −1 < c1 < 0, the minimum value ρMIN is given by an implicit equation. It can
be useful to plot this value as a function of c1:

-1 -0.8 -0.6 -0.4 -0.2
C1

-1

-0.8

-0.6

-0.4

-0.2

ΡMIN

0 = (1−6ρMIN) e6ρMIN + c1 .

As it is clear from the graph, as c1 → −1+ the range of the solution in ρ between the IR
and the UV Landau pole shrinks to zero size, while in the limit c1 → 0− we no longer have
a minimum radius.

The functions g(ρ) and f(ρ) can be analytically integrated, while the warp factor h(ρ)
and the original radial coordinate r(ρ) cannot (in the particular case c1 = 0 we found an
explicit expression for the warp factor). By absorbing an irrelevant integration constant into
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a rescaling of r and x0,1,2,3, we get:

eg =
[
(1 − 6ρ) e6ρ + c1

]1/6
, (4.1.23)

ef =
√

−6ρ e3ρ
[
(1 − 6ρ)e6ρ + c1

]−1/3

, (4.1.24)

h(ρ) = −27πNc

∫ ρ

0

e−4g + c2 , (4.1.25)

r(ρ) =

∫ ρ

ef dρ̃ . (4.1.26)

This solution is a very important result of this chapter. We accomplished in finding a
supergravity solution describing a (large) Nf number of backreacting D7-branes, smeared on
the background produced by D3-branes at the tip of a conifold geometry.

The constant c1 and c2 correspond in field theory to switching on VEV’s for relevant
operators, as we will see in subsection 4.1.5. Moreover, in the new radial coordinate ρ, the
metric reads

ds2 = h−
1
2 dx2

1,3 + h
1
2 e2f

(
dρ2 +

e2g−2f

6

∑

i=1,2

(dθ2
i + sin2 θi dϕ

2
i ) +

1

9
(dψ +

∑

i=1,2

cos θi dϕi)
2

)
.

(4.1.27)

4.1.4 Analysis of the Solution: Asymptotics and Singularities

We perform here an analysis of the solutions of the BPS system, focusing mainly on the case
with c1 = 0 and we study the asymptotics in the IR and in the UV. In this subsection we
will make use of the following formula for the Ricci scalar curvature (in string frame), which
can be obtained for solutions of the BPS system:

R = −2
3Nf

4π
h−1/2e−2g+ 1

2
φ

[
7 + 4

3Nf

4π
e2g−2f+φ

]
. (4.1.28)

Although the warp factor h(ρ) cannot be analytically integrated in general, it can be if
the integration constant c1 is equal to 0. Indeed, introducing the incomplete gamma function,
defined as follows:

Γ[a, x] ≡
∫ ∞

x

ta−1e−tdt −−−−→
x→−∞

ei2πae−x
(

1

x

)1−a {
1 + O

(1

x

)}
, (4.1.29)

we can integrate

h(ρ) = −27πNc

∫
dρ

e−4ρ

(1 − 6ρ)2/3
+ c2 =

=
9

2
πNc(

3

2e2
)1/3Γ[

1

3
,−2

3
+ 4ρ] + c2 ≃

≃ 27

4
πNc(−6ρ)−2/3e−4ρ for ρ→ −∞ .

(4.1.30)
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The warp factor diverges for ρ→ −∞, and the integration constant c2 disappears in the IR.
Moreover, if we integrate the proper line element ds from a finite point to ρ = −∞, we see
that the throat has an infinite invariant length.

The function r(ρ) cannot be given as an analytic integral but, using the asymptotic
behaviour of ef for ρ→ −∞ and setting c1 = 0, we can approximately integrate it:

r(ρ) ≃ 61/6
[
(−ρ)1/6eρ +

1

6
Γ[

1

6
,−ρ]

]
+ c3 , (4.1.31)

in the IR. Fixing r → 0 when ρ→ −∞ we set c3 = 0. We approximate further on

r(ρ) ≃ (−6ρ)1/6eρ . (4.1.32)

Substituting r in the asymptotic behaviour of the functions appearing in the metric, we find
that up to logarithmic corrections of relative order 1/| log(r)|:

eg(r) ≃ ef(r) ≃ r ,

h(r) ≃ 27πNc

4

1

r4
.

(4.1.33)

Therefore the geometry in the case c1 = 0 approaches AdS5×T 1,1 with logarithmic corrections
in the IR limit ρ→ −∞.

In the UV limit and coming back to the general case with c1 6= 0, the solutions with
backreacting flavours have a Landau pole (ρ→ 0−) since the dilaton diverges (see (4.1.20)).
The asymptotic behaviours of the functions appearing in the metric are:

e2g ≃ (1 + c1)
1/3
[
1 − 6ρ2

1 + c1
+ O(ρ3)

]
, (4.1.34)

e2f ≃ −6ρ (1 + c1)
−2/3

[
1 + 6ρ+ O(ρ2)

]
, (4.1.35)

h ≃ c2 + 27πNc(1 + c1)
−2/3

[
− ρ− 4

1 + c1
ρ3 + O(ρ4)

]
. (4.1.36)

Note that we have used (4.1.25) for the warp factor. One concludes that h(ρ) is monotonically
decreasing with ρ; if it is positive at some radius, then it is positive down to the IR. If the
integration constant c2 is larger than zero, h is always positive and approaches c2 at the
Landau pole (UV). If c2 = 0, then h goes to zero at the pole. If c2 is negative, then the warp
factor vanishes at ρMAX < 0 before reaching the pole (and the curvature diverges there).
The physically relevant solutions seem to have c2 > 0.

The curvature invariants, evaluated in string frame, diverge when ρ → 0−, indicating
that the supergravity description cannot be trusted in the UV. For instance the Ricci scalar
R ∼ (−ρ)−5/2 if c2 6= 0, whereas R ∼ (−ρ)−3 if c2 = 0. If c2 < 0, then the Ricci scalar
R ∼ (ρMAX − ρ)−1/2 when ρ→ ρ−MAX.

It is worth mentioning that the IR (ρ → −∞) limit of the geometry of the flavoured
solutions is independent of the number of flavours, if we neglect logarithmic corrections to
the leading term. Indeed, at the leading order, flavours decouple from the theory in the
IR (see the discussion below eq. (4.1.3)). The counterpart in our supergravity plus branes
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solution is evident when we look at the BPS system (4.1.10): when ρ → −∞ the eφ term
disappears from the system together with all the backreaction effects of the D7-branes.
Therefore the system reduces to the unflavoured one. The asymptotics of the functions
appearing in the metric in the IR limit ρ→ −∞ imply that some of the curvature invariants
that one can construct diverge, irrespective of the value of the integration constant c1. Thus,
the supergravity description presents a singularity and some care is needed when computing
observables from it.

Using the criterion in [123], that proposes the IR singularity to be physically acceptable
if gtt is bounded near the IR problematic point, we observe that these singular geometries
are all acceptable. Gauge theory physics can be read from these supergravity backgrounds.
We call them “good singularities”.

4.1.5 Detailed Study of the Dual Field Theory

In this subsection we are going to undertake a detailed analysis of the dual gauge theory
features reproduced by the supergravity solution. The first issue we want to address is what
is the effect of the smearing on the gauge theory dual.

As we wrote above, the addition to the supergravity solution of one stack of localised
non-compact D7-branes at z1 = 0 introduces in the field theory flavours coupled through a
superpotential term

W = λTr(AiBkAjBl) ǫ
ijǫkl + h1 q̃

aA1Qa + h2 Q̃
aB1qa , (4.1.37)

where we explicitly write the flavour indices a. For this particular embedding the two
branches are localised, say, at θ1 = 0 and θ2 = 0 respectively on the two spheres. One can
exhibit a lot of features in common with the supergravity plus D7-branes solution:

• the theory has U(Nf )× U(Nf ) flavour symmetry (the diagonal axial U(1)A is anoma-
lous), each group corresponding to one branch of D7-branes;

• putting only one branch there are gauge anomalies in the quantum field theory and a
tadpole in supergravity, while for two branches they cancel;

• adding a mass term for the fundamentals the flavour symmetry is broken to the diagonal
U(Nf ), while in supergravity there are embeddings moved away from the origin for
which the two branches merge.

The SU(2) × SU(2) part of the isometry group of the background without D7-branes
is broken by the presence of localised branes. It amounts to separate rotations of the two
S2 in the geometry and shifts the location of the branches. Its action is realised through
the superpotential, and exploiting its action we can obtain the superpotential for D7-branes
localised in other places. The two bifundamental doublets Aj and Bj transform as spinors
of the respective SU(2). So the flavour superpotential term for a configuration in which the
two branches are located at x and y on the two spheres can be obtained by identifying two
rotations that bring the north pole to x and y. There is of course a U(1)×U(1) ambiguity in
this. Then we have to act with the corresponding SU(2) matrices Ux and Uy on the vectors
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(A1, A2) and (B1, B2) (which transform in the (2, 1) and (1, 2) representations) respectively,
and select the first vector component. In summary we can write 4

Wf = h1 q̃
x
[
Ux

(
A1

A2

)]
1
Qx + h2 Q̃

y
[
Uy

(
B1

B2

)]
1
qy , (4.1.38)

where the notation q̃x, Qx stands for the flavours coming from a first D7 branch being at x,
and the same for a second D7 branch at y.

To understand the fate of the two phase ambiguities in the couplings h1 and h2, we appeal
to symmetries. The U(1) action which gives (q, q̃, Q, Q̃) charges (1,−1,−1, 1) is a symmetry
explicitly broken by the flavour superpotential. The freedom of redefining the flavour fields
acting with this U(1) can be exploited to reduce to the case in which the phase of the two
holomorphic couplings is the same. The U(1) action with charges (1, 1, 1, 1) is anomalous
with equal anomalies for both the gauge groups, and it can be used to absorb the phase
ambiguity into a shift of the sum of Yang-Mills theta angles Θ1 + Θ2 (while the difference
holds steady). This is what happens for D7-branes on flat spacetime. The ambiguity that
we mentioned amounts to rotations of the transverse R2 space, whose only effect is a shift
of C0. As we will show in the next subsection, the value of C0 is our way of measuring the
sum of theta angles through D(-1)-brane probes. Notice that if we put in our setup many
separate stacks of D7-branes, all their superpotential U(1) ambiguities can be reabsorbed in
a single shift of C0.

From a physical point of view, the smearing corresponds to put the D7-branes at different
points on the two spheres, distributing each branch on one of the two-spheres. This is done
homogeneously so that there is one D7-brane at every point of S2. The non-anomalous
flavour symmetry is broken from U(1)B × SU(Nf)R × SU(Nf )L (localised configuration) to

U(1)B × U(1)
Nf−1
V × U(1)

Nf−1
A (smeared configuration).5

Let us introduce a pair of flavour indices (x, y) that naturally live on S2 ×S2 and specify
the D7-brane. The superpotential for the whole system of smeared D7-branes is just the
sum (actually an integral) over the indices (x, y) of the previous contributions:

W = λTr(AiBkAjBl) ǫ
ijǫkl + h1

∫

S2

d2x q̃x
[
Ux

(
A1

A2

)]
1
Qx + h2

∫

S2

d2y Q̃y
[
Uy

(
B1

B2

)]
1
qy .

(4.1.39)
Again, all the U(1) ambiguities have been reabsorbed in field redefinitions and a global shift
of Θ1 + Θ2.

In this expression the SU(2)A×SU(2)B symmetry is manifest: rotations of the bulk fields
Aj , Bj leave the superpotential invariant because they can be reabsorbed in rotations of the
dummy indices (x, y). In fact, the action of SU(2)A× SU(2)B on the flavours is a subgroup
of the broken U(Nf ) × U(Nf ) flavour symmetry. In the smeared configuration, there is a

4In the case in which the two gauge couplings and theta angles are equal, we could appeal to the Z2

symmetry that exchanges them to argue |h1| = |h2|, but no more because of the ambiguities.
5The axial U(1) which gives charges (1, 1,−1,−1) to one set of fields (qx, q̃

x, Qx, Q̃
x) coming from a single

D7-brane, is an anomalous symmetry. For every D7-brane that we consider, the anomaly amounts to a shift
of the same two theta angles of the gauge theory. So we can combine this U(1) with an axial rotation of all
the flavour fields and get an anomaly free symmetry. In total, from Nf D7-branes we can find Nf − 1 such
anomaly free axial U(1) symmetries.
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D7-brane at each point of the spheres and the group SU(2)2 rotates all the D7-branes in a
rigid way, moving each D7 where another was. So it is a flavour transformation contained in
U(Nf )

2. By combining this action with a rotation of Aj and Bj, we get precisely the claimed
symmetry.

Even if it is written in an involved fashion, the superpotential (4.1.39) does not spoil the
features of the gauge theory. In particular, the addition of a flavour mass term still would
give rise to the symmetry breaking pattern

U(1)B × U(1)
Nf−1
V × U(1)

Nf−1
A → U(1)

Nf
V .

Holomorphic Gauge Couplings and β-functions

In order to extract information on the gauge theory from the supergravity solution, we need
to know the holographic relations between the gauge couplings, the theta angles and the
supergravity fields. These formulae can be properly derived only in the orbifold R1,3 ×
C × C2/Z2, where string theory can be quantised by considering fractional branes placed
at the singularity. The near-horizon geometry describing the IR dynamics on a stack of
Nc regular branes at the singularity is AdS5 × S5/Z2. The dual gauge theory is an N = 2
SU(Nc)×SU(Nc) SCFT with bifundamental hypermultiplets. In this N = 2 orbifold theory,
the holographic relations (1.2.35) and (1.2.44) can be derived exactly.

Usually in the literature the aforementioned holographic relations were assumed to hold
also in the conifold case. Strassler remarked in [124] that for the conifold theory the formulae
for the sum of the gauge couplings and the sum of theta angles need to be corrected. We
expect that the formula for the sum of theta angles is correct as far as anomalies are con-
cerned, since anomalies do not change in RG flows. Instead the first formula in eq. (1.2.35)
may need to be corrected in the KW theory: in general the dilaton could be identified with
some combination of the gauge and superpotential couplings.

Let us now make contact with our supergravity solution. In the smeared solution, since
dF1 6= 0 at every point, it is not possible to define a scalar potential C0 such that F1 = dC0.
We bypass this problem by restricting our attention to the non-compact four-cycle defined
by (ρ, ψ, θ1 = θ2, ϕ1 = 2π − ϕ2) [125](note that it wraps the R-symmetry direction ψ), so
that we can take the pullback on it and write

F eff
1 =

Nf

4π
dψ , (4.1.40)

and therefore

Ceff
0 =

Nf

4π
(ψ − ψ0) . (4.1.41)

By using eqs. (1.2.35) and (1.2.44) we can identify now:

8π2

g2
= π e−φ = −3Nf

4
ρ , (4.1.42)

Θ1 + Θ2 = −Nf

2
(ψ − ψ0) , (4.1.43)
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where we suppose for simplicity the two gauge couplings to be equal (g1 = g2 ≡ g). The
generalisation to an arbitrary constant B2 is straightforward since the difference of the inverse
squared gauge couplings does not run. Although, as discussed above, one cannot be sure of
the validity of (4.1.42), we can try to extract some information.

Let us first compute the β-function of the gauge couplings. The identification (1.2.35)
allows us to define a “radial” β-function that we can directly compute from supergravity
[126]:

β
(ρ)
8π2

g2

≡ ∂

∂ρ

8π2

g2
= π

∂e−φ

∂ρ
= −3Nf

4
. (4.1.44)

(Compare this result with eq. (4.1.3)). The physical β-function defined in the field theory
is of course:

β 8π2

g2
≡ ∂

∂ log µ
Λ

8π2

g2
, (4.1.45)

where µ is the subtraction scale and Λ is a renormalization group invariant scale. In order
to get the precise field theory β-function from the supergravity computation one needs the
energy-radius relation ρ = ρ

(
µ
Λ

)
, from which β = β(ρ) ∂ρ/∂ log µ

Λ
. In general, for non-

conformal duals, the radius-energy relation depends on the phenomenon one is interested in
and accounts for the scheme-dependence in the field theory.

Even without knowing the radius-energy relation, there is some physical information that
we can extract from the radial β-function (4.1.44). In particular, being the energy-radius
relation ρ = ρ

(
µ
Λ

)
monotonically increasing, the signs of the two β-functions coincide.

In our case, using r = µ
Λ

and eq. (4.1.32), one gets matching between (4.1.3) and (4.1.44).

R-symmetry Anomaly and Vacua

Now we move to the computation of the U(1)R anomaly. We can perform it in field theory
by using the equation (1.2.40). Thus the anomaly relation in our field theory is the following:

∂µJ
µ
R = −Nf

2

1

32π2

(
F a
µνF̃

µν
a +Ga

µνG̃
µν
a

)
, (4.1.46)

or in other words, under a U(1)R transformation of parameter ε, for both gauge groups the
theta angles transform as

Θi → Θi −
Nf

2
ε . (4.1.47)

On the string/gravity side a U(1)R transformation of parameter ε is realised (in our
conventions) by the shift ψ → ψ + 2ε. This can be derived from the transformation of
the complex variables (1.2.6), which under a U(1)R rotation get zi → eiεzi, or directly by
the decomposition of the ten-dimensional spinor ǫ into four-dimensional and six-dimensional
factors and the identification of the four-dimensional supercharge with the four-dimensional
spinor. By means of the dictionary (4.1.43) we obtain:

Θ1 + Θ2 → Θ1 + Θ2 − 2
Nf

2
ε , (4.1.48)
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in perfect agreement with (4.1.47).

The U(1)R anomaly is responsible for the breaking of the symmetry group but usually
a discrete subgroup survives. Disjoint physically equivalent vacua, not connected by other
continuous symmetries, can be distinguished thanks to the formation of domain walls among
them, whose tension could also be measured. We want to read the discrete symmetry
subgroup of U(1)R and the number of vacua both from field theory and supergravity. In
field theory the U(1)R action has an extended periodicity (range of inequivalent parameters)
ε ∈ [0, 8π) instead of the usual 2π periodicity, because the minimal charge is 1/4. Let us
remark however that when ε is a multiple of 2π the transformation is not an R-symmetry,
since it commutes with supersymmetry. The global symmetry group contains the baryonic
symmetry U(1)B as well, whose parameter we call α ∈ [0, 2π). The two actions U(1)R
and U(1)B satisfy the following relation: UR(4π) = UB(π). Therefore the group manifold
U(1)R × U(1)B is parameterised by ε ∈ [0, 4π), α ∈ [0, 2π) (this parameterisation realises
a nontrivial torus) and U(1)B is a true symmetry of the theory. The theta angle shift
(4.1.47) allows us to conclude that the U(1)R anomaly breaks the symmetry according to
U(1)R×U(1)B → ZNf×U(1)B, where the latter is given by ε = 4nπ/Nf (n = 0, 1, . . . , Nf−1),
α ∈ [0, 2π).

Coming to the string side, the solution for the metric, the dilaton and the field strengths
is invariant under arbitrary shifts of ψ. But the nontrivial profile of C0 breaks this symmetry.
The presence of DBI actions in the functional integral tells us that the RR potentials are
quantised, in particular C0 is defined modulo integers. Taking the formula (4.1.41) and using
the periodicity 4π of ψ, we conclude that the true invariance of the solution is indeed ZNf .

One can be interested in computing the domain wall tension in the field theory by means
of its dual description in terms of a D5-brane with 3 directions wrapped on a 3-sphere (see
[43] for a review in the conifold geometry). It is easy to see that, as in Klebanov-Witten
theory, this object is stable only at r = 0 (ρ→ −∞), where the domain wall is tensionless.

The UV and IR Behaviors

The supergravity solution allows us to extract the IR dynamics of the KW field theory with
massless flavours. Really what we obtained is a class of solutions, parameterised by two
integration constants c1 and c2. Momentarily we will say something about their meaning
but some properties are independent of them.

The fact that the β-function is always positive, with the only critical point at vanishing
gauge coupling, tells that the theory is irreparably driven to that point, unless the super-
gravity approximation breaks down before (c1 < 0), for instance because of the presence of
curvature singularities. Using the ρ coordinate this is clear-cut. In the cases where the string
coupling falls to zero in the IR, the gravitational coupling of the D7-branes to the bulk fields
also goes to zero and the branes tend to decouple. The signature of this is in the equation
(4.1.17) of the BPS system: the quantity eφNf can be thought of as the effective size of the
flavour backreaction which indeed vanishes in the far IR. The upshot is that flavours can be
considered as an “irrelevant deformation” of the AdS5 × T 1,1 geometry.

The usual technique for studying deformations of an AdS5 geometry was given in [16, 17].
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Looking at the asymptotic behaviour of fields in the AdS5 effective theory (1.1.13):6

δΦ = a r∆−4 + c r−∆ , (4.1.49)

we read, on the CFT side, that the deformation is H = HCFT + aO with c = 〈O〉 the VEV
of the operator corresponding to the field Φ and ∆ the quantum dimension of the operator
O. Alternatively, one can compute the effective five-dimensional action and look for the
masses of the fields, from which the dimension is extracted with the formula (1.1.14). We
computed the five-dimensional effective action for the particular deformations ef(r), eg(r) and
φ(r) and we included the D7-brane action terms (the details are in subsection 4.2.3). After
diagonalization of the effective Kähler potential, we got a scalar potential V containing a
lot of information. First of all, minima of V correspond to the AdS5 geometries, that is
conformal points in field theory. The only minimum is formally at eφ = 0 and has the
AdS5 × T 1,1 geometry. Then, expanding the potential at quadratic order the masses of the
fields can be read; from here we deduce that we have operators of dimension six and eight
taking VEV and a marginally irrelevant operator inserted.7

The operators taking VEV where already identified in [32, 121]. The dimension eight
operator is TrF 4 and represents the deformation from the conformal KW solution to the non-
conformal 3-brane solution. The dimension six operator is a combination of the operators
Tr(WαW̄α)2 and represents a relative metric deformation between the S2 × S2 base and the
U(1) fiber of T 1,1. The marginally irrelevant insertion is the flavour superpotential, which
would be marginal at the hypothetic AdS5 (conformal) point with eφ = 0, but is in fact
irrelevant driving the gauge coupling to zero in the IR and to very large values in the UV.
Let us add that the scalar potential V can be derived from a superpotential W , from which
in turn the BPS system (4.1.10) can be obtained.

Since in the IR the flavour branes undergo a sort of decoupling, the relevant deformations
dominate and their treatment is much the same as for the unflavoured Klebanov-Witten
solution [32, 121, 124]. We are not going to repeat it and we will concentrate on the case
c1 = c2 = 0. The supergravity solution flows in the IR to the AdS5 × T 1,1 solution (with
corrections of relative order 1/| log(r)|). On one hand the R-charges and the anomalous
dimensions tend to the almost conformal values:

RA,B =
1

2
,

Rq,Q =
3

4
,

γA,B = −1

2
,

γq,Q =
1

4
.

(4.1.50)

Using the formula for the β-function of a superpotential dimensionless coupling:

βh̃ = h̃
[
− 3 +

∑
Φ

(
1 +

γΦ

2

)]
, (4.1.51)

6Notice that usually the prescription (1.1.13) or the holographic renormalization methods are used when
we may have flows starting from a conformal point in the UV. In this case, our conformal point is in the IR
and one may doubt about the validity in this unconventional case. See [127] for an indication that applying
the prescription in an IR point makes sense, even when the UV geometry is very far away from AdS5 ×M5.

7To distinguish between a VEV and an insertion we have to appeal to the first criterium described in eq.
(4.1.49) and below.
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where Φ are the fields appearing in the superpotential term, we obtain that the total su-
perpotential (4.1.39) is indeed marginal. On the other hand the gauge coupling flows to
zero. Being at an almost conformal point, we can derive the radius-energy relation through
rescalings of the radial and Minkowski direction, getting r = µ/Λ. Then, the supergravity
β-function coincides with the exact (perturbative) holomorphic β-function (in the Wilsonian
scheme):8

βg = − g3

16π2

[
3Nc − 2Nc(1 − γA) −Nf(1 − γf)

]
. (4.1.52)

If we are allowed to trust the first orbifold relation in eq. (1.2.35) relating gauge coupling
constants and dilaton, we conclude that the gauge coupling flows to zero in the IR. This
fact could perhaps explain the divergence of the curvature invariants in string frame [18],
as revealed in subsection 4.1.4. The field theory would enter the perturbative regime at
this point. However, it is hard to understand why the anomalous dimensions of the fields
are large while the theory seems to become perturbative. For this reason, we question the
validity in the conifold case of the first holographic relation in eq. (1.2.35), which can be
derived only for the orbifold. In [13] we proposed an alternative interpretation of the IR
regime of our field theory, based on some nice observations made in [124] about the KW field
theory. We argued that the theory may flow to a strongly coupled fixed point, although the
string frame curvature invariant is large, as in the Klebanov-Witten solution for small values
of gsNc.

Contrary to the IR limit, the UV regime of the theory is dominated by flavours and we
find the same kind of behaviour for all values of the relevant deformations c1 and c2. The
gauge couplings increase with the energy, irrespective of the number of flavours. At a finite
energy scale that we conventionally fixed to ρ = 0, the gauge theory develops a Landau
pole since the string coupling diverges at that particular radius. This energy scale is finite
because ρ = 0 is at finite proper distance from the bulk points ρ < 0.

At the Landau pole radius the supergravity description breaks down for many reasons:
the string coupling diverges as well as the curvature invariants and the ψ circle shrinks. An
UV completion must exist and finding it is an interesting problem. One could think about
obtaining a new description in terms of supergravity plus branes through various dualities.
In particular T-duality will map our solution to a system of NS5, D4 and D6-branes, which
could then be uplifted to M-theory. Anyway, T-duality has to be applied with care because
of the presence of D-branes on a nontrivial background and we actually do not know how to
T-dualize the Dirac-Born-Infeld action.

8Here it is manifest why the SUGRA β-function computed in this context with brane probes matches the
field theory one, even if this requires the absence of order Nf/Nc corrections to the anomalous dimensions
γA,B, which one does not know how to derive (the stress-energy tensor is linear in Nf/Nc). It is because
those corrections are really of order eφNf/Nc and in the IR eφ → 0.
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4.2 Generalisations

4.2.1 The BPS Equations for Any Sasaki-Einstein Space

Let us now explain in detail the origin of the system of first-order differential equations
(4.1.10). As we already said in section 4.1, the system (4.1.10) is a consequence of super-
symmetry. Actually, it turns out that it can be derived in the more general situation that
corresponds to having smeared D7-branes in a space of the type AdS5 ×M5, where M5 is a
five-dimensional Sasaki-Einstein (SE) manifold. Notice that the T 1,1 space considered up to
now is a SE manifold. In general, a SE manifold can be represented as a one-dimensional
bundle over a four-dimensional Kähler-Einstein (KE) space. Accordingly, we will write the
M5 metric as follows

ds2
SE = ds2

KE + (dτ + A)2 , (4.2.1)

where ∂/∂τ is a Killing vector and ds2
KE stands for the metric of the KE space with Kähler

form J = dA / 2. In the case of the T 1,1 manifold the KE base is just S2 × S2, where the
S2’s are parameterised by the angles (θi, ϕi) and the fiber τ is parameterised by the angle ψ.

Our ansatz for ten-dimensional metric in Einstein frame will correspond to a deformation
of the standard AdS5 ×M5. Apart from the ordinary warp factor h(r), we will introduce
some squashing between the one form dual to the Killing vector and the KE base, namely:

ds2 =
[
h(r)

]− 1
2
dx2

1,3 +
[
h(r)

]1
2
[
dr2 + e2g(r) ds2

KE + e2f(r)
(
dτ + A)2

]
. (4.2.2)

Notice that, indeed, the ansatz (4.2.2) is of the same type as the one considered in eq. (4.1.7)
for the deformation of AdS5 × T 1,1. In addition our background must have a RR five-form:

F5 = K(r) dx0 ∧ · · ·dx4 ∧ dr + Hodge dual, (4.2.3)

and a RR one-form F1 which violates Bianchi identity. Recall that this violation, which we
want to be compatible with supersymmetry, is a consequence of having a smeared D7-brane
source in our system. Our proposal for F1 is the following:

F1 = C (dτ + A) , (4.2.4)

where C is a constant which should be related to the number of flavours. Moreover, the
violation of the Bianchi identity is the following9:

dF1 = 2C J. (4.2.5)

Notice that eq. (4.2.5) corresponds to taking Ω = −2CJ in our general expression (1.3.25).
To proceed with this proposal we should try to solve the Killing spinor equations by imposing
the appropriate projections. Notice that the ansatz is compatible with the Kähler structure
of the KE base and this is usually related to supersymmetry.

9We are considering that J = 1

2
Jabdx

a∧dxb and that the Ricci tensor of the KE space satisfies Rab = 6 gab.
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Before going ahead, it may be useful to make contact with the explicit case studied in
the previous section, namely the Klebanov-Witten model. In that case the KE base is

ds2
KE =

1

6

∑

i=1,2

(dθ2
i + sin2 θi dϕ

2
i ) , (4.2.6)

whereas the one form dual to the Killing vector ∂/∂τ is dτ = dψ/3 and the form A reads

A =
1

3

(
cos θ1 dϕ1 + cos θ2 dϕ2

)
. (4.2.7)

Moreover, the constant C was set to
3Nf
4π

in that case.
Let us choose the following frame for the ten-dimensional metric:

êx
µ

=
[
h(r)

]− 1
4 dxµ , êr =

[
h(r)

] 1
4 dr ,

ê0 =
[
h(r)

] 1
4 ef(r) (dτ + A) , êa =

[
h(r)

] 1
4 eg(r) ea ,

(4.2.8)

where ea a = 1, . . . , 4 is the one-form basis for the KE space such that ds2
KE = ea ea. In

the Klebanov-Witten model the basis taken in (4.1.8) corresponds to:

e1 = sin θ1 dϕ1 , e2 = dθ1 ,

e3 = sin θ2 dϕ2 , e4 = dθ2 .
(4.2.9)

Let us write the five-form F5 = F5 + ∗F5 of eq. (4.2.3) in frame components:

F5 = K(r)
[
h(r)

] 3
4 êx

0 ∧ · · · ∧ êx3 ∧ êr ,
∗F5 = −K(r)

[
h(r)

]3
4 ê0 ∧ · · · ∧ ê4 = −Kh2 e4g+f (dτ + A) ∧ e1 ∧ · · · ∧ e4.

(4.2.10)

The equation dF5 = 0 immediately implies:

Kh2e4g+f = constant =
(2π)4Nc

V ol(M5)
, (4.2.11)

where the constant has been obtained by imposing the quantisation condition (1.2.11) for
a generic M5. It will also be useful in what follows to write the one-form F1 in frame
components:

F1 = C h−
1
4 e−f ê0. (4.2.12)

Let us list the non-zero components of the spin connection:

ω̂x
µr = −1

4
h′ h−

5
4 êx

µ

, (µ = 0, · · · , 3) ,

ω̂ar =
[ 1

4

h′

h
+ g′

]
h−

1
4 êa , (a = 1, · · · , 4) ,

ω̂0r =
[ 1

4

h′

h
+ f ′

]
h−

1
4 ê0 ,

ω̂0
a = ef−2gh−

1
4 Jab ê

b ,

ω̂ab = ωab − ef−2gh−
1
4 Jabê0 ,

(4.2.13)
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where ωab are components of the spin connection of the KE base.
Let us now study under which conditions our ansatz preserves some amount of supersym-

metry. To address this point we must look at the supersymmetric variations of the dilatino
and gravitino (1.2.5). We will take them but using the following complex spinor notation10:

ǫ∗ ↔ σ3 ǫ , −iǫ∗ ↔ σ1 ǫ , iǫ ↔ iσ2 ǫ . (4.2.14)

It is quite obvious from the form of our ansatz for F1 in (4.2.12) that the equation
resulting from the dilatino variation is:

(
φ′ − i eφ C e−f Γr0

)
ǫ = 0 . (4.2.15)

In eq. (4.2.15), and in what follows, the indices of the Γ-matrices refer to the vielbein
components (4.2.8).

Let us move on to the more interesting case of the gravitino transformation. The space-
time and the radial components of the equation do not depend on the structure of the internal
space and always yield the following two equations:

h′ + K h2 = 0 ,

∂rǫ −
1

8
K h ǫ = 0 . (4.2.16)

To get eq. (4.2.16) we have imposed the D3-brane projection

Γx0x1x2x3 ǫ = −i ǫ , (4.2.17)

and we have used the fact that the ten-dimensional spinor is chiral with chirality

Γx0...x3r01234 ǫ = ǫ . (4.2.18)

It is a simple task to integrate the second differential equation in (4.2.16):

ǫ = h−
1
8 ǫ̂ , (4.2.19)

where ǫ̂ is a spinor which can only depend on the coordinates of the Sasaki-Einstein space.
In order to study the variation of the SE components of the gravitino it is useful to

write the covariant derivative along the SE directions in terms of the covariant derivative
in the KE space. The covariant derivative, written as a one-form for those components,
D̂ ≡ d + 1

4
ω̂IJ ΓIJ , is given by

D̂ = D − 1

4
Jab h

− 1
4 ef−2g Γab ê0 − 1

2
Jab h

− 1
4 ef−2g Γ0b êa +

+
1

2
h−

1
4

(1
4

h′

h
+ g′

)
Γar êa +

1

2
h−

1
4

(1
4

h′

h
+ f ′

)
Γ0r ê0 , (4.2.20)

where D is the covariant derivative in the internal KE space.

10Notice that it is different from that taken in eq. (1.3.10).
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The equation for the SE components of the gravitino transformation is

D̂I ǫ −
1

8
K h

3
4 ΓrI ǫ +

i

4
eφ F

(1)
I ǫ = 0. (4.2.21)

This equation can be split into a part coming from the coordinates in the KE space and a
part coming from the coordinate which parameterises the Killing vector. For this purpose,
it is convenient to represent the frame one-forms ea and the fiber one-form A in a coordinate
basis of the KE space

ea = Ea
m dy

m ,

A = Am dy
m ,

(4.2.22)

with ym m = 1, . . . , 4 a set of space coordinates in the KE space.
After a bit of algebra one can see that the equation obtained for the space coordinates

ym is simply

Dm ǫ −
1

4
Jab e

2(f−g)Am Γab ǫ − 1

2
Jab h

− 1
4 ef−2g Ea

m Γ0b ǫ+

+
1

2
h−

1
4

(1
4

h′

h
+ g′

)
Ea
m Γar ǫ +

1

2

(1
4

h′

h
+ f ′

)
ef Am Γ0r ǫ−

− 1

8
K h

3
4

(
Ea
m Γra + h

1
4 ef Am Γr0

)
ǫ +

i

4
eφ C Am ǫ = 0 ,

(4.2.23)

whereas the equation obtained for the fiber coordinate τ is given by

∂ǫ

∂τ
− 1

4
Jab e

2(f−g) Γab ǫ +
1

2

(1
4

h′

h
+ f ′

)
ef Γ0r ǫ−

− 1

8
K hef Γr0 ǫ +

i

4
eφ C ǫ = 0 .

(4.2.24)

Let us now solve these equations for the spinor ǫ. First of all, let us consider the dilatino
equation (4.2.15). Clearly, this equation implies that the spinor must be an eigenvector of
the matrix Γr0. Accordingly, let us require that ǫ satisfies

Γr0 ǫ = − i ǫ . (4.2.25)

Moreover, a glance at eqs. (4.2.23) and (4.2.24) reveals that ǫ must also be an eigenvector
of the matrix JabΓ

ab. Actually, by combining eqs. (4.2.17) , (4.2.18) and (4.2.25) one easily
obtains that

Γ12ǫ = Γ34ǫ . (4.2.26)

To simplify matters, let us assume that we have chosen the one-form basis ea of the KE in
such a way that the Kähler two-form J takes the canonical form:

J = e1 ∧ e2 + e3 ∧ e4 . (4.2.27)

In this basis, after using the condition (4.2.26), one trivially gets:

JabΓ
ab ǫ = 4Γ12 ǫ . (4.2.28)
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Thus, in order to diagonalize JabΓ
ab, let us impose the projection

Γ12 ǫ = −iǫ , (4.2.29)

which implies
Γ34 ǫ = −iǫ , JabΓ

ab ǫ = −4iǫ . (4.2.30)

Let us now use the well-known fact that any KE space admits a covariantly constant
spinor η satisfying:

Dm η = −3

2
i Am η , (4.2.31)

from which one can get a Killing spinor of the five-dimensional SE space as:

ǫ̂ = e−i
3
2
τ η . (4.2.32)

Actually, in the KE frame basis we are using, η turns out to be a constant spinor which
satisfies the conditions Γ12 η = Γ34 η = −iη. Let us now insert the SE Killing spinor ǫ̂ of
eq. (4.2.32) in our ansatz (4.2.19), i.e. we take the solution of our SUSY equations to be:

ǫ = h−
1
8 e−

3
2
iτ η . (4.2.33)

By plugging (4.2.33) into eqs. (4.2.23) and (4.2.24), and using the projections imposed to ǫ
and (4.2.31), one can easily see that eqs. (4.2.23) and (4.2.24) reduce to the following two
differential equations:

1

4

h′

h
+ g′ +

1

4
K h − ef−2g = 0 ,

1

4

h′

h
+ f ′ +

1

4
K h + 2 ef−2g − 3 e−f +

C

2
eφ−f = 0 . (4.2.34)

By combining all equations obtained so far in this subsection we arrive at a system of first-
order BPS equations for the deformation of any space of the form AdS5 ×M5:

φ′ − C eφ−f = 0 ,

h′ +
(2π)4Nc

V ol(M5)
e−f−4g = 0 ,

g′ − ef−2g = 0 ,

f ′ + 2 ef−2g − 3 e−f +
C

2
eφ−f = 0 . (4.2.35)

Notice that, indeed, this system reduces to the one written in eq. (4.1.10) for the conifold,
if we take into account that for this later case the constant C is 3Nf/(4π) and V ol(T 1,1) =
16π3/27.

It is now a simple task to count the supersymmetries of the type (4.2.33) preserved by our
background: it is just thirty-two divided by the number of independent algebraic projection
imposed to the constant spinor η. As a set of independent projections one can take the
ones written in eqs. (4.2.17), (4.2.25) and (4.2.29). It follows that our deformed background
preserves four supersymmetries generated by Killing spinors of the type displayed in eq.
(4.2.33).
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4.2.2 The BPS and Einstein Equations

In this subsection we will prove that the BPS system implies the fulfilment of the second-
order Euler-Lagrange equations of motion for the combined gravity plus brane system (see
eq. (1.3.18)). To begin with, let us consider the equation of motion of the dilaton, which
can be written as:

1√
−G∂M

(
GMN

√
−G ∂Nφ

)
= e2φ F 2

1 − 2κ2
10√

−G
δ

δφ
SDBI , (4.2.36)

where GMN is the ten-dimensional metric. Using the DBI action (1.3.22) for the smeared
D7-branes configuration, we find:

− 2κ2
10√

−G
δ

δφ
SDBI = eφ

∑
i

∣∣Ω(i)
∣∣ . (4.2.37)

The charge density distribution is Ω = −2CJ (see eq. (4.2.5)). Recall that the Kähler form
J of the KE base manifold has the canonical expression (4.2.27). It follows that Ω has two
decomposable components given by:

Ω(1) = −2C e1 ∧ e2 = −2C h−
1
2 e−2g ê1 ∧ ê2 ,

Ω(2) = −2C e3 ∧ e4 = −2C h−
1
2 e−2g ê3 ∧ ê4 ,

(4.2.38)

where the êa one-forms have been defined in (4.2.8). Therefore, the moduli of the Ω(i)’s can
be straightforwardly computed:

∣∣Ω(1)
∣∣ =

∣∣Ω(2)
∣∣ = 2|C | h− 1

2 e−2g . (4.2.39)

By using the explicit form of the metric, our ansatz for F1 and the previous formula (4.2.39)
one can convert eq. (4.2.36) into the following:

φ′′ + (4g′ + f ′)φ′ = C2 e2φ−2f + 4 |C| eφ−2g . (4.2.40)

It is now a simple exercise to verify that eq. (4.2.40) holds if the functions φ, g and f solve
the first-order BPS system (4.2.35) and the constant C is non-negative. In what follows we
shall assume that C ≥ 0.

To check the Einstein equations we need to calculate the Ricci tensor. In flat coordinates
the components of the Ricci tensor can be computed by using the spin connection. The
expression of the curvature two-form in terms of the spin connection is

RM̂N̂ = dω̂M̂N̂ + ω̂M̂P̂ ∧ ω̂P̂
N̂
, (4.2.41)

with the curvature two-form defined as follows:

RM̂
N̂

=
1

2
RM̂

N̂ P̂ Q̂
eP̂ ∧ eQ̂ . (4.2.42)
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By using the values of the different components of the ten-dimensional spin connection
written in (4.2.13) we can easily obtain the Riemann tensor and, by simple contraction of
indices, we arrive at the following flat components of the Ricci tensor:

Rxixj = h−
1
2 ηxixj

(
1

4

h′′

h
− 1

4

(
h′

h

)2

+
1

4

h′

h
f ′ +

h′

h
g′

)
,

Rrr = h−
1
2

(
− 1

4

h′′

h
− 1

4

(
h′

h

)2

− 1

4

h′

h
f ′ − h′

h
g′ − f ′′ − (f ′)2 − 4 g′′ − 4(g′)2

)
,

R00 = h−
1
2

(
− 1

4

h′′

h
+

1

4

(
h′

h

)2

− 1

4

h′

h
f ′ − h′

h
g′ − f ′′ − (f ′)2 − 4 g′ f ′ + 4 e2f−4g

)
,

Raa = h−
1
2

(
− 1

4

h′′

h
+

1

4

(
h′

h

)2

− 1

4

h′

h
f ′ − h′

h
g′ − g′′−

− 4 (g′)2 − g′ f ′ − 2 e2f−4g + 6 e−2g

)
,

RM̂N̂ = 0 , M 6= N .
(4.2.43)

From these values it is straightforward to find the expression of the scalar curvature (in
Einstein frame), which is simply

R = −h− 1
2

(
1

2

h′′

h
+

1

2

h′

h
f ′ + 2

h′

h
g′ + 8 g′′ + 20 (g′)2 +

+ 8 g′ f ′ + 2 f ′′ + 2 (f ′)2 + 4 e2f−4g − 24 e−2g

)
. (4.2.44)

Let us evaluate the different contributions to the right-hand side of the Einstein equations
(see eq. (1.3.18)). The contributions from the five- and one-forms is immediately computable
from our ansatz of eqs. (4.2.3) and (4.2.4). On the other hand, the contribution of the DBI
part of the action is just

TMN =
2κ2

10√
−G

δSDBI
δGMN

. (4.2.45)

By using our expression (1.3.22) of SDBI , with Ω = −dF1, together with the definition
(1.3.24), one easily arrives at the following expression of the stress-energy tensor of the
D7-brane:

TM̂N̂ = −e
φ

2

[
ηM̂N̂

∑

i

∣∣Ω(i)
∣∣−
∑

i

1∣∣Ω(i)
∣∣ (Ω(i))M̂P̂ (Ω(i))N̂Q̂ η

P̂ Q̂
]
, (4.2.46)

where we have used that 2κ2
10T7 = 1 and we have written the result in flat components. By

using in (4.2.46) the values given in eqs. (4.2.38) and (4.2.39) of Ω(i) and its modulus, we
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arrive at the simple result:

Txixj = −2C h−
1
2 eφ−2g ηxixj ,

Trr = T00 = −2C h−
1
2 eφ−2g ,

Tab = −C h− 1
2 eφ−2g δab , (a, b = 1, · · · , 4) , (4.2.47)

where the indices refer to our vielbein basis (4.2.8).
With all this information we can write, component by component, the set of second-

order differential equations for h, g, f and φ that are equivalent to the Einstein equations.
One can then verify, after some calculation, that these equations are satisfied if φ and the
functions of our ansatz solve the first-order system (4.2.35). Therefore, we have succeeded
in proving that the background obtained from the supersymmetry analysis is a solution of
the equations of motion of the supergravity plus Born-Infeld system. Notice that the SUSY
analysis determines F1, i.e. the RR charge distribution of the smeared D7-branes. What we
have just proved is that eq. (4.2.46) gives the correct stress-energy distribution associated
to the charge distribution Ω = −dF1 of smeared flavour branes.

To finish this subsection let us write the DBI action in a different, and very suggestive,
fashion. It turns out that, for our ansatz, the on-shell DBI action can be written as the
integral of a ten-form and the corresponding expression is very similar to the one for the WZ
term given in equation (1.3.20). Actually, we show below that

SDBI = T7

∫

M10

eφ Ω ∧ Ω8 , (4.2.48)

where Ω8 is an eight-form which, after performing the wedge product with the smearing
two-form Ω, gives rise to a volume form of the ten-dimensional space. Let us factorise in Ω8

the factors coming from the Minkowski directions:

Ω8 = h−1 d4x ∧ Ω4 , (4.2.49)

where Ω4 is a four-form in the internal space. Actually, one can check that Ω4 can be written
as:

Ω4 =
1

2
J ∧ J , (4.2.50)

where J is the following two-form:

J = h
1
2 e2g J + h

1
2ef dr ∧ (dτ + A) . (4.2.51)

To verify this fact, let us recall that Ω = −2CJ and thus

Ω ∧ Ω8 = −C h−1 d4x ∧ J ∧ J ∧ J . (4.2.52)

Taking into account that 1
2
J ∧ J is the volume form of the KE base of M5, we readily get:

d4x ∧ J ∧ J ∧ J = 4e−2g h
1
2

√
−G d10x , (4.2.53)

from where one can easily prove that eq. (4.2.48) gives the same result as in equation (1.3.22)
with Ω = −dF1.



134 CHAPTER 4. UNQUENCHED FLAVOURS IN THE KW MODEL

4.2.3 A Superpotential and the BPS Equations

It is interesting to obtain the system of first-order BPS equations (4.2.35) by using an
alternative approach, namely by deriving them from a superpotential. Generically, let us
consider a one-dimensional classical mechanics system in which η is the “time” variable
and A(η), Φm(η) (m = 1, 2 . . .) are the generalised coordinates. Let us assume that the
Lagrangian of this system takes the form:

L = eA
[
κ (∂ηA)2 − 1

2
Gmn(Φ) ∂ηΦ

m ∂ηΦ
n − V (Φ)

]
, (4.2.54)

where κ is a constant and V (Φ) is some potential, which we assume that is independent of
the coordinate A. If one can find a superpotential W such that:

V (Φ) =
1

2
Gmn ∂W

∂Φm

∂W

∂Φn
− 1

4κ
W 2 , (4.2.55)

then the equations of motion are automatically satisfied by the solutions of the first-order
system:

dA
dη

= − 1

2κ
W ,

dΦm

dη
= Gmn ∂W

∂Φn
. (4.2.56)

Let us now show how we can recover our system (4.2.35) from this formalism. The first step
is to look for an effective Lagrangian for the dilaton and the functions of our ansatz whose
equations of motion are the same as those obtained from the Einstein and dilaton equations
of type IIB supergravity. One can see that this lagrangian is:

Leff = h
1
2 e4g+f

[
R − 1

2
h−

1
2 (φ′)2 − Q2

2
h−

5
2 e−8g−2f − C2

2
h−

1
2 e2φ−2f − 4C h−

1
2 eφ−2g

]
,

(4.2.57)
where R is the scalar curvature written in (4.2.44) and Q is the constant

Q ≡ (2π)4Nc

V ol(M5)
. (4.2.58)

The Ricci scalar (4.2.44) contains second derivatives. Up to total derivatives Leff takes the
form:

Leff = e4g+f

[
− 1

2

(
h′

h

)2

+ 12 (g′)2 + 8 g′ f ′ − 4 e2f−4g + 24 e−2g − 1

2
(φ′)2 −

−Q
2

2
h−2 e−8g−2f − C2

2
e2(φ−f) − 4C eφ−2g

]
. (4.2.59)

We want to pass from the lagrangian (4.2.59) to that in eq. (4.2.54). With that purpose in
mind let us perform the following redefinition of fields:

e
3
4
A = h

1
2 e4g+f , e2g̃ = h

1
2e2g, e2f̃ = h

1
2 e2f . (4.2.60)
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In addition, we need to do the following change of the radial variable 11

dr

dη
= e

A
4
− 8

3
g̃− 2

3
f̃ . (4.2.61)

Once we have done the previous redefinitions, the Lagrangian we obtain is:

L̂eff = eA

[
3

4
(Ȧ)2 − 28

3
( ˙̃g)2 − 4

3
(

˙̃
f)2 − 8

3
˙̃g

˙̃
f − 1

2
(φ̇)2 − V (g̃, f̃ , φ)

]
, (4.2.62)

where the dot means derivative with respect to η and V (g̃, f̃ , φ) is the following potential:

V (g̃, f̃ , φ) = e−
2
3
(4g̃+f̃)

(
4 e2f̃−4g̃ − 24 e−2g̃ +

Q2

2
e−2(4g̃+f̃) +

C2

2
e2(φ−f̃) + 4C eφ−2g̃

)
.

(4.2.63)
The above lagrangian has the desired form (see eq. (4.2.54)) and we can identify the constant
κ and the elements of the kinetic matrix Gmn as:

κ =
3

4
, Gg̃g̃ =

56

3
, Gf̃ f̃ =

8

3
, Gg̃f̃ =

8

3
, Gφφ = 1 . (4.2.64)

One can now check that, given the above expression of the potential, the following superpo-
tential

W = e−
1
3
(4g̃+f̃)

[
Qe−4g̃−f̃ − 4 ef̃−2g̃ − 6e−f̃ + Ceφ−f̃

]
(4.2.65)

satisfies eq. (4.2.55) for the values of κ and Gmn written in eq. (4.2.64). It is now immediate
to write the first-order differential equations that stem from this superpotential. Explicitly
we obtain:

Ȧ = − 2

3
W ,

˙̃g =
1

4
e−

1
3
(4g̃+f̃)

[
−Qe−4g̃−f̃ + 4 ef̃−2g̃

]
,

˙̃
f =

1

4
e−

1
3
(4g̃+f̃)

[
−Qe−4g̃−f̃ − 8 ef̃−2g̃ + 12 e−f̃ − 2C eφ−f̃

]
,

φ̇ = C eφ−
4
3
(g̃+f̃) . (4.2.66)

In order to verify that this system is equivalent to the one obtained from supersymmetry, let
us write down explicitly these equations in terms of the old radial variable (see eq. (4.2.61))
and fields (see eqs. (4.2.60)). One gets:

h′

h
+ 8 g′ + 2 f ′ = −Qh−1 e−4g−f + 4 ef−2g + 6e−f − Ceφ−f ,

1

4

h′

h
+ g′ = ef−2g − 1

4
Qh−1 e−4g−f ,

1

4

h′

h
+ f ′ = 3 e−f − 2 ef−2g − 1

4
Qh−1 e−4g−f − 1

2
C eφ−f ,

φ′ = C eφ−f , (4.2.67)

11The change of the Lagrangian under that change of the radial variable is L̂eff = dr
dη

Leff .
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which are nothing else than a combination of the system of BPS equations written in (4.2.35).
Let us now use the previous results to study the five-dimensional effective action resulting

from the compactification along M5 of our solution. The fields in this effective action are the
functions f̃ and g̃, which parameterise the deformations along the fiber and the KE base of
M5 respectively, and the dilaton. Actually, in terms of the new radial variable η introduced
in (4.2.61), the ten-dimensional metric can be written as:

ds2 = e−
2
3

( f̃ + 4 g̃ )
[
e

A
2 dxµdxµ + dη2

]
+ e2g̃ ds2

KE + e2f̃ (dτ + A)2 . (4.2.68)

The corresponding analysis for the unflavoured theory was performed in [32, 121]. For
simplicity, let us work in units in which the AdS5 radius L is one. Notice that the quantity
Q defined in (4.2.58) is just Q = 4L4. Thus, in these units Q = 4. To make contact with
the analysis of refs. [32, 121], let us introduce new fields q and p which, in terms of f̃ and g̃
are defined as follows12:

q =
2

15
( f̃ + 4 g̃ ) , p = − 1

5
( f̃ − g̃ ) . (4.2.69)

In terms of these new fields, the potential (4.2.63) turns out to be

V (p, q, φ) = 4 e−8q−12p − 24 e−8q−2p +
C2

2
e2φ−8q+8p + 8 e−20q + 4C eφ−8q−2p , (4.2.70)

and the effective lagrangian (4.2.62) can be written as:

L̂eff =
√−g5

[
R5 − 1

2
φ̇2 − 20 ṗ2 − 30 q̇2 − V

]
, (4.2.71)

where g5 = −e2A is the determinant of the five-dimensional metric ds2
5 = e

A
2 dxµdxµ + dη2

and R5 = −
[
2 Ä + 5

4
Ȧ2
]

is its Ricci scalar. One can check that the minimum of the

potential (4.2.70) occurs only at p = q = eφ = 0, which corresponds to the conformal
AdS5 ×M5 geometry. Moreover, by expanding V around this minimum at second order we
find out that the fields p and q defined in (4.2.69) diagonalize the quadratic potential. The
corresponding masses arem2

p = 12 andm2
q = 32. By using these values in the mass-dimension

relation (1.1.14), we get:
m2
p = 12 =⇒ ∆p = 6 ,

m2
q = 32 =⇒ ∆q = 8 .

(4.2.72)

These scalar modes p and q are dual to the dimension six and eight operators discussed in
section 4.1.

4.2.4 General Deformation of the Klebanov-Witten Background

In this subsection we will explore the possibility of having a more general flavour deformation
of the AdS5×T 1,1 background. Notice that, as T 1,1 is a U(1) bundle over S2×S2, there exists

12The function p is called f in refs. [32, 121].
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the possibility of squashing with different functions each of the two S2’s of the KE base. In
the unflavoured case this is precisely the type of deformation that occurs when the singular
conifold is substituted by its small resolution. For this reason, it is worth considering this
type of metric also in our flavoured background. To be precise, let us adopt the following
ansatz for the metric, five-form and one-form:

ds2 = h−1/2dx2
1,3 + h1/2

(
dr2 +

1

6

∑

i=1,2

e2gi(dθ2
i + sin2 θi dϕ

2
i ) +

e2f

9
(dψ +

∑

i=1,2

cos θi dϕi)
2

)
,

F5 = (1 + ∗) d4x ∧K dr ,

F1 =
C

3
(dψ + cos θ2 dϕ2 + cos θ1 dϕ1) ,

(4.2.73)
where C = 3Nf/4π, all functions depend on r and g1(r) and g2(r) are, in general, different
(if g1 = g2 = g we recover our ansatz (4.1.7)). The equation dF5 = 0 immediately implies:

Kh2e2g1+2g2+f = 27πNc ≡ Q , (4.2.74)

which allows to eliminate the function K in favour of the other functions of the ansatz.
By following the same steps as in the g1 = g2 case and requiring that the background
preserve four supersymmetries, we get a system of first-order BPS equations for this kind of
deformation, namely:

φ′ = C eφ−f ,

h′ = −Qe−f−2g1−2g2 ,

g′i = ef−2gi , (i = 1, 2) ,

f ′ = 3 e−f − ef−2g1 − ef−2g2 − C

2
eφ−f .

(4.2.75)

Notice that, as it should, the system (4.2.75) reduces to eq. (4.2.35) when g1 = g2.
It is not difficult to integrate this system of differential equations by following the same

method that was employed for the g1 = g2 case. First of all, we change the radial coordinate:

dr = ef dρ , (4.2.76)

what allows us to get a new system:

φ̇ = C eφ ,

ḣ = −Qe−2g1−2g2 ,

ġi = e2f−2gi , (i = 1, 2) ,

ḟ = 3 − e2f−2g1 − e2f−2g2 − C

2
eφ ,

(4.2.77)

where now the derivatives are taken with respect to the new variable ρ.
The equation for the dilaton in (4.2.77) can be integrated immediately, with the result:

eφ = − 1

C

1

ρ
, (ρ < 0) , (4.2.78)
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where we have absorbed an integration constant in a shift of the radial coordinate. Moreover,
by combining the equations for g1 and g2 one easily realises that the combination e2g1 − e2g2

is constant. Let us write:
e2g1 = e2g2 + a2 . (4.2.79)

On the other hand, by using the solution for φ(r) just found and the equations for the gi’s
in (4.2.77), the first-order equation for f can be rewritten as:

ḟ = 3 − ġ1 − ġ2 +
1

2ρ
, (4.2.80)

which can be integrated immediately, to give:

e2f+2g1+2g2 = −cρe6ρ , (4.2.81)

with c being an integration constant. This constant can be absorbed by performing a suitable
redefinition. In order to make contact with the case in which g1 = g2 let us take c = 6. Then,
by combining (4.2.81) with the equation of g2, we get

e4g2+2g1 ġ2 = e2g1+2g2+2f = −6ρe6ρ , (4.2.82)

which, after using the relation (4.2.79), can be integrated with the result

e6g2 +
3

2
a2 e4g2 = (1 − 6ρ) e6ρ + c1 . (4.2.83)

Notice that, indeed, for a = 0 this equation reduces to the g1 = g2 solution (see eq. (4.1.23)).
Moreover, by combining eqs. (4.2.79) and (4.2.81) the expression of f can be straightfor-
wardly written in terms of g2, as follows:

e2f = − 6ρe6ρ

e4g2 + a2 e2g2
. (4.2.84)

It is also easy to get the expression of the warp factor h:

h(ρ) = −Q
∫

dρ

e4g2 + a2 e2g2
+ c2 . (4.2.85)

Thus, the full solution is determined in terms of e2g2 which, in turn, can be obtained from
(4.2.83) by solving a cubic algebraic equation. In order to write the explicit value of e2g2, let
us define the function:

ξ(ρ) ≡ (1 − 6ρ) e6ρ + c1 . (4.2.86)

Then, one has:

e2g2 =
1

2

[
− a2 +

a4

[
ζ(ρ)

] 1
3

+
[
ζ(ρ)

]1
3

]
, (4.2.87)

where the function ζ(ρ) is defined in terms of ξ(ρ) as:

ζ(ρ) ≡ 4 ξ(ρ) − a6 + 4

√
ξ(ρ)2 − a6

2
ξ(ρ) . (4.2.88)
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In expanding these functions in series near the UV (ρ → 0) one gets a similar behaviour
to the one discussed in subsection 4.1.3. Very interestingly, in the IR of the field theory,
that is when ρ → −∞, we get a behaviour that is “softened” respect to what we found in
subsection 4.1.3. This is not unexpected, given the deformation parameter a. Nevertheless,
the solutions are still singular. Indeed, the dilaton was not affected by the deformation a.

4.2.5 Massive Flavors

In the ansatz we have been using up to now, we have assumed that the density of RR charge
of the D7-branes is independent of the holographic coordinate. This is, of course, what is
expected for a flavour brane configuration which corresponds to massless quarks. On the
contrary, in the massive quark case, a supersymmetric D7-brane has a nontrivial profile
in the radial direction [105] and, in particular ends at some non-zero value of the radial
coordinate. These massive embeddings have free parameters which could be used to smear
the D7-branes. It is natural to think that the corresponding charge and mass distribution
of the smeared flavour branes will depend on the radial coordinate in a nontrivial way.

It turns out that there is a simple modification of our ansatz for F1 which gives rise to a
charge and mass distribution with the characteristics required to represent smeared flavour
branes with massive quarks. Indeed, let us simply substitute in (4.2.35) the constant C by
a function C(r). In this case:

F1 = C(r) (dτ + A) ,

dF1 = 2C(r) J + C ′(r)dr ∧ (dτ + A) .
(4.2.89)

Notice that the SUSY analysis of subsection 4.2.1 remains unchanged since only F1, and not
its derivative, appears in the supersymmetric variations of the dilatino and gravitino. The
final result is just the same system (4.2.35) of first-order BPS equations, where now one has
to understand that C is a prescribed function of r, which encodes the nontrivial profile of
the D7-brane. Notice that C(r) determines the running of the dilaton which, in turn, affects
the other functions of the ansatz.

A natural question to address here is whether or not the solutions of the modified BPS
system solve the equations of motion of the supergravity plus branes system. In order to
check this fact, let us write the DBI term of the action, following our prescription (1.3.22).
Notice that, in the present case, Ω = −dF1 is the sum of three decomposable pieces:

Ω = Ω(1) + Ω(2) + Ω(3) , (4.2.90)

where Ω(1) and Ω(2) are just the same as in eq. (4.2.38), while Ω(3) is given by:

Ω(3) = −C ′(r) dr ∧ (dτ + A) = −h− 1
2 e−f C ′(r) êr ∧ ê0 . (4.2.91)

The modulus of this new piece of Ω can be straightforwardly computed, namely:

|Ω(3) | = h−
1
2 e−f |C ′(r) | . (4.2.92)
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By using this result, together with the one in (4.2.39), one readily gets the expression of the
DBI terms of the action of the smeared D7-branes:

SDBI = −T7

∫

M10

h−
1
2 eφ

(
4 |C(r) | e−2g + |C ′(r) | e−f

)√
−G d10x . (4.2.93)

From this action it is immediate to find the equation of motion of the dilaton, i.e.:

φ′′ + (4g′ + f ′)φ′ = C2 e2φ−2f + 4 |C| eφ−2g + eφ−f |C ′ | . (4.2.94)

It can be verified that the first-oder BPS equations (4.2.35) imply the fulfilment of eq.
(4.2.94), provided the functions C(r) and C ′(r) are non-negative. Notice that now, when
computing the second derivative of φ from the BPS system (4.2.35) with C = C(r), a new
term containing C ′(r) is generated. It is easy to verify that this new term matches precisely
the last term on the right-hand side of (4.2.94).

It remains to verify the fulfilment of the Einstein equations. The stress-energy tensor of
the brane can be computed from eq. (4.2.46), where now the extra decomposable piece of
dF1 must be taken into account. The result that one arrives at, in the vielbein basis (4.2.8),
is a direct generalisation of (4.2.47):

Txixj = − eφ h−
1
2

[
2 |C(r) | e−2g +

1

2
|C ′(r) | e−f

]
ηxixj , (i, j = 0, . . . , 3) ,

Tab = − eφ h−
1
2

[
|C(r) | e−2g +

1

2
|C ′(r) | e−f

]
δab , (a, b = 1, . . . , 4) ,

Trr = T00 = − 2 |C(r) | h− 1
2 eφ−2g . (4.2.95)

As it happened for the equation of motion of the dilaton, one can verify that the extra pieces
on the right-hand side of (4.2.95) match precisely those generated by the second derivatives
appearing in the expression (4.2.43) of the Ricci tensor if C(r) and C ′(r) are non-negative.
As a consequence, the first-order equations (4.2.35) with a function C(r) also imply the
equations of motion for the ten-dimensional metric gMN . It is also interesting to point out
that, if C(r) and C ′(r) are non-negative, SDBI can also be written in the form (4.2.48),
where Ω8 is exactly the same eight-form as in eqs. (4.2.49) and (4.2.50).

Notice that, if the function C(r) = 3Nf(r)/4π has a Heaviside-like shape “starting” at
some finite value of the radial coordinate, then our BPS equations and solutions will be the
ones given in subsection 4.1.3 for values of the radial coordinate bigger than the “mass of the
flavour”. However, below that radial value the solution will be the one of Klebanov-Witten
(or deformations of it studied in [13]), with a non-running dilaton. Aside from decoupling
in the field theory, this is clearly indicating that the addition of massive flavours “resolves”
the singularity. Physically this behaviour is expected and makes these massive flavour more
interesting.

4.3 Summary and Discussion

In this chapter we followed the method of [80] to construct a dual to the field theory defined
by Klebanov and Witten after Nf flavours of quarks and antiquarks have been added to
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both gauge groups. In section 4.1 of this chapter, we wrote the BPS equations describing
the dynamics of this system and found solutions to this first-order system that also solve all
the second-order equations of motion. We analyzed the solutions to the BPS system and
learnt that, even when singular, the character of the singularity permits to get field theory
conclusions from the supergravity perspective.

We proposed a formulation for the dual field theory to these solutions, constructing a
precise four-dimensional superpotential. We studied these solutions making many match-
ings with field theory expectations that included the R-symmetry breaking and Wilsonian
β-function. Also, using the well-known (supergravity) superpotential approach, we learnt
that our field theory, aside from being deformed by a marginal (then turned irrelevant) op-
erator, modifies its dynamics by giving VEV to operators of dimension six and eight. We
explained how to change relations between couplings and Θ-angles in the theory, from the
perspective of our solutions.

In section 4.2 of this chapter, we presented a careful account of the many technical details
regarding the derivation of the results in section 4.1. Using the logic and intuitions developed
there, we generalised the approach described for any five-dimensional manifold that can be
written as a Sasaki-Einstein space (a one-dimensional fibration over a Kähler-Einstein space).
It is surprising that the same structure of BPS equations and ten-dimensional superpotential
repeats for all the manifolds described above. This clearly points to some “universality” of
the behaviour of four-dimensional N = 1 SCFT’s with flavours.

We shortly commented on the possibility of adding to the dynamics of the four-dimensional
field theory fundamentals with mass, presenting a general context to do this. It seems inter-
esting to exploit this procedure to get a better understanding of our singular backgrounds,
make contact with field theory results and study many other interesting problems.

It would be of great interest to study the dynamics of moving strings in this backgrounds,
details related to dibaryons, flavour symmetry breaking, etc. Even when technically involved,
it should be nice to understand the backreaction of probes where the worldvolume fields have
been turned on, since some interesting problems may be addressed.

Finding black hole solutions in our geometries is another topic that deserves to be pur-
sued. The interest of this problem resides in the fact that this would produce a black hole
background where to study, among other things, plasmas that include the dynamics of colour
and flavour at strong coupling. This is a very well defined problem that we believe of much
interest.

In the next chapter we are going to extend the study of backreacted flavour branes to the
Klebanov-Tseytlin and Klebanov-Strassler solutions. The result is more interesting, since
the fundamentals and the Klebanov-Tseytlin cascade “push in different directions” in the
RG flow. We will find fine-tuned situations in which the IR dynamics is either that of the
Klebanov-Strassler model with fundamentals or the dynamics of the case studied in this
chapter.
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Chapter 5

Unquenched Flavours in the KS
Model

In this chapter, we will consider the addition of flavour degrees of freedom to the Klebanov-
Tseytlin (KT) and Klebanov-Strassler (KS) solutions introduced in subsections 1.2.2 and
1.2.3 respectively. These new degrees of freedom will be incorporated again in the form of
flavour D7-branes, corresponding to fundamental matter in the dual field theory. As in the
previous chapter, we will follow ideas introduced in [92] but we will consider the case in
which the number of fundamental fields is of the same order as the number of adjoint or
bifundamental fields, that is Nf ∼ Nc. This means that the new (strongly coupled) dynamics
of the field theory is captured by a background that includes the backreaction of the flavour
branes. In order to find the new solutions, we follow the ideas and techniques outlined in
subsection 1.3.3.

Let us describe the main achievements of this chapter. We will present analytic solutions
for the equations of motion of type IIB supergravity coupled to the DBI+WZ action of the
flavour D7-branes that preserve four SUSY’s in four dimensions; we show how to reduce
these solutions to those found by Klebanov-Tseytlin/Strassler when the number of flavours
is taken to zero. Using them, we make a precise matching between the field theory cascade
(which, enriched by the presence of the fundamentals, is still self-similar) and the string
predictions. We will also match anomalies and β-functions by using our new supergravity
background. The behaviour of the background in the UV of the gauge theory suggests that
the field theory generates a ‘duality wall’. We also give a nice picture of Seiberg duality as
a large gauge transformation in supergravity.

5.1 The setup and the ansatz

We are interested in adding to the KT/KS cascading gauge theory a number of flavours
(fundamental fields) comparable with the number of colours (adjoint and bifundamental
fields). Those supergravity backgrounds were obtained by considering a stack of regular and
fractional D3-branes at the tip of the conifold. After the geometric transition, the colour
branes disappear from the geometry, but the closed string fluxes that they sourced remain

143



144 CHAPTER 5. UNQUENCHED FLAVOURS IN THE KS MODEL

nontrivial (see subsections 1.2.2 and 1.2.3 for a thorough explanation). The addition of
flavours in the field theory, in the large Nc limit considered by Veneziano [101], amounts to
introduce mesonic currents and internal quark loops in the planar diagrams that survive ’t
Hooft’s double scaling limit [7].

Let us then consider a system of type IIB supergravity plus Nf D7-branes. The dynamics
of the latter will be governed by the corresponding Dirac-Born-Infeld and Wess-Zumino
actions (1.3.7). Our solution will have a nontrivial metric and dilaton φ and, as in any
cascading background, non-vanishing RR three- and five-forms F3 and F5, as well as a
nontrivial NSNS three-form H3. In addition, the D7-branes act as a source for (the Hodge
dual of) the RR one-form F1 through the WZ coupling:

SD7
WZ = T7

∑

Nf

∫

M8

Ĉ8 + · · · , (5.1.1)

which induces a violation of the Bianchi identity dF1 = 0, as we showed in subsection 1.3.3.
Therefore our configuration will also necessarily have a non-vanishing value of F1. The ansatz
that we shall adopt for the Einstein frame metric is the following:

ds2 =
[
h(r)

]− 1
2
dx2

1,3 +
[
h(r)

]1
2

[
dr2 + e2G1(r) (σ2

1 + σ2
2) +

+ e2G2(r)

(
(ω1 + g(r) σ1)

2 + (ω2 + g(r) σ2)
2

)
+
e2G3(r)

9

(
ω3 + σ3)

2

]
, (5.1.2)

where dx2
1,3 denotes the four-dimensional Minkowski metric and σi and ωi (i = 1, 2, 3) are

the one-forms displayed in equation (1.2.18).
Notice that our metric ansatz (5.1.2) depends on five unknown radial functions Gi(r)

(i = 1, 2, 3), g(r) and h(r). The ansatz for F5 has the standard form, namely:

F5 = dh−1(r) ∧ dx0 ∧ · · · ∧ dx3 + Hodge dual . (5.1.3)

As expected for flavour branes, we will take D7-branes extended along the four Minkowski
coordinates as well as other four internal coordinates. The kappa symmetric embedding
of the D7-branes that we start from will be discussed in section 5.4. In order to simplify
the computations, following the approach of subsection 1.3.3, we will smear the D7-branes
in their two transverse directions in such a way that the symmetries of the unflavoured
background are recovered. As we explained in subsection 1.3.3, this smearing amounts to
the following generalisation of the WZ term of the D7-brane action:

SD7
WZ = T7

∑

Nf

∫

M8

Ĉ8 + · · · → T7

∫

M10

Ω ∧ C8 + · · · , (5.1.4)

where Ω is a two-form which determines the distribution of the RR charge of the D7-brane
and M10 is the full ten-dimensional manifold. Notice that Ω acts as a magnetic charge source
for F1 which generates the violation of its Bianchi identity (see eq. (1.3.25)). In what follows



5.1. THE SETUP AND THE ANSATZ 145

we will assume that the flavours introduced by the D7-brane are massless, which is equivalent
to require that the flavour brane worldvolume reaches the origin in the holographic direction.
Under this condition one expects a radial coordinate independent D7-brane charge density.
Moreover, the D7-brane embeddings that we will smear imply that Ω is symmetric under the
exchange of the two S2’s parameterised by (θ1, ϕ1) and (θ2, ϕ2), and independent of ψ (see
section 5.4). The smeared charge density distribution is the one already adopted in chapter
4, namely:

dF1 = −Nf

4π
(sin θ1 dθ1 ∧ dϕ1 + sin θ2 dθ2 ∧ dϕ2 ) =

Nf

4π
(ω1 ∧ ω2 − σ1 ∧ σ2) , (5.1.5)

where the coefficient Nf/4π is determined by normalization. With this ansatz for Ω, the
modified Bianchi identity (1.3.25) determines the value of F1, namely:

F1 =
Nf

4π
(ω3 + σ3) . (5.1.6)

The ansatz for the RR and NSNS three-forms that we propose is an extension of the one
given by Klebanov and Strassler (see eq. (1.2.56)) and it is simply (in this chapter we set
for convenience α′ = 1):

B2 =
M

2

[
f g1 ∧ g2 + k g3 ∧ g4

]
,

H3 = dB2 =
M

2

[
dr ∧ (f ′ g1 ∧ g2 + k′ g3 ∧ g4) +

1

2
(k − f) g5 ∧ (g1 ∧ g3 + g2 ∧ g4)

]
,

F3 =
M

2

{
g5 ∧

[(
F +

Nf

4π
f
)
g1 ∧ g2 +

(
1 − F +

Nf

4π
k
)
g3 ∧ g4

]
+ F ′dr ∧

(
g1 ∧ g3 + g2 ∧ g4

)}
,

(5.1.7)
where M is a constant, f(r), k(r) and F (r) are functions of the radial coordinate, and the
gi’s are the set of one-forms given in (1.2.17). The forms F3, H3 and F5 must satisfy the
set of Bianchi written in equation (1.2.3). Notice that the equations for F3 and H3 are
automatically satisfied by our ansatz (5.1.7). However, the Bianchi identity for F5 gives rise
to the following differential equation:

d

dr

[
h′ e2G1+2G2+G3

]
= −3

4
M2
[
(1 − F +

Nf

4π
k)f ′ + (F +

Nf

4π
f)k′ + (k − f)F ′

]
, (5.1.8)

which can be integrated, with the result:

h′ e2G1+2G2+G3 = −3

4
M2
[
f − (f − k)F +

Nf

4π
fk
]

+ constant . (5.1.9)

Let us now parameterise F5 (see eq. (1.2.28)) as

F5 =
π

4
Neff (r) g

1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 + Hodge dual , (5.1.10)

and let us define the five-manifold M5 as the one that is obtained by taking the Minkowski
coordinates and r fixed to a constant value. As

∫
M5

F5 = (4π2)2Neff(r), it follows that
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Neff(r) can be interpreted as the effective D3-brane charge at the value r of the holographic
coordinate. From our ansatz (5.1.3), it follows that:

Neff(r) = − 4

3π
h′ e2G1+2G2+G3 , (5.1.11)

and taking into account (5.1.9), we can write

Neff (r) ≡
1

(4π2)2

∫

M5

F5 = N0 +
M2

π

[
f − (f − k)F +

Nf

4π
fk
]
, (5.1.12)

where N0 is a constant. It follows from (5.1.12) that the RR five-form F5 is determined once
the functions F , f and k that parameterise the three-forms are known. Moreover, eq. (5.1.9)
allows to compute the warp factor once the functions Gi and the three-forms are determined.
Notice also that the effective D5-brane charge is obtained by integrating the gauge-invariant
field strength F3 over the 3-cycle S3 (see eq. (1.2.16)): θ2 = const., ϕ2 = const.. The result
is:

Meff(r) ≡
1

4π2

∫

S3

F3 = M
[
1 +

Nf

4π
(f + k)

]
. (5.1.13)

The strategy to proceed further is to look at the conditions imposed by supersymmetry.
We will smear, as in chapter 4, D7-brane embeddings that are kappa symmetric and, there-
fore, the supersymmetry requirement (1.2.5) gives rise to a large number of BPS first-order
ordinary differential equations for the dilaton and the different functions that parameterise
the metric and the forms. In the end, one can check that the first-order differential equa-
tions imposed by supersymmetry imply the second-order differential equations of motion. In
particular, from the variation of the dilatino we get the following differential equation for
the dilaton:

φ′ =
3Nf

4π
eφ−G3 . (5.1.14)

A detailed analysis of the conditions imposed by supersymmetry shows that the fibering
function g in eq. (5.1.2) is subjected to the following algebraic constraint:

g
[
g2 − 1 + e2(G1−G2)

]
= 0 , (5.1.15)

which has obviously two solutions. The first of these solutions is g = 0 and, as it is clear from
our metric ansatz (5.1.2), it corresponds to the cases of the flavoured singular and resolved
conifolds. In the second solution g is such that the term in brackets on the right-hand side
of (5.1.15) vanishes. This solution gives rise to the flavoured version of the warped deformed
conifold. The flavoured KT solution will be presented in section 5.3, whereas the flavoured
KS solution will be analyzed in section 5.2.

5.1.1 Maxwell and Page charges

Before presenting the explicit solutions for the metric and the forms of the supergravity
equations, let us discuss the different charges carried out by our solutions. In theories,
like type IIB supergravity, that have Chern-Simons terms in the action (which give rise to
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modified Bianchi identities), it is possible to define more than one notion of charge associated
with a given gauge field. Let us discuss here, following the presentation of ref. [128], two
particular definitions of this quantity, namely the so-called Maxwell and Page charges [129].
Given a gauge invariant field strength F8−p, the (magnetic) Maxwell current associated to it
is defined through the following relation:

d F8−p = ⋆jMaxwell
Dp , (5.1.16)

or equivalently, the Maxwell charge in a volume V9−p is given by:

QMaxwell
Dp ∼

∫

V9−p

⋆jMaxwell
Dp , (5.1.17)

with a suitable normalization. Taking ∂V9−p = M8−p and using (5.1.16) and Stokes theorem,
we can rewrite the previous expression as:

QMaxwell
Dp ∼

∫

M8−p

F8−p . (5.1.18)

This notion of current is gauge invariant and conserved and it has other properties that
are discussed in [128]. In particular, it is not “localised” in the sense that for a solution of
pure supergravity (for which d F8−p = H3 ∧ F6−p) this current does not vanish. These are
the kind of charges that we have calculated so far (5.1.12)-(5.1.13), namely:

QMaxwell
D5 = Meff =

1

4π2

∫
F3 ,

QMaxwell
D3 = Neff =

1

(4π2)2

∫
F5 . (5.1.19)

An important issue regarding these charges is that, in general, they are not quantised.
Indeed, we have checked explicitly that QMaxwell

D5 = Meff and QMaxwell
D3 = Neff vary contin-

uously with the holographic variable r (see eqs. (5.1.13) and (5.1.12)).
Let us move on to the notion of Page charge. The idea is first to write the Bianchi

identities for F3 and F5 as the exterior derivatives of some differential form, which in general
will not be gauge invariant. Page currents can then be introduced as magnetic sources on
the right-hand side, thus violating the Bianchi identities. In our case, we can define the
following (magnetic) Page currents:

d(F3 − B2 ∧ F1) = ⋆jPageD5 ,

d(F5 − B2 ∧ F3 +
1

2
B2 ∧B2 ∧ F1) = ⋆jPageD3 .

(5.1.20)

Notice that the currents defined by the previous expression are “localised” as a consequence
of the Bianchi identities satisfied by F3 and F5, namely dF3 = H3 ∧F1 and dF5 = H3 ∧F3.
The Page charges QPage

D5 and QPage
D3 are just defined as the integrals of ⋆jPageD5 and ⋆jPageD3 with

the appropriate normalization, i.e.:

QPage
D5 =

1

4π2

∫

V4

⋆jPageD5 ,

QPage
D3 =

1

(4π2)2

∫

V6

⋆jPageD3 ,

(5.1.21)
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where V4 and V6 are submanifolds in the transverse space to the D5- and D3-branes respec-
tively, which enclose the branes. By using the expressions of the currents ⋆jPageD5 and ⋆jPageD3

given in (5.1.20), and by applying Stokes theorem, we get:

QPage
D5 =

1

4π2

∫

S3

(
F3 − B2 ∧ F1

)
,

QPage
D3 =

1

(4π2)2

∫

M5

(
F5 − B2 ∧ F3 +

1

2
B2 ∧ B2 ∧ F1

)
,

(5.1.22)

where S3 and M5 are the same manifolds used to compute the Maxwell charges in eqs.
(5.1.13) and (5.1.12). It is not difficult to establish the topological nature of these Page
charges. Indeed, let us consider, for concreteness, the expression of QPage

D5 in (5.1.22). Notice
that the three-form under the integral can be locally represented as the exterior derivative
of a two-form, since F3 − B2 ∧ F1 = dC2, with C2 being the RR two-form potential. If C2

were well defined globally on the S3, the Page charge QPage
D5 would vanish identically as a

consequence of Stokes theorem. Thus, QPage
D5 can be naturally interpreted as a monopole

number and it can be non-vanishing only in the case in which the gauge field is topologically
nontrivial. For the D3-brane Page charge QPage

D3 a similar conclusion can be reached.
Due to the topological nature of the Page charges defined above, one naturally expects

that they are quantised and, as we shall shortly verify, they are independent of the holo-
graphic coordinate. This shows that they are the natural objects to compare with the
numbers of branes that create the geometry in these backgrounds with varying flux. How-
ever, as it is manifest from the fact that QPage

D5 and QPage
D3 are given in (5.1.22) in terms of the

B2 field and not in terms of its field strength H3, the Page charges are not gauge invariant.
In subsection 5.5.2 we will relate this non-invariance to the Seiberg duality of the field theory
dual.

Let us now calculate the associated Page charges for our ansatz (5.1.7) . We shall start by
computing the D5-brane Page charge for the three-sphere S3 defined by θ2, ϕ2 = constant.
We already know the value of the integral of F3, which gives precisely Meff (see eq. (5.1.13)).
Taking into account that

∫

S3

g5 ∧ g1 ∧ g2 =

∫

S3

g5 ∧ g3 ∧ g4 = 8π2 , (5.1.23)

we readily get:
1

4π2

∫

S3

B2 ∧ F1 =
MNf

4π
(f + k) , (5.1.24)

and therefore:

QPage
D5 = Meff − MNf

4π
(f + k) . (5.1.25)

Using the expression of Meff given in (5.1.13), we obtain:

QPage
D5 = M , (5.1.26)

which is certainly quantised and independent of the radial coordinate.
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Let us now look at the D3-brane Page charge, which can be computed as an integral over
the angular manifold M5. Taking into account that

∫

M5

g1 ∧ g2 ∧ g3 ∧ g4 ∧ g5 = (4π)3 , (5.1.27)

we get that, for our ansatz (5.1.7):

1

(4π2)2

∫

M5

B2 ∧ F3 =
M2

π

[
f − (f − k)F +

Nf

2π
fk
]
,

1

(4π2)2

∫

M5

B2 ∧B2 ∧ F1 =
M2

π

Nf

4π
fk ,

(5.1.28)

and, thus

QPage
D3 = Neff − M2

π

[
f − (f − k)F +

Nf

4π
fk
]
. (5.1.29)

Using the expression of Neff , we obtain

QPage
D3 = N0 , (5.1.30)

which is again independent of the holographic coordinate. Recall that these Page charges
are not gauge invariant and we will study in subsection 5.5.2 how they change under a large
gauge transformation.

We now proceed to present the solutions to the BPS equations of motion.

5.2 Flavored warped deformed conifold

Let us now consider the following solution of the algebraic constraint (5.1.15):

g2 = 1 − e2(G1−G2) . (5.2.1)

In order to write the equations for the metric and dilaton in this case, let us perform the
following change of variable:

3 e−G3 dr = dτ . (5.2.2)

In terms of this new variable, the differential equation for the dilaton is simply:

φ̇ =
Nf

4π
eφ , (5.2.3)

where the dot means derivative with respect to τ . This equation can be straightforwardly
integrated, namely:

Nf

4π
eφ =

1

τ0 − τ
, 0 ≤ τ ≤ τ0 , (5.2.4)
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where τ0 is an integration constant. Let us now write the equations imposed by supersym-
metry to the metric functions G1, G2 and G3, which are:

Ġ1 − 1

18
e2G3−G1−G2 − 1

2
eG2−G1 +

1

2
eG1−G2 = 0 ,

Ġ2 − 1

18
e2G3−G1−G2 +

1

2
eG2−G1 − 1

2
eG1−G2 = 0 ,

Ġ3 +
1

9
e2G3−G1−G2 − eG2−G1 +

Nf

8π
eφ = 0 . (5.2.5)

In order to write the solution of this system of equations, let us define the following function

Λ(τ) ≡

[
2(τ − τ0)(τ − sinh 2τ) + cosh(2τ) − 2ττ0 − 1

]1
3

sinh τ
. (5.2.6)

Then, the metric functions Gi are given by:

e2G1 =
1

4
µ

4
3

sinh2 τ

cosh τ
Λ(τ) , e2G2 =

1

4
µ

4
3 cosh τ Λ(τ) ,

e2G3 = 6µ
4
3

τ0 − τ
[
Λ(τ)

]2 , (5.2.7)

where µ is an integration constant. Notice that the range of τ variable chosen in (5.2.4) is
the one that makes the dilaton and the metric functions real. Moreover, for the solution we
have found, the fibering function g is given by:

g =
1

cosh τ
. (5.2.8)

By using this result, we can write the metric as:

ds2 =
[
h(τ)

]− 1
2
dx2

1,3 +
[
h(τ)

] 1
2
ds2

6 , (5.2.9)

where ds2
6 is the metric of the ‘flavoured’ deformed conifold, namely

ds2
6 =

1

2
µ

4
3 Λ(τ)

[
4(τ0 − τ)

3Λ3(τ)

(
dτ 2 + (g5)2

)
+ cosh2

(τ
2

) (
(g3)2 + (g4)2

)
+

+ sinh2
(τ

2

)(
(g1)2 + (g2)2

) ]
. (5.2.10)

Notice the similarity between the metric (5.2.10) and the one corresponding to the ‘un-
flavoured’ deformed conifold (1.2.51). To further analyze this similarity, let us study the
Nf → 0 limit of our solution. By looking at the expression of the dilaton in (5.2.4), one
realises that this limit is only sensible if one also sends τ0 → +∞ with Nfτ0 fixed. Indeed, by
performing this scaling and neglecting τ versus τ0, one gets a constant value for the dilaton.
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Moreover, the function Λ(τ) reduces in this limit to Λ(τ) ≈ (4τ0)
1
3 K(τ), where K(τ) is the

function (1.2.52) which appears in the metric of the deformed conifold. By using this result

one easily verifies that, after redefining µ→ µ/(4τ0)
1
4 , the metric (5.2.10) reduces to the one

in equation (1.2.51) for the unflavoured system.

The requirement of supersymmetry imposes the following differential equations for the
functions k, f and F appearing in the fluxes of our ansatz:

k̇ = eφ
(
F +

Nf

4π
f
)

coth2 τ

2
,

ḟ = eφ
(

1 − F +
Nf

4π
k
)

tanh2 τ

2
,

Ḟ =
1

2
e−φ(k − f) . (5.2.11)

Notice, again, that for Nf = 0 the system (5.2.11) reduces to (1.2.58). Moreover, for Nf 6= 0
this system can be solved as:

e−φ f =
τ coth τ − 1

2 sinh τ
(cosh τ − 1) , e−φ k =

τ coth τ − 1

2 sinh τ
(cosh τ + 1) ,

F =
sinh τ − τ

2 sinh τ
, (5.2.12)

where eφ is given in eq. (5.2.4). By using the solution displayed in (5.2.7) and (5.2.12) in
the general eq. (5.1.9) we can immediately obtain the expression of the warp factor h(τ).
Actually, if we require that h is regular at τ = 0, the integration constant N0 in (5.1.12)
must be chosen to be zero. In this case, we get:

h(τ) = − πM2

4µ8/3Nf

∫ τ

dx
x coth x− 1

(x − τ0)2 sinh2 x

− cosh 2x + 4x2 − 4xτ0 + 1 − (x − 2τ0) sinh 2x

(cosh 2x + 2x2 − 4xτ0 − 1 − 2(x − τ0) sinh 2x)2/3
.

(5.2.13)
The integration constant can be fixed by requiring that the analytic continuation of h(τ)
goes to zero as τ → +∞, to connect with the Klebanov-Strassler solution in the unflavoured
(scaling) limit. Then, close to the tip of the geometry, h(τ) ∼ h0 −O(τ 2).

We should emphasize now an important point: even though at first sight this solution
may look smooth in the IR (τ ∼ 0), where all the components of our metric approach the
same limit as those of the KS solution (up to a suitable redefinition of parameters, see eqs.
(1.2.54) and (1.2.55)), there is actually a curvature singularity. Indeed, in Einstein frame the
curvature scalar behaves as RE ∼ 1/τ .1 This singularity of course disappears when taking
the unflavoured limit, using the scaling described above. A more detailed analysis of the
singularity was done in [14].

The solution presented above is naturally interpreted as the addition of fundamentals to
the KS background. In the next section, we will present a solution that can be understood
as the addition of flavours to the KT background.

1The simplest example of this kind of singularity appears at r = 0 in a 2-dimensional manifold whose
metric is ds2 = dr2 + r2(1 + r)dϕ2.
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5.3 Fractional branes in the singular conifold with flavour

Let us now consider the solutions with g = 0. First of all, let us change the radial variable
from r to ρ, where the later is defined by the relation dr = eG3 dρ. The equation for the
dilaton can be integrated trivially:

eφ = − 4π

3Nf

1

ρ
, ρ < 0 . (5.3.1)

The supersymmetry requirement imposes now that the metric functions Gi satisfy in this
case the following system of differential equations:

Ġi =
1

6
e2G3−2Gi , (i = 1, 2) ,

Ġ3 = 3 − 1

6
e2G3−2G1 − 1

6
e2G3−2G2 − 3Nf

8π
eφ , (5.3.2)

where now the dot refers to the derivative with respect to ρ. This system is equivalent to
the one analyzed in chapter 4 for the Klebanov-Witten model with flavours, concretely in
equations (4.1.16) and (4.1.17). In what follows we will restrict ourselves to the particular
solution with G1 = G2 given by (see eqs. (4.1.23) and (4.1.24)):

e2G1 = e2G2 =
1

6
(1 − 6ρ)

1
3 e2ρ , e2G3 = −6ρ (1 − 6ρ)−

2
3 e2ρ . (5.3.3)

Notice that, as in chapter 4, the range of values of ρ for which the metric is well defined is
−∞ < ρ < 0. The equations for the flux functions f , k and F are now:

ḟ − k̇ = 2eφḞ ,

ḟ + k̇ = 3eφ
[
1 +

Nf

4π
(f + k)

]
,

F =
1

2

[
1 +

(
e−φ − Nf

4π

)
(f − k)

]
. (5.3.4)

We will focus on the particular solution of this system such that f = k and F is constant,
namely:

F =
1

2
, f = k = − 2π

Nf

(
1 − Γ

ρ

)
, (5.3.5)

where Γ is an integration constant. By substituting these values of F , f and k in our ansatz
(5.1.7) we obtain the form of F3 and H3. Notice that the constants M and Γ only appear in
the combination MΓ. Accordingly, let us define M as M ≡ MΓ. We will write the result
in terms of the function:

Meff(ρ) ≡
M
ρ

. (5.3.6)

One has:

F3 =
Meff(ρ)

4
g5 ∧

(
g1 ∧ g2 + g3 ∧ g4

)
,

H3 = − π

Nf

Meff (ρ)

ρ
dρ ∧

(
g1 ∧ g2 + g3 ∧ g4

)
.

(5.3.7)
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Moreover, the RR five-form F5 can be written as in (5.1.10) in terms of the effective D3-brane
charge defined in (5.1.12). For the solution (5.3.5) one gets:

Neff (ρ) = Nc +
M2

Nf

1

ρ2
, (5.3.8)

where Nc ≡ N0 − M2

Nf
. By using eq. (5.1.9), one can obtain the expression of the warp

factor, namely:

h(ρ) = −27π

∫
dρ

[
Nc +

M2

Nf

1

ρ2

]
e−4ρ

(1 − 6ρ)
2
3

. (5.3.9)

To interpret the solution just presented, it is interesting to study it in the deep IR region
ρ → −∞. Notice that in this limit the three-forms F3 and H3 vanish. Actually, it is easy
to verify that for ρ→ −∞ the solution obtained here reduces to the one studied in chapter
4, corresponding to the Klebanov-Witten model with flavours. Indeed, in this IR region it
is convenient to go back to our original radial variable r. The relation between r and ρ for
ρ→ −∞ is r ≈ (−6ρ)

1
6 eρ (see eq. (4.1.32)). Moreover, one can prove that for ρ→ −∞ (or

equivalently r → 0), the warp factor h and the metric functions Gi become:

h(r) ≈ 27πNc

4

1

r4
, e2G1 = e2G2 ≈ r2

6
, e2G3 ≈ r2 , (5.3.10)

which implies that the IR Einstein frame metric is AdS5 × T 1,1 plus logarithmic corrections,
exactly as the solution that we found in equation (4.1.33). The interpretation of the RG
flow of the field theory dual to this solution will be explained in sections 5.4 and 5.5.

Finally, let us stress that the UV behaviour of this solution (coincident with that of the
solution presented in section 5.2) presents a divergent dilaton at the point ρ = 0 (or τ = τ0
for the flavoured warped deformed conifold). Hence the supergravity approximation fails at
some value of the radial coordinate that we will associate in section 5.5 with the presence of
a duality wall [130] in the cascading field theory.

5.4 The field theory dual: a cascade of Seiberg duali-

ties

The field theory dual to our supergravity solutions can be engineered by putting stacks of two
kinds of fractional D3-branes (colour branes) and two kinds of fractional D7-branes (flavour
branes) on the singular conifold. The smeared charge distribution introduced in the previous
sections can be realised by homogeneously distributing D7-branes among a class of localised
kappa symmetric embeddings. The complex structure of the deformed conifold is described
by the equation (1.2.48). Recall that the U(1)R action is broken to Z2 by the deformation
parameter. Consider the embedding [107]:

z3 + z4 = 0 . (5.4.1)
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This is invariant under U(1)R and a diagonal SU(2)D of the isometry group of the deformed
conifold (and a Z2 which exchanges z3 ↔ z4). Moreover it is free of C8 tadpoles and it was
shown to be kappa symmetric in [107]. It could be useful to write it in the angular coordinates
of the previous section (see also eq. (1.2.49)): θ1 = θ2, ϕ1 = ϕ2, ∀ψ, ∀τ . We can obtain
other embeddings with the same properties by acting on it with the broken generators. One
can show that the charge distribution obtained by homogeneously spreading the D7-branes
in this class is (5.1.5):

Ω =
Nf

4π

(
sin θ1 dθ1 ∧ dϕ1 + sin θ2 dθ2 ∧ dϕ2

)
, (5.4.2)

where Nf is the total number of D7-branes.
Notice that one could have considered the more general embedding: z3 + z4 = m, where

m corresponds in field theory to a mass term for quarks. However we will not consider these
embeddings and their corresponding supergravity solutions.

Different techniques have been developed to identify the field theory dual to our type
IIB plus D7-branes background, which can be engineered by putting rl fractional D3-branes
of the first kind, rs fractional D3-branes of the second kind, Nfl fractional D7-branes of
the first kind, and Nfs fractional D7-branes of the second kind (l, s = 1, 2) on the singular
conifold, before the deformation has dynamically taken place. The properties of the different
kinds of fractional branes will be explained at the end of this section and in section 5.5;
what matters for the time being is that this brane configuration will give rise to a field
theory with gauge groups SU(rl) × SU(rs) and flavour groups SU(Nfl) and SU(Nfs) for
the two gauge groups respectively, with the matter content displayed in Fig. 5.1. The most
convenient technique for our purpose has been that of performing a T-duality along the
isometry (z1, z2) → (eiαz1, e

−iαz2). Once the system is mapped into type IIA, the spectrum
is directly read off and the superpotential comes from the analysis of its moduli space [131].

Ai
Q

Bj

Q̃

r1 r2

q̃

q

Nf1 Nf2

Figure 5.1: The quiver diagram of the gauge theory. Circles are gauge groups, squares are
flavour groups and arrows are bifundamental chiral superfields. Nf1 and Nf2 sum up to Nf .

The field content of the gauge theory can be read from the quiver diagram of Fig. 5.1. It
is an extension of the Klebanov-Strassler field theory with nonchiral flavours for each gauge
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group. The superpotential is2

W = λ(A1B1A2B2 − A1B2A2B1) + h1 q̃(A1B1 + A2B2)q + h2 Q̃(B1A1 +B2A2)Q+

+ α q̃qq̃q + β Q̃QQ̃Q .
(5.4.3)

The factors A1B1 + A2B2 directly descend from the embedding equation (5.4.1), while the
quartic term in the fundamental fields is derived from type IIA. This superpotential explicitly
breaks the SU(2) × SU(2) global symmetry of the unflavoured theory to SU(2)D, but this
global symmetry is recovered after the smearing.

The Nf flavours are split into Nfl and Nfs groups, according to which gauge group they
are charged under. Both sets come from D7-branes along the embedding (5.4.1).3 The only
feature that discriminates between these two kinds of (fractional) D7-branes is their coupling
to the RR C2 and C4 gauge potentials. On the singular conifold, before the dynamical
deformation, there is a vanishing two-cycle, living at the singularity, which the D7-branes
are wrapping. According to the worldvolume flux on it, the D7-branes couple either to one
or the other gauge group. Since this flux is stuck at the origin, far from the branes we can
only measure the D3, D5 and D7-charges produced. Unfortunately three charges are not
enough to fix four ranks. This curious ambiguity will show up again in section 5.5.

5.4.1 The cascade

One can assume that, as in the unflavoured case discussed in subsection 1.2.2, the β-functions
of the two gauge couplings have opposite sign. When the gauge coupling of the gauge group
with larger rank is very large, one can go to a Seiberg-dual description [47]: remarkably,
it is straightforward to see that the quartic superpotential is such that the field theory is
self-similar, namely the field theory in the dual description is a quiver gauge theory with the
same field content and superpotential, except for changes in the ranks of the groups.

Let us define the theory at some energy scale to be an SU(rl) × SU(rs) gauge theory
(where l stands for the larger gauge group and s for the smaller: rl > rs), with flavour
group SU(Nfl) (SU(Nfs)) for SU(rl) (SU(rs)). In the beginning we can set, conventionally,
rl = r1, rs = r2, Nfl = Nf1, Nfs = Nf2; after a Seiberg duality on the gauge group with the
larger rank, the field theory is SU(2r2−r1 +Nf1)×SU(r2), with again Nf1 and Nf2 flavours
respectively. In identifying which gauge group is now the larger and which is the smaller,
we have to exchange the labelling of the groups, so that we get r′l = r2, r

′
s = 2r2 − r1 +Nf1,

N ′
fl = Nf2 and N ′

fs = Nf1. The assumption leads to an RG flow which is described by a
cascade of Seiberg dualities, analogous to that described in subsection 1.2.2. In the UV the
ranks of the gauge groups are much larger than their disbalance, which is much larger than
the number of flavours. Hence the assumption of having β-functions with opposite sign is
justified in the UV flow of the field theory.

The supergravity background of section 5.2 is dual to a quiver gauge theory where the
cascade goes on until the IR, with nonperturbative dynamics at the end, as in the Klebanov-
Strassler solution discussed in subsection 1.2.3.

2Sums over gauge and flavour indices are understood.
3The embedding is in fact invariant under the Z2 (z3 ↔ z4) that exchanges the two gauge groups.



156 CHAPTER 5. UNQUENCHED FLAVOURS IN THE KS MODEL

In the background of section 5.3, the cascade does not take place anymore below some
value of the radial coordinate, and it asymptotes to the flavoured Klebanov-Witten solution
studied in chapter 4. In the field theory, this reflects the fact that, because of a suitable
choice of the ranks, the last step of the cascade leads to a theory where the β-functions of
both gauge couplings are positive. The IR dynamics is the one discussed in chapter 4, but
with a quartic superpotential for the flavours.

The description of the duality cascade in our solutions and its interesting UV behaviour
will be the content of the next section.

5.5 The cascade: supergravity side

We claim that our supergravity solutions are dual to the class of quiver gauge theories with
backreacting fundamental flavours introduced in the previous section. Indeed we will show
that the effective brane charges, the R-anomalies and the β-functions of the gauge couplings
that we can read from the supergravity solutions precisely match the picture of a cascade of
Seiberg dualities that describes the RG flow of the field theories. Thus we are generalising
the results of [32, 51] to gauge theories which include dynamical flavours.

5.5.1 Effective brane charges and ranks

By integrating fluxes over suitable compact cycles, we can compute three effective D-brane
charges in our solutions, which are useful to pinpoint the changes in the ranks of gauge groups
when the field theory undergoes a Seiberg duality: one of them (D7) is dual to a quantity
which is constant along the RG flow, whereas two of them (D3, D5) are not independent of
the holographic coordinate and are dual to the nontrivial part of the RG flow. Recall that
the (Maxwell) charges of D3- and D5-brane (Neff and Meff ) for our ansatz were already
calculated in section 5.1 (see eqs. (5.1.12) and (5.1.13)). Let us now compute the D7-brane
charge, integrating (5.1.5) on a two-manifold with boundary which is intersected once by
all the smeared D7-branes (e.g. D2: θ2 = const., ϕ2 = const., ψ = const.). This charge is
conserved along the RG flow because no fluxes appear on the right hand side of (5.1.5). The
D7-brane charge, which we interpret as the total number of flavours added to the Klebanov-
Strassler gauge theory, is indeed:

Nflav ≡
∫

D2

dF1 = Nf . (5.5.1)

Another important quantity was already introduced in (1.2.30) and it is the integral of
B2 over the nontrivial two-cycle S2: θ1 = θ2 ≡ θ, ϕ1 = 2π − ϕ2 ≡ ϕ, ψ = const.:

b0(τ) ≡
1

4π2

∫

S2

B2 =
M

π

(
f sin2 ψ

2
+ k cos2 ψ

2

)
. (5.5.2)

This quantity is important because string theory is invariant as it undergoes a shift of 1.
Recall that in the KW background it amounts to a Seiberg duality, and the same happens
here. So we will shift this last quantity by one unit, identify a shift in the radial variable τ
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that realises the same effect and see what happens to Meff and Neff . This was the process
that we already followed in subsection 1.2.2 when we studied the cascade of Seiberg dualities
of the theory without flavours. Actually, the cascade will not work along the whole flow
down to the IR but only in the UV asymptotic (below the UV cut-off τ0 obviously). Notice
that the same happens for the unflavoured solutions (see subsection 1.2.3). This is expected
since the last step of the cascade is not a Seiberg duality. Thus we will not be worried and
compute the cascade only in the UV asymptotic for large τ which also requires τ0 ≫ 1 (we
neglect O(e−τ )): in that regime the functions f and k become equal and b0 is ψ-independent.
Actually, we will not compute the explicit shift in τ but rather the shift in the functions f
and k. We have:

b0(τ) → b0(τ
′) = b0(τ) − 1 =⇒

f(τ) → f(τ ′) = f(τ) − π

M
,

k(τ) → k(τ ′) = k(τ) − π

M
.

(5.5.3)

Correspondingly, after a Seiberg duality step from τ to τ ′ < τ , that is going towards the
IR, we have:

Nf → Nf , (5.5.4)

Meff(τ) → Meff(τ
′) = Meff (τ) −

Nf

2
, (5.5.5)

Neff(τ) → Neff(τ
′) = Neff(τ) −Meff(τ) +

Nf

4
. (5.5.6)

This result is valid for all of our solutions.
We would like to compare this result with the action of Seiberg duality in field theory,

as computed in section 5.4. We need an identification between the brane charges computed
in supergravity and the ranks of the gauge and flavour groups in the field theory.

The field theory of interest for us has gauge groups SU(rl)×SU(rs) (rl > rs) and flavour
groups SU(Nfl) and SU(Nfs) for the gauge groups SU(rl) and SU(rs) respectively. It is
engineered, at least effectively at some radial distance, by the following objects: rl fractional
D3-branes of one kind (D5-branes wrapped on the shrinking two-cycle), rs fractional D3-
branes of the other kind (D5-branes wrapped on the shrinking cycle, supplied with −1 quanta
of gauge field flux on the two-cycle), Nfs fractional D7-branes without gauge field strength
on the two-cycle, and Nfl fractional D7-branes with −1 units of gauge field flux on the
shrinking two-cycle. This description is good for b0 ∈ [0, 1].

This construction can be checked explicitly in the case of the C×C2/Z2 orbifold [72, 132],
where one is able to quantise the open and closed string system for the case b0 = 1

2
[133].

That is the N = 2 CFT, which flows to the field theory that we are considering when equal
and opposite masses are given to the adjoint chiral superfields (the geometric description of
this relevant deformation is a blowup of the orbifold singularity) [22, 122]. Fractional branes
are those branes which couple to the twisted closed string sector.4

4Notice that one can build a regular D3-brane (i.e. not coupled to the twisted sector) by means of a
fractional D3-brane of one kind and a fractional D3-brane of the other kind. This regular brane can move
outside the orbifold singularity. On the contrary, there is no regular D7-brane: the two kinds of fractional
D7-branes, extending entirely along the orbifold, cannot bind into a regular D7-brane that does not touch
the orbifold fixed locus and is not coupled to the twisted sector [72].
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Here we will consider a general background value for B2. In order to compute the charges,
we will follow quite closely the computations in [134].

We will compute the charges of D7-branes and wrapped D5-branes on the singular coni-
fold (1.2.6). The D5 Wess-Zumino action (see eq. (1.3.4)) is

SD5 = T5

∫

M4×S2

{
C6 + (2π F2 +B2) ∧ C4

}
, (5.5.7)

where S2 is the only two-cycle in the conifold, vanishing at the tip, that the D5-brane is
wrapping. We write also a worldvolume gauge field F2 on S2. Then we expand:

B2 = 2π θBW2 , θB = 2π b0 , F2 = ΦW2 , (5.5.8)

where W2 is the two-form5 on the two-cycle, which satisfies
∫
S2 W2 = 1. In this conventions,

b0 has period 1, and Φ is quantised in 2πZ. We obtain (using Tp(4π
2) = Tp−2, see eq.

(1.1.5)):

SD5 = T5

∫

M4×S2

C6 +
T3

2π

∫

M4

(Φ + θB)C4 . (5.5.9)

The first fractional D3-brane [49] is obtained with Φ = 0 and has D3-charge b0 and D5-charge
1. The second fractional D3-brane is obtained either as the difference with a D3-brane or
as an anti-D5-brane (global − sign in front) with Φ = −2π. It has D3-charge 1 − b0 and
D5-charge -1. These charges are summarised in Table 5.1.

Now consider a D7-brane along the surface z3 +z4 = 0. It describes a z1z2 +z2
3 = 0 inside

the conifold (1.2.6), which is a copy of C2/Z2. The D7 Wess-Zumino action (1.3.4) is (up to
a curvature term considered below)

SD7 = T7

∫

M4×Σ

{
C8 + (2π F2 +B2) ∧ C6 +

1

2
(2π F2 +B2) ∧ (2π F2 +B2) ∧ C4

}
. (5.5.10)

The surface Σ = C2/Z2 has a vanishing two-cycle at the origin. Since the conifold has only
one two-cycle, these two must be one and the same and we can expand on Σ using W2 again.
Moreover, being 2W2 the Poincaré dual to the two-cycle on Σ,

∫

Σ

W2 ∧ α2 =
1

2

∫

S2

α2 (5.5.11)

holds for any closed two-form α2. The fact that the Poincaré dual to the two-cycle S2 on
Σ = C

2/Z2 is 2W2 follows from our normalisation
∫
S2 W2 = 1 and from the self-intersection

number of the S2 living at the singularity, namely:6

−2 = #(S2, S2) ≡ −
∫

Σ

(2W2) ∧ (2W2) . (5.5.12)

5This two-form is a rescaling of the two-form introduced in eq. (1.2.20).
6The minus sign on the right-hand side of (5.5.12) comes from the sign of the pullback volume form on

S2 and Σ.
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There is another contribution of induced D3-charge coming from the curvature coupling
[135]:

T7

96
(2π)2

∫

M4×Σ

C4 ∧ TrR2 ∧R2 = −T3

∫

M4×Σ

C4 ∧
p1(R)

48
, (5.5.13)

where R2 is the curvature two-form and p1(R) = is the first Pontryagin class of the manifold
M4×Σ. This can be computed in the following way. On K3, p1(R) = 48 and the induced D3-
charge is −1. In the orbifold limit K3 becomes T 4/Z2 which has sixteen orbifold singularities.
Thus on C2/Z2 the induced D3-charge is −1/16. Putting all together we get:

SD7 = T7

∫

M4×Σ

C8 +
T5

4π

∫

M4×S2

(Φ + θB)C6 +
T3

16π2

∫

M4

[
(Φ + θB)2 − π2

]
C4 . (5.5.14)

The second fractional D7-brane (the one that couples to the second gauge group) is obtained
with Φ = 0 and has D7-charge 1, D5-charge b0

2
and D3-charge (4b20 − 1)/16. With Φ = 2π

we get a non-SUSY or non-minimal object (see [49] for some discussion of this). The first
fractional D7-brane (coupled to the first gauge group) has Φ = −2π and has D7-charge 1,
D5-charge b0−1

2
and D3-charge (4(b0 − 1)2 − 1)/16. This is summarised in Table 5.1. Which

fractional D7-brane provides flavours for the gauge group of which fractional D3-brane can
be determined from the orbifold case with b0 = 1

2
(compare with [72]).

Object frac D3 (1) frac D3 (2) frac D7 (1) frac D7 (2)

D3-charge b0 1 − b0
4(b0 − 1)2 − 1

16

4b20 − 1

16

D5-charge 1 −1
b0 − 1

2

b0
2

D7-charge 0 0 1 1
Number of objects rl rs Nfl Nfs

Table 5.1: Charges of fractional branes on the conifold.

Given these charges, we can compare with the field theory cascade. First of all we
construct the dictionary:

Nf = Nfl +Nfs , (5.5.15)

Meff = rl − rs +
b0 − 1

2
Nfl +

b0
2
Nfs , (5.5.16)

Neff = b0 rl + (1 − b0) rs +
4(1 − b0)

2 − 1

16
Nfl +

4b20 − 1

16
Nfs . (5.5.17)

To derive this, we have only used that the brane configuration that engineers the field theory
that we consider consists of rl fractional D3 of the first kind, rs fractional D3 of the second
kind, Nfl fractional D7 of the first kind and Nfs fractional D7 of the second kind. Recall
that, by convention, rl > rs and Nfl (Nfs) are the flavours for SU(rl) (SU(rs)).
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It is important to remember that b0 is defined modulo 1, and shifting b0 by one unit
amounts to go to a Seiberg dual description in the field theory. At any given energy scale
in the cascading gauge theory, there are infinitely many Seiberg dual descriptions of the
field theory because Seiberg duality is exact along the RG flow [124]. Among these different
pictures, there is one which gives the best effective description of the field theory degrees of
freedom around that energy scale (this is also the description with positive squared gauge
couplings): it is the one where b0 has been redefined, by means of a large gauge transforma-
tion, so that b0 ∈ [0, 1] (see subsection 5.5.2). This is the description that we will use when
we effectively engineer the field theory in terms of branes in some range of the RG flow that
lies between two adjacent Seiberg dualities.

In field theory, as before, we start with gauge group SU(r1) × SU(r2) and Nf1 flavours
for SU(r1), Nf2 flavours for SU(r2), with r1 > r2. The gauge group SU(r1) flows towards
strong coupling. When its gauge coupling diverges we turn to a Seiberg dual description.
After the Seiberg duality on the larger gauge group, we get SU(2r2 − r1 + Nf1) × SU(r2)
and the flavour groups are left untouched.

The effective D5- and D3-brane charges of a brane configuration that engineers this field
theory before the duality are:

Meff = r1 − r2 +
b0 − 1

2
Nf1 +

b0
2
Nf2 ,

Neff = b0r1 + (1 − b0)r2 +
4(1 − b0)

2 − 1

16
Nf1 +

4b20 − 1

16
Nf2 .

(5.5.18)

After the duality they become:

M ′
eff = −r2 + r1 −Nf1 +

b0 − 1

2
Nf2 +

b0
2
Nf1 = Meff −

Nf

2
,

N ′
eff = b0r2 + (1 − b0)(2r2 − r1 +Nf1) +

4(1 − b0)
2 − 1

16
Nf2 +

4b20 − 1

16
Nf1 =

= Neff −Meff +
Nf

4
.

(5.5.19)

They exactly reproduce the SUGRA behaviour (5.5.4)-(5.5.6). Notice that the matching of
the cascade between supergravity and field theory is there, irrespective of how we distribute
the flavours between the two gauge groups. From the three charges and the cascade, we are
not able to determine how the flavours are distributed but only their total number.

We conclude with some remarks. Even though the effective brane charges computed in
supergravity are running and take integer values only at some values of the holographic coor-
dinate, the ranks of gauge and flavour groups computed from them are constant and integer
(for suitable choice of the integration constants) in the whole range of radial coordinate dual
to the energy range where we use a specific field theory description. This range of scales is
b0 ∈ [0, 1] mod 1. At the boundaries of this region, we perform a Seiberg duality and go into
a new more effective description. In particular, if ranks are integer before the duality, they
still are after it; meanwhile we shift b0 by one unit. Hence the field theory description of
the cascade is perfectly matched by the ranks that we can compute from our supergravity
solution.
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Notice also that the fact that Meff shifts by Nf/2 instead of Nf confirms that the
flavoured version of the Klebanov-Strassler theory that we are describing has nonchiral
flavours (with a quartic superpotential) rather than chiral flavours (with a cubic super-
potential) like in [106, 136], where the shift goes with units of Nf .

Finally, we want to stress again that we are engineering a field theory with four objects
but we have only three charges to recognize them. The comparison of the cascade between
SUGRA and field theory, surprisingly enough, does not help.

5.5.2 Seiberg duality as a large gauge transformation

We have argued that a shift by a unit of the normalised flux b0 as we move towards the
IR along the holographic direction is equivalent to performing a Seiberg duality step on the
field theory side (see equations (5.5.3)-(5.5.6)). Moreover, we have checked that, under this
shift of b0, the change of the effective (Maxwell) charges Meff and Neff of supergravity is
exactly the same as the one computed in the field theory engineered with fractional branes
on the singular conifold.

In this subsection we will present an alternative way of understanding, in supergravity,
Seiberg duality at a fixed energy scale. As we know, for a given value of the holographic
coordinate τ , the value of b0 lies generically outside the interval [0, 1], where a good field
theory description exists. However, the flux of the B2 field is not a gauge invariant quantity
in supergravity and can be changed under a large gauge transformation. Indeed, let us take
the two-form Υ2 defined in equation (1.2.20) and let us change B2 as follows:

B2 → B2 + ∆B2 , ∆B2 = −πnΥ2 , n ∈ Z . (5.5.20)

As dΥ2 = 0, the field strength H3 does not change and our transformation is a gauge
transformation of the NSNS field. However the flux of B2 does change as:

∫

S2

B2 →
∫

S2

B2 − 4π2n , (5.5.21)

or, equivalently b0 → b0−n. This non-invariance of the flux shows that this transformation of
B2 is a large gauge transformation which cannot be globally written as ∆B2 = dΛ. Moreover,
as always happens with large gauge transformations, it is quantised. If we want that our
transformation (5.5.20) be a gauge transformation of supergravity, it should leave the RR
field strength F3 invariant. Defining the potential C2 as dC2 = F3 − B2 ∧ F1, we see that
dC2 must change as:

dC2 → dC2 +
nNf

4
g5 ∧ Υ2 . (5.5.22)

One can verify that this change of dC2 can be obtained if the variation of C2 is (see equations
(5.1.7) and (5.3.7)):

∆C2 =
nNf

8

[
(ψ − ψ∗) ( sin θ1dθ1 ∧ dϕ1 − sin θ2 dθ2 ∧ dϕ2 ) − cos θ1 cos θ2 dϕ1 ∧ dϕ2

]
,

(5.5.23)
where ψ∗ is a constant. In the study of the R-symmetry anomaly of the next subsection
it will be convenient to know the change of C2 on the submanifold S2: θ1 = θ2 = θ,
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ϕ1 = 2π − ϕ2 = ϕ. Denoting by Ceff
2 the RR potential C2 restricted to this cycle, we get

from (5.5.23) that:

∆Ceff
2 =

nNf

4
(ψ − ψ∗) sin θdθ ∧ dϕ . (5.5.24)

Let us now study how the Page charges change under these large gauge transformations.
From the expressions written in (5.1.22), we obtain:

∆QPage
D5 = − 1

4π2

∫

S3

∆B2 ∧ F1 ,

∆QPage
D3 =

1

(4π2)2

∫

M5

(
− ∆B2 ∧ F3 + ∆B2 ∧B2 ∧ F1 +

1

2
∆B2 ∧ ∆B2 ∧ F1

)
.

(5.5.25)

By using in (5.5.25) our ansatz for F3 and B2 (5.1.7), together with the expression of ∆B2

given in (5.5.20) as well as the relations (5.1.23) and (5.1.27), one readily gets:

∆QPage
D5 = n

Nf

2
,

∆QPage
D3 = nM + n2Nf

4
.

(5.5.26)

Thus, under a large gauge transformation (5.5.20) with n = 1, the Page charges transform
as:

QPage
D5 → QPage

D5 +
Nf

2
,

QPage
D3 → QPage

D3 + M +
Nf

4
.

(5.5.27)

Recall that for our ansatz QPage
D5 = M and QPage

D3 = N0 (see eqs. (5.1.26) and (5.1.30)).
Thus, eq. (5.5.27) gives how these constants change under a large gauge transformation.
At a given holographic scale τ we should perform as many large transformations as needed
to have b0 ∈ [0, 1]. Given that b0 grows when the holographic coordinate increases, the
transformation (5.5.27) should correspond to the change of ranks under a Seiberg duality
when we flow towards the UV. By comparing (5.5.27) with our previous expressions one can
show that this is the case. Actually, one can get an explicit expression of QPage

D5 and QPage
D3

in terms of the ranks rl and rs and the number of flavours Nfl and Nfs. In order to verify
this fact, let us suppose that we are in a region of the holographic coordinate such that the
two functions f and k of our ansatz are equal. Notice that for the flavoured KS solution
this happens in the UV, while for the flavoured KT this condition holds for all values of the
radial coordinate. If f = k the normalised flux b0 in (5.5.2) can be written as:

b0(τ) =
M

π
f(τ) . (5.5.28)

Using this expression we can write the D5-brane Page charge (5.1.25) as:

QPage
D5 = Meff − Nf

2
b0 . (5.5.29)
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Notice also that the supergravity expression (5.1.13) of Meff can be written when f = k as:

Meff = M +
Nf

2
b0 . (5.5.30)

Let us next assume that we have chosen our gauge such that, at the given holographic scale,
b0 ∈ [0, 1]. In that case we can use the value of Meff obtained by the field theory calculation

of subsection 5.5.1 to evaluate the Page charge QPage
D5 . Actually, by plugging the value of

Meff given in (5.5.16) on the right-hand side of (5.5.29) we readily get the following relation

between QPage
D5 and the field theory data:

QPage
D5 = rl − rs − Nfl

2
. (5.5.31)

Similarly, for f = k, one can express the D3-brane Page charge (5.1.29) as:

QPage
D3 = Neff − b0M − b20

4
Nf , (5.5.32)

which, after using the relation (5.5.30), can be written in terms of Meff as:

QPage
D3 = Neff − b0Meff +

Nf

4
b20 . (5.5.33)

Again, if we assume that b0 ∈ [0, 1] and use the field theory expressions (5.5.17) and (5.5.16)
of Neff and Meff , we get:

QPage
D3 = rs +

3Nfl −Nfs

16
. (5.5.34)

Notice that, as it should, the expressions (5.5.31) and (5.5.34) of QPage
D5 and QPage

D3 that we
have just found are independent of b0, as far as b0 ∈ [0, 1]. Moreover, one can verify that
under a field theory Seiberg duality the right-hand sides of (5.5.31) and (5.5.34) transform
as the left-hand sides do under a large gauge transformation of supergravity.

Finally, let us point out that in this approach Seiberg duality is performed at a fixed
energy scale and Meff and Neff are left invariant (recall that Maxwell charges are gauge
invariant). Indeed, by looking at our ansatz for B2 one easily concludes that the change of
B2 written in (5.5.20) is equivalent to the following change in the functions f and k

f → f − π

M
n , k → k − π

M
n , (5.5.35)

and one can verify that the changes (5.5.26) and (5.5.35) leave the expressions of Meff and
Neff , as written in eqs. (5.1.25) and (5.1.29), invariant. From eqs. (5.5.31) and (5.5.34) it is
clear that the Page charges provide a clean way to extract the ranks and number of flavours
of the corresponding (good) field theory dual at a given energy scale. Actually, the ranks
of this good field theory description change as step-like functions along the RG flow, due to
the fact that b0 varies continuously and needs to suffer a large gauge transformation every
time that, flowing towards the IR, it reaches the value b0 = 0 in the good gauge. This large
gauge transformation changes QPage

D5 and QPage
D3 in the way described above, which realises

in supergravity the change of the ranks under a Seiberg duality in field theory.
Let us now focus on a different way of matching the behaviour of the field theory and

our solutions.
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5.5.3 R-symmetry anomalies and β-functions

We can compute the β-functions (up to the energy-radius relation) and the R-symmetry
anomalies for the two gauge groups both in supergravity and in field theory in the spirit
of subsection 1.2.2. In the UV, where the cascade takes place, they nicely match. For the
comparison we make use again of the holographic formulae ((1.2.35) and (1.2.44)) derived
in the N = 2 orbifold case. It will be useful to what follows to write them down again:

4π2

g2
l

+
4π2

g2
s

= π e−φ ,

4π2

g2
l

− 4π2

g2
s

=
e−φ

2π

[∫

S2

B2 − 2π2 (mod 4π2)
]
,

Θl + Θs = −2π C0 ,

Θl − Θs =
1

π

∫

S2

C2 .
(5.5.36)

Recall that strictly speaking, these formulae need to be corrected for small values of the
gauge couplings and are only valid in the large ’t Hooft coupling regime (see [57, 113, 124]),
which is the case under consideration. Moreover, they give positive squared couplings only
if b0 = 1

4π2

∫
S2 B2 is in the range [0, 1]. This is the physical content of the cascade: at a given

energy scale we must perform a large gauge transformation on B2 in supergravity to shift∫
B2 by a multiple of 4π2 to get a field theory description with positive squared couplings.
We have adapted the indices in (5.5.36) to the previous convention for the gauge group

with the larger (the smaller) rank. Let us restrict our attention to an energy range, between
two subsequent Seiberg dualities, where a field theory description in terms of specific ranks
holds. In this energy range the gauge coupling gl of the gauge group with larger rank flows
towards strong coupling, while the gauge coupling gs of the gauge group with smaller rank
flows towards weak coupling. Indeed, as formulae (5.5.36) confirm, the coupling gl was not
touched by the previous Seiberg duality and starts different from zero. It flows to ∞ at the
end of this range where a Seiberg duality on its gauge group is needed. The coupling gs of
the gauge group with smaller rank is the one which starts very large (actually divergent)
after the previous Seiberg duality on its gauge group and then flows toward weak coupling.

In supergravity, due to the presence of magnetic sources for F1, we cannot define a
potential C0. Therefore we project our fluxes on the submanifold θ1 = θ2 ≡ θ, ϕ1 =
2π − ϕ2 ≡ ϕ, ∀ψ, τ before integrating them. Recalling that F3 = dC2 + B2 ∧ F1, what we
get from (5.1.6)-(5.1.7) (in the UV limit) are the effective potentials

Ceff
0 =

Nf

4π
(ψ − ψ∗

0) , C̃eff
2 =

[M
2

+
nNf

4

]
(ψ − ψ∗

2) sin θ dθ ∧ dϕ . (5.5.37)

The integer n in C̃eff
2 comes from a large gauge transformation on B2 (Seiberg duality

in field theory, see eq. (5.5.24)) which shifts b0(τ) ∈ [n, n + 1] by n units - so that the
gauge transformed b̃0(τ) = b0(τ) − n is between 0 and 1 - and at the same time shifts

dCeff
2 → dC̃eff

2 = dCeff
2 + πn

Nf
4π

sin θ dθ ∧ dϕ ∧ dψ, since F3 is gauge-invariant, but leaves
C0 invariant.

The field theory possesses an anomalous R-symmetry which assigns charge 1
2

to all chiral
superfields. The field theory R-anomalies are easily computed using equation (1.2.40). Con-
tinuing to use rl (rs) for the larger (smaller) group rank and Nfl (Nfs) for the corresponding
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flavours (see Fig. 5.1), the anomalies under a U(1)R rotation of parameter ε are:

Field theory:
δεΘl = [2(rl − rs) −Nfl] ε ,

δεΘs = [−2(rl − rs) −Nfs] ε .
(5.5.38)

Along the cascade of Seiberg dualities, the coefficients of the anomalies for the two gauge
groups change when we change the effective description; what does not change is the unbroken
subgroup of the R-symmetry group. Because we want to match them with the supergravity
computations, it will be convenient to rewrite the field theory anomalies in the following
form:

Field theory:
δε(Θl + Θs) = −Nf ε ,

δε(Θl − Θs) = [4(rl − rs) +Nfs −Nfl] ε .
(5.5.39)

An infinitesimal U(1)R rotation parameterised by ε in field theory corresponds to a shift
ψ → ψ+ 2ε in the geometry. Therefore, making use of (5.5.37), we find on the supergravity
side:

SUGRA:
δε(Θl + Θs) = −Nf ε ,

δε(Θl − Θs) = [4M + 2nNf ] ε .
(5.5.40)

These formulae agree with those computed in the field theory. For the difference of the
anomalies, what we can compute and compare is its change after a step in the duality
cascade. Notice indeed that the difference of the anomalies, as computed in (5.5.40), gives
a step function: as we flow towards the IR, after some energy scale (the scale of a Seiberg
duality along the cascade) we need to perform a large gauge transformation in supergravity
to turn to the correct Seiberg dual description of the field theory (the only one with positive
squared gauge couplings). This corresponds to changing n → n − 1 in (5.5.40), therefore
the coefficient of the difference of the R-anomalies decreases by 2Nf units. This result is
reproduced exactly by the field theory computation (5.5.39). In field theory the difference of
the anomalies depends on the quantity 4(rl− rs)+Nfs−Nfl. Keeping the same conventions
adopted in subsection 5.4.1 and repeating the same reasoning, it is easy to see that after a
step of the cascade towards the IR, this quantity decreases exactly by 2Nf units.

The dictionary (5.5.36) allows us also to compute the β-functions of the two gauge cou-
plings and check further the picture of the duality cascade.

Since we will be concerned in the cascade, we will make use of the flavoured Klebanov-
Tseytlin solution of section 5.3, to which the flavoured Klebanov-Strassler solution of section
5.2 reduces in the UV limit.

We shall keep in mind that, at a fixed value of the radial coordinate, we want to shift
b0 = 1

4π2

∫
S2 B2 by means of a large gauge transformation in supergravity in such a way

that its gauge transformed b̃0 = b0 − [b0] ≡ b0 − n 7 belongs to [0, 1]: in doing so, we are
guaranteed to be using the good description in terms of a field theory with positive squared
gauge couplings.

7n is a step-like function of the radial coordinate.
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Recall that

e−φ =
3Nf

4π
(−ρ) , (5.5.41)

b0 =
2M

Nf

(
Γ

ρ
− 1

)
, (5.5.42)

and the dictionary (5.5.36), that we rewrite as:

8π2

g2
+

≡ 8π2

g2
l

+
8π2

g2
s

= 2πe−φ , (5.5.43)

8π2

g2
−

≡ 8π2

g2
l

− 8π2

g2
s

= 2πe−φ(2b̃0 − 1) , (5.5.44)

where b̃0 ≡ b0 − [b0] ∈ [0, 1] comes from integrating on the two-cycle the suitably gauge
transformed Kalb-Ramond potential.

Then we can compute the following ‘radial’ β-functions from the gravity dual:

β
(ρ)
+ ≡ β

(ρ)
8π2

g2+

≡ d

dρ

8π2

g2
+

, (5.5.45)

β
(ρ)
− ≡ β

(ρ)
8π2

g2
−

≡ d

dρ

8π2

g2
−

, (5.5.46)

and we would like to match these with the field theory computations.
Using the expressions (5.5.43)-(5.5.44), we can conclude that

β
(ρ)
+ = −3

Nf

2
, (5.5.47)

β
(ρ)
− = 3

(
Nf

2
+Q

)
, (5.5.48)

where Q = Nf [b0(ρ)] + 2M = Nfn(ρ) + 2M is a quantity which undergoes a change Q →
Q − Nf as b0(ρ) → b0(ρ

′) = b0(ρ) − 1 (one Seiberg duality step along the cascade towards
the IR), or equivalently n(ρ) → n(ρ′) = n(ρ)− 1. Up to an overall factor of 2, Q is the same
quantity appearing in the difference of the R-anomalies in (5.5.40).

The field theory computations of the β-functions (in the Wilsonian scheme) give:

βl ≡ β 8π2

g2
l

= 3rl − 2rs(1 − γA) −Nfl(1 − γq) , (5.5.49)

βs ≡ β 8π2

g2s

= 3rs − 2rl(1 − γA) −Nfs(1 − γq) , (5.5.50)

with the usual conventions. Hence

β+ ≡ βl + βs = (rl + rs)(1 + 2γA) −Nf (1 − γq) , (5.5.51)

β− ≡ βl − βs = (5 − 2γA)(rl − rs) + (Nfs −Nfl)(1 − γq) . (5.5.52)
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In order to match the above quantities with the gravity computations (5.5.47)-(5.5.48), an
energy-radius relation is required. This is something we miss here. Although it is not
really needed to extract from our supergravity solutions the qualitative information on the
running of the gauge couplings, we are going initially to make two assumptions, which can be
viewed as an instructive simplification. Let us then assume that the radius-energy relation
is ρ = ln µ

EUV
, where EUV is the scale of the UV cutoff dual to the maximal value of the

radial coordinate ρ = 0, and that the anomalous dimensions do not acquire subleading
corrections. Matching β+ implies γA = γq = −1

2
. Matching β−, once we insert these

anomalous dimensions, implies that Q = 2(rl − rs) − Nfl. This quantity correctly shifts as
Q → Q−Nf when b0 → b0 − 1. This last observation allows us to check the consistency of
the cascade of Seiberg dualities also against the running of the gauge couplings.

Actually, the qualitative picture of the RG flow in the UV can be extracted from our
supergravity solution even without knowing the precise radius-energy relation, but simply
recalling that the radius must be a monotonic function of the energy scale.

It is interesting to notice the following phenomenon: as we flow up in energy and approach
the far UV ρ→ 0− in (5.5.42), a large number of Seiberg dualities is needed to keep b0 varying
in the interval [0, 1]. The Seiberg dualities pile up the more we approach the UV cut-off EUV .
Meanwhile, formula (5.5.48) reveals that, when going towards the UV cutoff EUV , the ‘slope’
in the plots of 1

g2i
versus the energy scale becomes larger and larger, and (5.5.47) reveals that

the sum of the inverse squared gauge coupling goes to zero at this UV cutoff. At the energy
scale EUV the effective number of degrees of freedom needed for a weakly coupled description
of the gauge theory becomes infinite. Since ρ = 0 is at finite proper radial distance from any
point placed in the interior ρ < 0, EUV is a finite energy scale.

Log Μ

1
��������
g2

Figure 5.2: Qualitative plot of the running gauge couplings as functions of the logarithm of
the energy scale in our cascading gauge theory. The blue lines are the inverse squared gauge
couplings, while the red line is their sum.

The picture which stems from our flavoured Klebanov-Tseytlin/Strassler solution is that
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EUV is a so-called “Duality Wall”, namely an accumulation point of energy scales at which a
Seiberg duality is required in order to have a weakly coupled description of the gauge theory
[130]. Above the duality wall, Seiberg duality does not proceed and a weakly coupled dual
description of the field theory is not known. See Fig. 5.2.

Duality walls were studied in [137] in the framework of quiver gauge theories with only
bifundamental chiral superfields and the study was restricted to the field theory.

To our knowledge, our solutions are the first explicit realisations of this exotic UV phe-
nomenon on the supergravity side of the gauge/gravity correspondence.

5.6 Summary and Discussion

In this chapter we have presented a very precise example of the duality between field the-
ories with flavours and string solutions that include the dynamics of (flavour) branes. We
focused on the Klebanov-Tseytlin/Strassler case, providing a well defined dual field theory,
together with different matchings that include the cascade of Seiberg dualities, β-functions
and anomalies. Indeed, we have shown in detail how the ranks of the gauge groups change
from a string theory viewpoint (in perfect agreement with the usual field theory prescrip-
tion), providing also a rigorous definition of the gauge groups ranks in terms of Page charges.
We have also shown how the runnings of the gauge couplings are matched by the string back-
ground and how global anomalies are also captured by our solution.

It would be interesting to provide more general solutions to our system of BPS equations
and analyze the details of their dual dynamics, focusing mainly on the IR (the last steps of
the cascade leading to a baryonic branch of the field theory, behavior of the Wilson loop,
etc).



Chapter 6

SUSY defects in the
Maldacena-Núñez background

In this chapter we will make a rather systematic search for possible supersymmetric em-
beddings for D5-brane probes in a concrete model, the Maldacena-Nuñez background (MN)
introduced in subsection 1.2.6. As shown in ref. [71], the MN background has a rich structure
of submanifolds along which one can wrap a D5-brane probe without breaking supersym-
metry completely. Hence we continue the analysis of [71] by studying the configurations of
D5-brane probes which are a codimension one or two defect in the gauge theory directions.
The main tool used will be again kappa symmetry (see subsection 1.3.2). By imposing the
equation Γκ ǫ = ǫ one can systematically determine the supersymmetric embeddings of the
probe and it is possible to identify the fraction of supersymmetry preserved by the con-
figuration. It will become clear that only the D5-brane probes can have supersymmetric
embeddings of the type we are interested in and that they preserve two of the four super-
symmetries of the background. We will demonstrate that the solutions found in sections 6.2
and 6.3 saturate certain energy bound [100].

6.1 Supersymmetric Probes in the Maldacena-Núñez

background

The idea, as we have already explained before in subsection 1.3.2, is to consider a D5-brane
probe embedded in the MN background. We will use the notation given in subsection 1.2.6
where we set gs = 1, α′ = 1 and Nc = 1 for simplicity and irrelevance for the analysis of this
chapter.

We will assume that there are not worldvolume gauge fields on the D5-brane, which is
consistent with the equations of motion of the probe if there are not source terms which
could induce them. These source terms must be linear in the gauge field and can only be
originated in the Wess-Zumino part of the probe action (1.3.6). For the cases considered
below we will verify that the RR potentials of the MN background do not act as source of
the worldvolume gauge fields and, therefore, the latter can be consistently put to zero. If

169
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this is the case, the kappa symmetry matrix of a Dp-brane in the type IIB theory is the one
written in (2.1.1).

The kappa symmetry equation Γκ ǫ = ǫ imposes a condition on the Killing spinors which
should be compatible with the ones required by the supersymmetry of the background. These
latter conditions are precisely the ones written in eq. (1.2.144). In particular the spinor ǫ
must be such that ǫ = iǫ∗, which in the real notation (1.3.10) is equivalent to σ1ǫ = ǫ. Notice
that the Pauli matrix appearing in the expression of Γκ in (2.1.1) is σ1 or σ2, depending on
the dimensionality of the probe. Clearly, the conditions Γκ ǫ = ǫ and σ1ǫ = ǫ can only be
compatible if Γκ contains the Pauli matrix σ1. By inspecting eq. (2.1.1) one readily realises
that this happens for p = 1, 5. Moreover, we want our probes to be extended both along the
spatial Minkowski and internal directions, which is not possible for Lorentzian D1-branes
and leaves us with the D5-branes as the only case to be studied. Notice that for the MN
background the only couplings of the Wess-Zumino term of the action (1.3.4) linear in the
worldvolume gauge field F are of the form C(2)∧F and C(6)∧F , where C(2) and C(6) are the
RR potentials. By simple counting of the degree of these forms one immediately concludes
that these terms are not present in the action of a D5-brane and, thus, the gauge fields can
be consistently taken to be zero, as claimed above.

Coming back to the complex notation for the spinors, and taking into account the fact
that the Killing spinors of the MN background satisfy the condition ǫ = iǫ∗, one can write
the matrix Γκ for a D5-brane probe as:

Γκ =
1

6!

1√−g ǫ
µ1···µ6 γµ1···µ6 . (6.1.1)

As we explained in detail in section 2.1, for a general embedding, the kappa symmetry
condition Γκ ǫ = ǫ imposes a new projection to the Killing spinor ǫ. This new projection is
not, in general, consistent with the conditions (1.2.144), since it involves matrices which do
not commute with those appearing in (1.2.144). The only way of making the equation Γκ ǫ =
ǫ and (1.2.144) consistent with each other is by requiring the vanishing of the coefficients of
those non-commuting matrices. On the contrary, the terms in Γκ which commute with the
projections (1.2.144) should act on the Killing spinors as the unit matrix. These conditions
will give rise to a set of first-order BPS differential equations. By solving these BPS equations
we will determine the embeddings of the D5-brane we are interested in, namely those which
preserve some fraction of the background supersymmetry. The configurations found by
solving these equations also solve the equations of motion derived from the Dirac-Born-
Infeld action of the probe and, actually, we will verify that they saturate a bound for the
energy, as it usually happens in the case of worldvolume solitons. We have already seen
this bound in the configurations studied in chapters 2 and 3 but it is worth recalling the
procedure for the MN model. The lagrangian density for a D5-brane probe (see eq. (1.3.6))
in the MN background is given by:

L = −e−φ√−g − P [C(6) ] , (6.1.2)

where we have taken the string tension equal to one and P [C(6) ] denotes the pullback of the
RR potential written in eqs. (1.2.150) and (1.2.151). In eq. (6.1.2) we have already taken
into account that we are considering configurations of the probe with vanishing worldvolume
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gauge field. For static embeddings, such as the ones we will consider in this chapter, the
hamiltonian density H is just H = −L. We will verify that, for the systems studied in sections
6.2 and 6.3, H satisfies a lower bound, which is saturated just when the corresponding BPS
equations are satisfied. Actually, we will show that, for a generic embedding, H can be
written as:

H = Z + S , (6.1.3)

where Z is a total derivative and S is non-negative:

S ≥ 0 . (6.1.4)

From eqs. (6.1.3) and (6.1.4) it follows immediately that H ≥ Z, which is the energy bound
that we have stated above. Moreover, we will check that S = 0 precisely when the BPS
equations obtained from kappa symmetry are satisfied, which means that the energy bound
is saturated for these configurations.

6.2 Wall defects

In this section we are going to find supersymmetric configurations of a D5-brane probe
which, from the point of view of the four-dimensional gauge theory, are codimension one
objects. Accordingly, we extend the D5-brane along three of the Minkowski coordinates xµ

(say x0, x1, x2) and along a three dimensional submanifold of the internal part of the metric.
To describe these configurations it is convenient to choose the following set of worldvolume
coordinates:

ξm = (x0, x1, x2, r, θ1, φ1) . (6.2.1)

Moreover, we will adopt the following ansatz for the dependence of the remaining ten-
dimensional coordinates on the ξµ’s:

x3 = x3(r),

θ2 = θ2(θ1, φ1) , φ2 = φ2(θ1, φ1) ,

ψ = ψ0 = constant . (6.2.2)

In subsection 6.4.1 we will explore other possibilities and, in particular, we will study con-
figurations for which ψ is not constant. For the set of worldvolume coordinates (6.2.1) the
kappa symmetry matrix acts on the Killing spinors ǫ as:

Γκ ǫ =
1√−g γx0x1x2rθ1φ1

ǫ . (6.2.3)

The induced gamma matrices appearing on the right-hand side of eq. (6.2.3) can be straight-
forwardly computed from the general expression (1.3.12). One gets:

e−
φ
2 γxµ = Γxµ , (µ = 0, 1, 2),

e−
φ
2 γr = Γr + ∂rx

3Γx3 ,

e−
φ
2 γθ1 = ehΓ1 +

(
V1θ +

a

2

)
Γ̂1 + V2θ Γ̂2 + V3θ Γ̂3 ,

e−
φ
2

sin θ1
γφ1 = ehΓ2 + V1φ Γ̂1 +

(
V2φ −

a

2

)
Γ̂2 + V3φ Γ̂3 , (6.2.4)
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where the V ’s are the quantities:

V1θ ≡
1

2

[
cosψ0 ∂θ1θ2 + sinψ0 sin θ2 ∂θ1φ2

]
,

V2θ ≡
1

2

[
− sinψ0 ∂θ1θ2 + cosψ0 sin θ2 ∂θ1φ2

]
,

V3θ ≡
1

2
cos θ2 ∂θ1φ2 ,

sin θ1V1φ ≡ 1

2

[
cosψ0 ∂φ1θ2 + sinψ0 sin θ2 ∂φ1φ2

]
,

sin θ1 V2φ ≡ 1

2

[
− sinψ0 ∂φ1θ2 + cosψ0 sin θ2 ∂φ1φ2

]
,

sin θ1 V3φ ≡ 1

2

[
cos θ1 + cos θ2 ∂φ1φ2

]
. (6.2.5)

Notice that the V ’s depend on the angular part of the embedding (6.2.2), i.e. on the func-
tional dependence of θ2, φ2 on (θ1, φ1). Using the expressions of the γ’s given in eq. (6.2.4),
one can write the action of Γκ on ǫ as:

Γκ ǫ =
e2φ√−g Γx0x1x2

[
Γr + ∂rx

3Γx3

]
γθ1φ1 ǫ . (6.2.6)

Moreover, by using the projection Γ12 ǫ = Γ̂12 ǫ (see eq. (1.2.144)), γθ1φ1 ǫ can be written as:

e−φ

sin θ1
γθ1φ1 ǫ =

[
c12 Γ12 + c12̂ Γ1Γ̂2 + c11̂ Γ1Γ̂1 +

+ c13̂ Γ1Γ̂3 + c1̂3̂ Γ̂13 + c2̂3̂ Γ̂23 + c23̂ Γ2Γ̂3

]
ǫ , (6.2.7)

with the c’s given by:

c12 = e2h +
(
V1θ +

a

2

)(
V2φ −

a

2

)
− V2θ V1φ ,

c12̂ = eh
(
V2φ − V1θ − a

)
,

c11̂ = eh
(
V1φ + V2θ

)
,

c13̂ = eh V3φ ,

c1̂3̂ =
(
V1θ +

a

2

)
V3φ − V1φ V3θ ,

c2̂3̂ = V2θ V3φ −
(
V2φ −

a

2

)
V3θ ,

c23̂ = −eh V3θ . (6.2.8)

As mentioned at the end of section 6.1, we have to ensure that the kappa symmetry projection
Γκ ǫ = ǫ is compatible with the conditions (1.2.144). In particular, it should be consistent
with the second projection written in (1.2.144), namely Γ12 ǫ = Γ̂12 ǫ. It is rather obvious
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that the terms in (6.2.7) containing the matrix Γ̂3 do not fulfil this requirement. Therefore
we must impose the vanishing of their coefficients, i.e.:

c13̂ = c1̂3̂ = c2̂3̂ = c23̂ = 0 . (6.2.9)

By inspecting the last four equations in (6.2.8) one readily realises that the conditions (6.2.9)
are equivalent to:

V3θ = V3φ = 0 . (6.2.10)

Moreover, from the expression of V3θ in (6.2.5) we conclude that the condition V3θ = 0 implies
that

φ2 = φ2(φ1) . (6.2.11)

Furthermore (see eq. (6.2.5) ), V3φ = 0 is equivalent to the following differential equation:

∂φ2

∂φ1

= −cos θ1
cos θ2

. (6.2.12)

Let us now write
∂φ2

∂φ1
= m(φ1) , (6.2.13)

where we have already taken into account the functional dependence written in eq. (6.2.11).
By combining the last two equations we arrive at:

cos θ2 = − cos θ1
m(φ1)

. (6.2.14)

By differentiating eq. (6.2.14) we get

∂θ2
∂θ1

= − sin θ1
m(φ1) sin θ2

. (6.2.15)

Then, if we define

∆(θ1, φ1) ≡
1

2

[
sin θ2
sin θ1

∂φ1φ2 − ∂θ1θ2

]
,

∆̃(θ1, φ1) ≡
1

2

∂φ1θ2
sin θ1

, (6.2.16)

the c coefficients can be written in terms of ∆ and ∆̃, namely:

c12 = e2h − a2

4
− 1

4
+
a∆

2
cosψ0 − a∆̃

2
sinψ0 ,

c12̂ = eh
[
∆ cosψ0 − ∆̃ sinψ0 − a

]
,

c11̂ = eh
[
∆ sinψ0 + ∆̃ cosψ0

]
, (6.2.17)

where we have used eqs. (6.2.11)-(6.2.15) and the fact that

V1θV2φ − V2θV1φ = −1

4
. (6.2.18)
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Moreover, by using the values of the derivatives ∂φ1φ2 and ∂θ1θ2 written in eqs. (6.2.13)
and (6.2.15), together with eq. (6.2.14), it is easy to find ∆(θ1, φ1) in terms of the function
m(φ1):

∆(θ1, φ1) =
sign(m)

2

[[
1 +

m(φ1)
2 − 1

sin2 θ1

] 1
2

+

[
1 +

m(φ1)
2 − 1

sin2 θ1

]− 1
2
]
, (6.2.19)

an expression which will be very useful in what follows.

6.2.1 Abelian worldvolume solitons

The expression of Γκ ǫ that we have found above is rather complicated. In order to tackle
the general problem of finding the supersymmetric embeddings for the ansatz (6.2.2), let us
consider the simpler problem of solving the condition Γκ ǫ = ǫ for the abelian background1,
for which a = α = 0. First of all let us define the following matrix:

Γ̃∗ ≡ Γx0x1x2 Γr Γ1 Γ̂2 . (6.2.20)

Using the fact that for the abelian background Γx0x1x2x3 Γ12ǫ = ǫ (see eq. (1.2.144)), one can
show that

Γκ ǫ =
e3φ√−g sin θ1

[
∂rx

3 c12 + c12̂ Γ̃∗ + c11̂ Γ̂12 Γ̃∗ +

+
(
c12 Γ̃∗ + ∂rx

3 c12̂
)
Γ1Γ̂1 − ∂rx

3 c11̂ Γ1Γ̂2

]
ǫ . (6.2.21)

The first three terms on the right-hand side commute with the projection ΓrΓ̂123 ǫ = ǫ. Let
us write them in detail:

[
∂rx

3 c12 + c12̂ Γ̃∗ + c11̂ Γ̂12 Γ̃∗

]
ǫ =

[
∂rx

3 c12 + eh∆eψ0Γ̂12 Γ̃∗ + eh∆̃Γ̂12 e
ψ0Γ̂12 Γ̃∗

]
ǫ . (6.2.22)

The matrix inside the brackets must act diagonally on ǫ. In order to fulfil this requirement
we have to impose an extra projection to the spinor ǫ. Let us define the corresponding
projector as:

P∗ ≡ β1 Γ̃∗ + β2 Γ̂12 Γ̃∗ , (6.2.23)

where β1 and β2 are constants. We will require that ǫ satisfies the condition:

P∗ ǫ = σ ǫ , (6.2.24)

where σ = ±1. For consistency P2
∗ = 1, which, as the matrices Γ̃∗ and Γ̂12 Γ̃∗ anticommute,

implies that β2
1 + β2

2 = 1. Accordingly, let us parameterise β1 and β2 in terms of a constant
angle β as β1 = cos β and β2 = sin β. The extra projection (6.2.24) takes the form:

eβΓ̂12 Γ̃∗ ǫ = σǫ . (6.2.25)

1See the discussion about the abelian limit of the MN background in subsection 1.2.6.
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Making use of the condition (6.2.25), we can write the right-hand side of eq. (6.2.22) as:

[
∂rx

3 c12 + eh e(ψ0 −β)Γ̂12 (∆ + ∆̃ Γ̂12 )
]
ǫ . (6.2.26)

We want that the matrix inside the brackets in (6.2.26) acts diagonally. Accordingly, we must
require that the coefficient of Γ̂12 in (6.2.26) vanishes which, in turn, leads to the relation:

tan(β − ψ0) =
∆̃

∆
. (6.2.27)

In particular eq. (6.2.27) implies that ∆̃/∆ must be constant. Let us write:

∆̃

∆
= p = constant . (6.2.28)

Let us now consider the last three terms in (6.2.21), which contain matrices that do not
commute with the projection ΓrΓ̂123 ǫ = ǫ. By using the projection (6.2.25) these terms can
be written as:

[ (
c12Γ̃∗ + ∂rx

3 c12̂
)
Γ1Γ̂1 − ∂rx

3 c11̂ Γ1Γ̂2

]
ǫ =

=

[
(∂rx

3 c12̂ − σc12 cosβ ) Γ1Γ̂1 + (σc12 sin β − ∂rx
3 c11̂) Γ1Γ̂2

]
ǫ . (6.2.29)

This contribution should vanish. By inspecting the right-hand side of eq. (6.2.29) one
immediately concludes that this vanishing condition determines the value of ∂rx

3, namely:

∂rx
3 = σ c12

cosβ

c12̂
= σ c12

sin β

c11̂
. (6.2.30)

The compatibility between the two expressions of ∂rx
3 in eq. (6.2.30) requires that tanβ =

c11̂/c12̂. By using the values of c11̂ and c12̂ written in eq. (6.2.17) it is easy to verify that this
compatibility condition is equivalent to (6.2.27). Moreover, one can write eq. (6.2.30) as:

∂rx
3 =

σ

∆
e−h

[
e2h − 1

4

] cosβ

cosψ0 − p sinψ0
. (6.2.31)

Notice that ∆ only depends on the angular variables (θ1, φ1). However, since in our ansatz
x3 = x3(r), eq. (6.2.31) is only consistent if ∆ is independent of (θ1, φ1), i.e. when ∆ is
constant. By looking at eq. (6.2.19) one readily realises that this can only happen if m2 = 1,
i.e.:

m = ±1 . (6.2.32)

In this case (see eq. (6.2.19)) ∆ is given by

∆ = m . (6.2.33)

Moreover, as ∆̃ = p∆ (see eq. (6.2.28)), it follows that ∆̃ must be constant. A glance at
the definition of ∆̃ in (6.2.16) reveals that ∆̃ can only be constant if it vanishes. Thus, we
must have:

∆̃ = 0 . (6.2.34)
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Notice that this implies that θ2 is independent of φ1 and, therefore:

θ2 = θ2(θ1) . (6.2.35)

When ∆̃ = 0, eq. (6.2.27) can be solved by putting β = ψ0 + nπ with n ∈ Z. Without loss
of generality we can take n = 0 or, equivalently, β = ψ0. Then, it follows from (6.2.25) that

we must require that ǫ be an eigenvector of eψ0Γ̂12 Γ̃∗, namely

eψ0Γ̂12 Γ̃∗ ǫ = σǫ . (6.2.36)

Moreover, by putting ∆ = m, β = ψ0 and p = 0, eq. (6.2.31) becomes:

∂rx
3 = σme−h

[
e2h − 1

4

]
. (6.2.37)

Let us now check that the BPS equations for the embedding that we have found (eqs. (6.2.13)
and (6.2.14) with m = ±1 and eq. (6.2.37)), together with some election for the signs σ
and m, are enough to guarantee the fulfilment of the kappa symmetry condition Γκ ǫ = ǫ.
First of all, for a general configuration with arbitrary functions θ2 = θ2(θ1), φ2 = φ2(φ1) and
x3 = x3(r), the determinant of the induced metric is:

√−g = e3φ
[
1 + (∂rx

3)2
] 1

2 [ e2h +
1

4
(∂θ1θ2)

2
] 1

2 ×

×
[
e2h sin2 θ1 +

cos2 θ1
4

+
cosθ1 cos θ2

2
∂φ1φ2 +

1

4
(∂φ1φ2)

2
] 1

2 . (6.2.38)

Moreover, when x3 satisfies (6.2.37), it is straightforward to prove that:

1 + (∂rx
3)2

|BPS = e−2h
[
e2h +

1

4

]2
. (6.2.39)

If, in addition, the angular embedding is such that cos θ2 = −m cos θ1, sin θ2 = sin θ1,
∂θ1θ2 = −m with m = ±1 (see eqs. (6.2.14) and (6.2.15)), one can demonstrate that:

√−g |BPS = e3φ−h sin θ1
[
e2h +

1

4

]2
. (6.2.40)

Moreover, in this abelian background, one can verify that:

[
∂rx

3 c12 + c12̂ Γ̃∗ + c11̂ Γ̂12 Γ̃∗

]
ǫ |BPS = σme−h

[
e2h +

1

4

]2
ǫ . (6.2.41)

By using these results, we see that Γκǫ = ǫ if the sign σ is such that

σ = m . (6.2.42)

The corresponding configurations preserve two supersymmetries, characterized by the extra
projection

eψ0Γ̂12 Γ̃∗ ǫ = mǫ , (6.2.43)

while x3(r) is determined by the first-order BPS differential equation

dx3

dr
= e−h

[
e2h − 1

4

]
. (6.2.44)
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Integration of the first-order equations

When m = ±1, the equations (6.2.13) and (6.2.14) that determine the angular part of the
embedding are trivial to solve. The result is:

θ2 = π − θ1 , φ2 = φ1 , (m = +1) ,

θ2 = θ1 , φ2 = 2π − φ1 , (m = −1) . (6.2.45)

Moreover, by using the value of e2h for the abelian metric given in eq. (1.2.149), it is also
immediate to get the form of x3(r) by direct integration of eq. (6.2.44):

x3(r) =
2

3

(
r − 1

4

) 3
2 − 1

2

(
r − 1

4

) 1
2

+ constant . (6.2.46)

6.2.2 Non-Abelian worldvolume solitons

Let us now deal with the full non-abelian background. We will require that the non-abelian
solutions coincide with the abelian one in the asymptotic UV. As displayed in eq. (1.2.147),
the non-abelian Killing spinor ǫ is related to the asymptotic one ǫ0 = f(r)η by means of a
rotation

ǫ = e
α
2

Γ1Γ̂1 ǫ0 , (6.2.47)

where α is the angle of (1.2.145) and ǫ0 satisfies the same projections as in the abelian case,
namely

ΓrΓ̂123 ǫ0 = Γx0x1x2x3 Γ12 ǫ0 = ǫ0 . (6.2.48)

By using the relation between the spinors ǫ and ǫ0, the kappa symmetry condition Γκ ǫ = ǫ
can be recast as a condition on ǫ0:

e−
α
2

Γ1Γ̂1 Γκ ǫ = ǫ0 , (6.2.49)

where the left-hand side is given by:

e−
α
2

Γ1Γ̂1 Γκ ǫ =
e3φ√−g Γx0x1x2 sin θ1

[
Γr + ∂rx

3Γx3

]
×

×
[
c12 e

−αΓ1Γ̂1 Γ12 + c12̂ e
−αΓ1Γ̂1 Γ1Γ̂2 + c11̂ Γ1Γ̂1

]
ǫ0 . (6.2.50)

Proceeding as in the abelian case, and using the projections (6.2.48), one arrives at:

e−
α
2

Γ1Γ̂1 Γκ ǫ =
e3φ√−g sin θ1

[
c12 e

−αΓ1Γ̂1 Γ̃∗ Γ1Γ̂1 + c12̂ e
−αΓ1Γ̂1 Γ̃∗ + c11̂ Γ̂12 Γ̃∗ +

+ ∂rx
3c12 e

−αΓ1Γ̂1 + ∂rx
3c12̂ e

−αΓ1Γ̂1 Γ1Γ̂1 − ∂rx
3c11̂ Γ1Γ̂2

]
ǫ0 .(6.2.51)

In order to verify eq. (6.2.49) we shall impose to ǫ0 the same projection as in the abelian
solution, namely:

eψ0Γ̂12 Γ̃∗ ǫ0 = σǫ0 . (6.2.52)
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Moreover, by expanding the exponential e−αΓ1Γ̂1 on the right-hand side of eq. (6.2.51) as

e−αΓ1Γ̂1 = cosα − sinαΓ1Γ̂1 we find two types of terms. The terms involving a matrix that
commutes with the projections (6.2.48) are given by:

[
∂rx

3 (c12 cosα + c12̂ sinα ) + ( c12̂ cosα − c12 sinα )Γ̃∗ + c11̂ Γ̂12 Γ̃∗

]
ǫ0 ≡

≡
(
AI + A1̂2̂ Γ̂12

)
ǫ0 , (6.2.53)

while those with a matrix which does not commute with the projections are:

−Γ1Γ̂1

[(
c12 cosα + c12̂ sinα

)
Γ̃∗ − ( c12̂ cosα − c12 sinα ) ∂rx

3 + c11̂ ∂rx
3 Γ̂12

]
ǫ0 =

≡ −Γ1Γ̂1

(
BI + B1̂2̂ Γ̂12

)
ǫ0 . (6.2.54)

The coefficients A and B defined in eqs. (6.2.53) and (6.2.54) can be read from the left-hand
side of these equations after substituting the value of Γ̃∗ from eq. (6.2.52). They are given
by:

AI = ∂rx
3 (c12 cosα + c12̂ sinα ) + σ( c12̂ cosα − c12 sinα ) cosψ0 + σc11̂ sinψ0 ,

A1̂2̂ = σc11̂ cosψ0 − σ( c12̂ cosα − c12 sinα ) sinψ0 ,

BI = σ(c12 cosα + c12̂ sinα ) cosψ0 − ( c12̂ cosα − c12 sinα ) ∂rx
3 ,

B1̂2̂ = c11̂ ∂rx
3 − σ(c12 cosα + c12̂ sinα ) sinψ0 . (6.2.55)

Since we are looking for solutions which must coincide with the abelian ones in the UV, we
can restrict ourselves to the case in which θ2 = θ2(θ1), i.e. with ∆̃ = 0. It is easy to prove
that in this case the combinations of c12 and c12̂ appearing above reduce to:

c12 cosα + c12̂ sinα =

[
r coth 2r − 1

2

] [
coth 2r − ∆ cosψ0

sinh 2r

]
,

c12̂ cosα − c12 sinα = eh
[

∆ cosψ0 coth 2r − 1

sinh 2r

]
. (6.2.56)

To derive this result we have used the following useful relations:

eh sinα +
a

2
cosα =

1

sinh 2r

[
1

2
− r coth 2r

]
,

eh cosα − a

2
sinα = eh coth 2r ,

(
e2h − a2

4
− 1

4

)
sinα + aeh cosα =

eh

sinh 2r
,

(
e2h − a2

4
− 1

4

)
cosα − aeh sinα = coth 2r

[
r coth 2r − 1

2

]
, (6.2.57)
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which can be easily demonstrated by using eqs. (1.2.141) and (1.2.145). Clearly, in order to
satisfy (6.2.49) we must require that

A1̂2̂ = BI = B1̂2̂ = 0 . (6.2.58)

Let us now consider the A1̂2̂ = 0 equation first. It is easy to conclude that this equation
reduces to:

sinψ0

[
(1 − coth 2r)∆ cosψ0 +

1

sinh 2r

]
= 0 . (6.2.59)

If sinψ0 6= 0 the above equation can be used to obtain an expression of ∆ with a nontrivial
dependence on the radial variable r, which is in contradiction with eq. (6.2.19). Thus we
conclude that sinψ0 must vanish, i.e. only four values of ψ0 are possible, namely:

ψ0 = 0, π, 2π, 3π . (6.2.60)

Let us denote
λ ≡ cosψ0 = ±1 . (6.2.61)

Then, the condition B1̂2̂ = 0 is automatically satisfied when sinψ0 = 0, while BI = 0 leads
to the following equation for ∂rx

3:

∂rx
3 = λσ e−h

cosh 2r − ∆λ

∆λ cosh 2r − 1

[
r coth 2r − 1

2

]
. (6.2.62)

As in the abelian case, the consistency of the above equation with our ansatz for x3 requires
that ∆ be constant which, in turn, only can be achieved if m = ±1 and ∆ = m. Notice that
this implies that the angular equations for the embedding are exactly those written in eq.
(6.2.45) for the abelian case. Moreover, when θ2 = θ2(θ1) and φ2 = φ2(φ1) are given as in
eq. (6.2.45), the determinant of the induced metric is

√−g = e3φ sin θ1
r

sinh 2r

[
cosh 2r − λm

]√
1 + (∂rx3)2 . (6.2.63)

When x3 satisfies the differential equation (6.2.62), one can easily demonstrate that:

√
1 + (∂rx3)2

|BPS = re−h , (6.2.64)

and, using this result to evaluate the right-hand side of (6.2.63), one arrives at:

e3φ sin θ1 AI |BPS = σm
√−g |BPS . (6.2.65)

Therefore, one must take σ = m in order to satisfy eq. (6.2.49). When sinψ0 = 0, the extra
projection (6.2.52) on the asymptotic spinor ǫ0 is

Γ̃∗ ǫ0 = λm ǫ0 , (6.2.66)

which is equivalent to the following projection on the complete spinor ǫ:

eαΓ1Γ̂1 Γ̃∗ǫ = λm ǫ . (6.2.67)
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2 6 r

2

6

10

x3

Figure 6.1: In this figure we represent the function x3(r) for the wall defect in the non-
abelian background (solid line). The dashed line represents x3(r) for the abelian background
as given by eq. (6.2.46). In both cases the constant of integration has been fixed by requiring
that the minimal value of x3 is 0.

Moreover, the differential equation which determines x3(r) is:

dx3

dr
= e−h

[
r coth 2r − 1

2

]
. (6.2.68)

It is straightforward to demonstrate that this equation coincides with the abelian one in the
UV. Actually, in Fig. 6.1 we represent the result of integrating eq. (6.2.68) and we compare
this result with that given by the function x3(r) for the abelian background (eq. (6.2.46)).
Moreover, if we fix the embedding θ2 = θ2(θ1), φ2 = φ2(φ1) and x3 = x3(r) we have two
possible projections, corresponding to the two possible values of λ. Each of these values of
λ corresponds to two values of the angle ψ0, which again shows that the U(1) symmetry
of the abelian theory is broken to Z2. One can check that the embeddings characterized
by eqs. (6.2.45), (6.2.60) and (6.2.68) satisfy the equations of motion derived from the
Dirac-Born-Infeld action of the probe (1.3.6).

6.2.3 Energy bound for the wall solutions

The embeddings that we have just found saturate an energy bound, as expected for BPS
worldvolume solitons. Let us consider a D5-brane probe in the non-abelian MN background
and let us choose the same worldvolume coordinates as in eq. (6.2.1) and the ansatz (6.2.2)
for the embedding. For simplicity we will consider the angular embeddings θ2(θ1, φ1) and
φ2(θ1, φ1) written in eq. (6.2.45) and we will consider a completely arbitrary function x3(r).
Using the value of

√−g given in (6.2.63), one gets:

H = −L = e2φ sin θ1

[
r

sinh 2r

(
cosh 2r − λm

)√
1 + (∂rx3)2 − λm

4
a′ ∂rx

3

]
,

(6.2.69)
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where m = ±1 is the same as in eq. (6.2.45) and λ = cosψ0 = ±1 (see eq. (6.2.61)). In
order to write H as in eq. (6.1.3) , let us define the function

Λr ≡ e−h
[
r coth 2r − 1

2

]
. (6.2.70)

Notice that the BPS equation for x3(r) (eq. (6.2.68)) is just ∂rx
3 = Λr. Furthermore, a′ can

be written in terms of Λr as:
a′

4
= − ehΛr

sinh 2r
. (6.2.71)

Using this last result, we can write H as :

H = sin θ1
e2φ

sinh 2r

[
r
(

cosh 2r − λm
)√

1 + (∂rx3)2 + λmeh Λr ∂rx
3

]
. (6.2.72)

Let us now write H as in eq. (6.1.3), with:

Z = sin θ1
e2φ+h

sinh 2r

[
cosh 2rΛr ∂rx

3 + cosh 2r − λm

]
. (6.2.73)

By using eq. (6.2.64), one can prove that

H |BPS = Z |BPS . (6.2.74)

Moreover, Z can be written as a total derivative, i.e. Z = ∂rZr + ∂θ1Zθ1 , with

Zr = sin θ1
e2φ+h

sinh 2r

[
cosh 2rΛr x

3 +
sinh 2r

2
− λmr

]
,

Zθ1 = cos θ1 e
2φ

[
2e2h +

1 − a4

8
e−2h

]
x3 . (6.2.75)

To derive this result it is useful to remember that e2φ+h/ sinh 2r is constant and use the
relation

∂r

[
cosh 2rΛr

]
= e−h sinh 2r

[
2e2h +

1 − a4

8
e−2h

]
, (6.2.76)

which can be proved by direct calculation. Moreover, taking into account that r = eh
√

1 + Λ2
r

(see eq. (6.2.64)), one can write S as:

S = sin θ1
e2φ+h

sinh 2r

(
cosh 2r − λm

)
[
√

1 + Λ2
r

√
1 + (∂rx3)2 − ( 1 + Λr∂rx

3 )

]
, (6.2.77)

and it is straightforward to verify that S ≥ 0 is equivalent to

( ∂rx
3 − Λr )2 ≥ 0 , (6.2.78)

which is obviously always satisfied for any function x3(r) and reduces to an equality when
the BPS equation (6.2.68) holds.
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6.3 Two-dimensional defects

In this section we will determine BPS configurations of a D5-brane which extends along two
Minkowski coordinates (say x0 and x1) and along a four-dimensional submanifold embedded
in the internal part of the metric (1.2.138). Such branes would be a two-dimensional object
from the gauge theory perspective and, actually, we will find that they preserve the same
supersymmetries as a D1-string stretched along x1. In order to find these configurations
from the kappa symmetry condition Γκ ǫ = ǫ let us choose the following set of worldvolume
coordinates for the D5-brane:

ξµ = (x0, x1, θ1, φ1, θ2, φ2) , (6.3.1)

and let us consider an embedding of the type

r = r(θ1, θ2) , ψ = ψ(φ1, φ2) , (6.3.2)

with x2 and x3 being constant2. From our general expression (6.1.1) it is straightforward to
prove that in this case Γκ ǫ is given by:

Γκ ǫ =
eφ√−g Γx0x1 γθ1φ1θ2φ2 ǫ . (6.3.3)

The induced Dirac matrices γθi and γφi are easily obtained by using our ansatz in eq. (1.3.12).
With the purpose of writing these matrices in a convenient form, let us define the quantities:

∆i ≡
1

2

cos θi + ∂φiψ

sin θi
, (6.3.4)

in terms of which the γ-matrices are:

e−
φ
2 γθ1 = ehΓ1 +

a

2
Γ̂1 + ∂θ1r Γr ,

e−
φ
2

sin θ1
γφ1 = eh Γ2 − a

2
Γ̂2 + ∆1 Γ̂3 ,

e−
φ
2 γθ2 =

1

2
cosψ Γ̂1 − 1

2
sinψ Γ̂2 + ∂θ2r Γr ,

e−
φ
2

sin θ2
γφ2 =

1

2
sinψ Γ̂1 +

1

2
cosψ Γ̂2 + ∆2 Γ̂3 . (6.3.5)

By using eqs. (6.3.5) and (1.2.144) the action of the antisymmetrised product of the γ’s on
the Killing spinors ǫ can be readily obtained. It is of the form:

e−2φ

sin θ1 sin θ2
γθ1φ1θ2φ2 ǫ =

[
bI + b22̂ Γ2Γ̂2 + b12 Γ12 + b12̂ Γ1Γ̂2 + b13̂ Γ1Γ̂3 +

+ b1̂3̂ Γ̂13 + b2̂3̂ Γ̂23 + b23̂ Γ2Γ̂3

]
ǫ , (6.3.6)

2For two-dimensional defects obtained with a different election of worldvolume coordinates and ansatz,
see subsection 6.4.2.
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where the b’s are functions whose expression depends on the embedding of the probe. In
order to write them more compactly let us define Λ1 and Λ2 as follows:

Λ1 ≡
1

4

[
∂θ1r − a cosψ ∂θ2r

]
∆1 +

[
( e2h − a2

4
)∂θ2r +

a

4
cosψ ∂θ1r

]
∆2 ,

Λ2 ≡ −e
h

2

[
cosψ ∂θ1r − 2a ∂θ2r

]
∆2 +

eh

2
cosψ ∂θ2r∆1 , (6.3.7)

where ∆1 and ∆2 have been defined in eq. (6.3.4). Then, the coefficients of the different
matrix structures appearing on the right-hand side of eq. (6.3.6) are:

bI = Λ1 cosα − Λ2 sinα − e2h

4
,

b22̂ = Λ1 sinα + Λ2 cosα ,

b12 = − eh sinψ

2

[
∂θ2r∆1 − ∂θ1r∆2

]
sinα ,

b12̂ =
eh sinψ

2

[
∂θ2r∆1 − ∂θ1r∆2

]
cosα ,

b13̂ =
eh

2
sinψ

[
∂θ2r ( eh sinα +

a

2
cosα ) − a

2
∆2

]
,

b1̂3̂ =
eh

2
sinψ

[
∂θ2r ( eh cosα − a

2
sinα ) + eh ∆2

]
,

b2̂3̂ =
eh

2
cosψ

[
∂θ2r ( eh cosα − a

2
sinα ) + eh ∆2

]
+
eh

4
∂θ1r sinα ,

b23̂ =
eh

2
cosψ

[ a
2

∆2 − ∂θ2r ( eh sinα +
a

2
cosα )

]
+
eh

4

[
∆1 + ∂θ1r cosα

]
. (6.3.8)

By inspecting the right-hand side of eq. (6.3.6) one immediately realises that the terms
containing the matrix Γ̂3 give rise to contributions to Γκ which do not commute with the
projection Γ12 ǫ = Γ̂12 ǫ satisfied by the Killing spinors (see eq. (1.2.144)). Then, if we want
that the supersymmetry preserved by the probe be compatible with that of the background,
the coefficients of these terms must vanish. Moreover, we would like to obtain embeddings of
the D5-brane probe which preserve the same supersymmetry as a D1-string extended along
the x1 direction. Accordingly3, we shall require the vanishing of all terms on the right-hand
side of eq. (6.3.6) except for the one proportional to the unit matrix, i.e.:

b22̂ = b12 = b12̂ = b13̂ = b1̂3̂ = b2̂3̂ = b23̂ = 0 . (6.3.9)

By plugging the explicit form of the b’s in (6.3.9), one gets a system of differential equations
for the embedding which will be analyzed in the rest of this section.

3From a detailed analysis of the form of the b’s one can show that the requirement of the vanishing of
the coefficients of the terms containing the matrix Γ̂3 implies the vanishing of b

22̂
, b12 and b

12̂
. Therefore,

we are not loosing generality by imposing (6.3.9).
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6.3.1 Abelian worldvolume solitons

The above equations (6.3.9) are quite complicated. In order to simplify the problem, let
us consider first the equations for the embedding in the abelian background, which can be
obtained from the general ones by putting a = α = 0. In this case from b2̂3̂ = b23̂ = 0 we get
∂θir = −∆i, where the ∆i’s have been defined in eq. (6.3.4). More explicitly:

∂θir = −1

2

cos θi + ∂φiψ

sin θi
. (6.3.10)

One can verify that the other b′s in (6.3.9) vanish if these differential equations are satisfied.
Let us see the form of the kappa symmetry condition when the BPS equations (6.3.10) are
satisfied. For the abelian background, the determinant of the induced metric is given by:

√−g =
e3φ

4
sin θ1 sin θ2

[
(∂θ1r)

2 + 4e2h (∂θ2r)
2 + e2h

] 1
2
[
∆2

1 + 4e2h ∆2
2 + e2h

] 1
2
, (6.3.11)

and the coefficient bI is:

bI =
1

4
∂θ1r∆1 + e2h ∂θ2r∆2 − e2h

4
. (6.3.12)

If the BPS equations ∂θir = −∆i hold, one can verify by inspection that:

e−3φ√−g |BPS
= − sin θ1 sin θ2 bI |BPS , (6.3.13)

and, thus, the kappa symmetry condition Γκ ǫ = ǫ becomes

Γx0x1ǫ = − ǫ , (6.3.14)

which indeed corresponds to a D1 string extended along x1. In this abelian case the spinors
ǫ and η in eq. (1.2.147) differ in a function which commutes with everything. Therefore, the
condition (6.3.14) translates into the same condition for the constant spinor η, namely:

Γx0x1η = − η . (6.3.15)

It follows that this configuration is 1/16 supersymmetric: it preserves the two supersymme-
tries determined by eqs. (1.2.148) and (6.3.15).

Integration of the first-order equations

The BPS equations (6.3.10) relate the partial derivatives of r with those of ψ. According to
our ansatz (6.3.2) the only dependence on φ1 and φ2 in (6.3.10) comes from the derivatives
of ψ. Therefore, for consistency of eq. (6.3.10) with our ansatz we must have:

∂φ1ψ = n1 , ∂φ2ψ = n2 , (6.3.16)

where n1 and n2 are two constant numbers. Thus, ψ must be given by:

ψ = n1φ1 + n2φ2 + constant . (6.3.17)
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Using this form of ψ(φ1, φ2) in eq. (6.3.10), one can easily integrate r(θ1, θ2), namely:

e2r =
C

(
sin θ1

2

)n1+1 (
cos θ1

2

)1−n1
(

sin θ2
2

)n2+1 (
cos θ2

2

)1−n2
, (6.3.18)

where C is a constant. From the analysis of eq. (6.3.18) one easily concludes that not all
the values of the constants n1 and n2 are possible. Indeed, the left-hand side of eq. (6.3.18)
is always greater than one, whereas the right-hand side always vanishes for some value of
θi if |ni| > 1. Actually, we will verify in the next subsection that only when n1 = n2 = 0
(i.e. when ψ = constant) we will be able to generalise the embedding to the non-abelian
geometry. Therefore, from now on we will concentrate only in this case, which we rewrite
as:

e2r =
e2r∗

sin θ1 sin θ2
, (n1 = n2 = 0) , (6.3.19)

where r∗ = r(θ1 = π/2, θ2 = π/2) is the minimal value of r. It is clear from (6.3.19) that
r diverges at θi = 0, π. Therefore our effective strings extend infinitely in the holographic
coordinate r.

6.3.2 Non-Abelian worldvolume solitons

Let us consider now the more complicated case of the non-abelian background. We are
going to argue that the kappa symmetry condition can only be solved if ψ is constant and
sinψ = 0. Indeed, let us assume that sinψ does not vanish. If this is the case, by combining
the conditions b1̂3̂ = 0 and b2̂3̂ = 0 one gets ∂θ1r = 0. Using this result in the equation b12 = 0,
one concludes that ∂θ2r = 0 (notice that the functions ∆i can never vanish). However, if r
is independent of the θi’s the equation b13̂ = 0 can never be fulfiled. Thus, we arrive at a
contradiction that can only be resolved if sinψ = 0. Then, one must have:

ψ = 0, π, 2π, 3π = 0 (mod π) . (6.3.20)

Let us now define
λ ≡ cosψ = ±1 . (6.3.21)

Thus, in this non-abelian case we are only going to have zero-winding embeddings, i.e., as
anticipated above, only the solutions with n1 = n2 = 0 in eq. (6.3.18) generalise to the
non-abelian case. Since ψ is constant, we now have

∆i =
1

2
cot θi . (6.3.22)

When sinψ = 0 the equations b12 = b12̂ = b1̂3̂ = b13̂ = 0 are automatically satisfied.
Moreover, the conditions b2̂3̂ = b23̂ = 0 reduce to:

sinα∂θ1r + 2λ
(
eh cosα − a

2
sinα

)
∂θ2r + λeh cot θ2 = 0 ,

cosα∂θ1r − 2λ
(
eh sinα +

a

2
cosα

)
∂θ2r +

λa

2
cot θ2 +

1

2
cot θ1 = 0 . (6.3.23)
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From eq. (6.3.23) one can obtain the values of the partial derivatives of r. Indeed, let us
define

∆θ1 ≡ 1

2
cot θ1 coth(2r) +

λ

2

cot θ2
sinh(2r)

,

∆θ2 ≡ 1

2
cot θ2 coth(2r) +

λ

2

cot θ1
sinh(2r)

. (6.3.24)

Then, one has

∂θir = −∆θi . (6.3.25)

To derive this result we have used some of the identities written in eq. (6.2.57). Notice
that ∆θi → ∆i when r → ∞ and the non-abelian BPS equations (6.3.25) coincide with the
abelian ones in eq. (6.3.10) for n1 = n2 = 0 in this limit. After some calculation one can
check that b22̂ also vanishes as a consequence of (6.3.25). Indeed, one can prove that b22̂ can
be written:

b22̂ =
λeh

2

[
∆θ1 ∂θ2r − ∆θ2 ∂θ1r

]
, (6.3.26)

which clearly vanishes if eq. (6.3.25) is satisfied.
For a general function r(θ1, θ2), when the angle ψ takes the values written in eq. (6.3.20),

the determinant of the induced metric takes the form:

√−g =
e3φ

4
sin θ1 sin θ2

[
(∂θ1r)

2 + 4(e2h +
a2

4
)(∂θ2r)

2 − 2aλ∂θ1r∂θ2r + e2h
] 1

2 ×

×
[
∆2
θ1

+ 4(e2h +
a2

4
) ∆2

θ2
− 2aλ∆θ1∆θ2 + e2h

] 1
2
. (6.3.27)

If the BPS equations (6.3.25) are satisfied, the two factors under the square root on the
right-hand side of eq. (6.3.27) become equal. Moreover, one can prove that:

bI =
1

4
∂θ1r (∆θ1 − λa∆θ2) +

1

4
∂θ2r

(
4 (e2h +

a2

4
) ∆θ2 − λa∆θ1

)
− e2h

4
. (6.3.28)

Using this result one can demonstrate, after some calculation, that eq. (6.3.13) is also
satisfied in this non-abelian case. As a consequence, the kappa symmetry projection reduces
to the one written in eq. (6.3.14), i.e. to that corresponding to a D1-brane.

Integration of the first-order equations

In order to integrate the first-order equations (6.3.25) for r(θ1, θ2), let us define the new
variable y(r) as:

y(r) ≡ cosh(2r) . (6.3.29)

In terms of y, the BPS system (6.3.25) can be greatly simplified, namely:

∂θ1y + cot θ1 y = −λ cot θ2 ,

∂θ2y + cot θ2 y = −λ cot θ1 , (6.3.30)
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which can be easily integrated by the method of variation of constants. In terms of the
original variable r one has:

cosh(2r) =
cosh(2r∗) + λ cos θ1 cos θ2

sin θ1 sin θ2
, (6.3.31)

where r∗ ≡ r(θ1 = π/2, θ2 = π/2) is the minimal value of r. This is a remarkably simple
solution for the very complicated system of kappa symmetry equations. Notice that there are
two solutions for r(θ1, θ2), which correspond to the two possible values of λ on the right-hand
side of (6.3.31). If λ = +1 (λ = −1) the angle ψ is fixed to ψ = 0, 2π (ψ = π, 3π). Thus, the
U(1) symmetry ψ → ψ + ǫ of the abelian case is broken to Z2, reflecting the same breaking
that occurs in the geometry. Moreover, it follows from (6.3.31) that r diverges at θ1,2 = 0, π.
It is easily proved that the embedding written in eqs. (6.3.20) and (6.3.31) satisfies the
equations of motion of the probe.

6.3.3 Energy bound for the effective string solutions

We will now consider the configurations that we have just studied and we will show that
they saturate an energy bound, as expected for BPS worldvolume solitons. Accordingly, let
us choose worldvolume coordinates as in (6.3.1) and an embedding of the type displayed in
eq. (6.3.2) in the non-abelian MN background, where, for simplicity, we will take the angle
ψ to be a constant such that sinψ = 0 (see eq. (6.3.20)). In this case it is easy to prove that
the hamiltonian density can be written as in eq. (6.1.3), where for an arbitrary function
r(θ1, θ2), Z is a total derivative and S ≥ 0. In order to verify these facts, let us take Z to
be:

Z =
e2φ

4
sin θ1 sin θ2

[
e2h − (∆θ1 − λa∆θ2)∂θ1r −

(
4 (e2h +

a2

4
) ∆θ2 − λa∆θ1

)
∂θ2r

]
.

(6.3.32)

One can prove that Z is a total derivative. Indeed, let us introduce the functions z1(r)
and z2(r) as the solutions of the equations:

dz1
dr

= cosα
e2φ

8
,

dz2
dr

= −
[
a cosα + 2eh sinα

] e2φ
8

, (6.3.33)

where h, φ and α, are the functions of the radial coordinate displayed in eqs. (1.2.141) and
(1.2.146). Then, one can verify that Z = ∂θ1 Zθ1 + ∂θ2 Zθ2 , where

Zθ1 = − cos θ1 sin θ2 z1 + λ sin θ1 cos θ2 z2 ,

Zθ2 = − sin θ1 cos θ2

[ e2φ+2h

4
− z1

]
− λ cos θ1 sin θ2 z2 . (6.3.34)

In order to prove this result the following relation:

d

dr

[
e2φ+2h

]
= 2re2φ , (6.3.35)
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is quite useful.
It is straightforward to prove that for these configurations the pullback of C(6) vanishes.

Therefore (see eq. (6.1.2)), the hamiltonian density in this case is just H = e−φ
√−g, with√−g given in eq. (6.3.27). Once Z is known and given by the expression written in eq.

(6.3.32), S is defined as H−Z. One can verify that S ≥ 0 is equivalent to the condition

[
∂θ1r + ∆θ1 − λa(∂θ2r + ∆θ2)

]2
+ 4e2h

[
∂θ2r + ∆θ2

]2
+ 4

[
∆θ2∂θ1r − ∆θ1∂θ2r

]2
≥ 0 ,

(6.3.36)

which is obviously satisfied and reduces to an identity when the BPS equations (6.3.25) hold.
It is easy to compute the central charge Z for the BPS configurations. The result is:

Z |BPS =
e2φ

4
sin θ1 sin θ2

[
(∆θ1 − λa∆θ2)

2 + 4e2h ∆2
θ2 + e2h

]
. (6.3.37)

It follows from the above expression that Z |BPS is always non-negative.

6.4 More defects

6.4.1 Wall defects

Let us find more supersymmetric configurations of the D5-brane probe which behave as a
codimension one defect from the gauge theory point of view. In particular, we are interested
in trying to obtain embeddings for which the angle ψ is not constant. To insure this fact we
will include ψ in our set of worldvolume coordinates. Actually, we will choose the ξ’s as:

ξµ = (x0, x1, x2, θ2, φ2, ψ) , (6.4.1)

and we will adopt the following ansatz for the embedding:

θ1 = θ1(θ2), φ1 = φ1(φ2),

x3 = x3(ψ) , r = r(ψ) . (6.4.2)

For these configurations the kappa symmetry matrix (6.1.1) acts on the Killing spinors ǫ as:

Γκ ǫ =
1√−g γx0x1x2θ2φ2ψ ǫ . (6.4.3)

Now the induced gamma matrices are:

e−
φ
2 γxµ = Γxµ , (µ = 0, 1, 2),

e−
φ
2 γθ2 = eh ∂θ2θ1 Γ1 + W1θ Γ̂1 + W2θ Γ̂2 ,

e−
φ
2 γφ2 = eh sin θ1∂φ2φ1 Γ2 + W1φ Γ̂1 + W2φ Γ̂2 + W3φ Γ̂3 ,

e−
φ
2 γψ =

1

2
Γ̂3 + ∂ψ r Γr + ∂ψ x

3 Γx3 , (6.4.4)
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where the W ’s are the following quantities:

W1θ =
1

2
[cosψ + a∂θ2θ1 ] ,

W2θ = −1

2
sinψ ,

W1φ =
1

2
sin θ2 sinψ ,

W2φ =
1

2
[ sin θ2 cosψ − a sin θ1∂φ2φ1 ] ,

W3φ =
1

2
[cos θ2 + ∂φ2φ1 cos θ1 ] . (6.4.5)

Embeddings at r = 0

Let us analyze first the possibility of taking in our previous equations r = 0 and an arbitrary
constant value of x3. Since eh → 0, a → 1 and φ → φ0 when r → 0, one has in this case

γθ2 = e
φ0
2 [W1θ Γ̂1 + W2θ Γ̂2], γφ2 = e

φ0
2 [W1φ Γ̂1 + W2φ Γ̂2 + W3φ Γ̂3] and γψ = e

φ0
2 Γ̂3/2 and

one immediately gets:

γθ2φ2ψ ǫ =
e

3
2
φ0

8

[
sin θ2 + (sin θ2 ∂θ2θ1 − sin θ1∂φ2φ1) cosψ − sin θ1 ∂θ2θ1 ∂φ2φ1)

]
Γ̂123 ǫ .

(6.4.6)
On the other hand, it is easy to compute the value of the determinant of the induced metric
for an embedding of the type (6.4.2) at r = 0 and constant x3. By using this result one
readily gets the action of Γκ on ǫ. Indeed, let us define s(θ2, φ2, ψ) to be the following sign:

s(θ2, φ2, ψ) ≡ sign
[
sin θ2 + (sin θ2 ∂θ2θ1 − sin θ1∂φ2φ1) cosψ − sin θ1 ∂θ2θ1 ∂φ2φ1)

]
. (6.4.7)

Then, one has:
Γκǫ |r=0

= sΓx0x1x2Γ̂123ǫ |r=0
. (6.4.8)

It follows that the condition Γκǫ = ǫ is equivalent to the projection:

Γx0x1x2Γ̂123ǫ |r=0 = s ǫ |r=0 . (6.4.9)

Notice that the right-hand side of (6.4.9) only depends on the angular part of the embedding
through the sign s. Let us rewrite eq. (6.4.9) in terms of the spinor ǫ0 defined in eq. (6.2.47).
First of all, let us introduce the matrix Γ̂∗ as:

Γ̂∗ = Γx0x1x2Γ1Γ̂23 . (6.4.10)

Recall from (6.2.47) that ǫ = e
α
2

Γ1Γ̂1 ǫ0. As α(r = 0) = −π/2, see eqs. (1.2.145) and
(1.2.146), the above condition reduces to:

Γ̂∗ ǫ0 = s ǫ0 . (6.4.11)

It is easy to verify that this condition commutes with the projections satisfied by ǫ0, which
are the same as those satisfied by the constant spinor η (see eq. (1.2.148)). Moreover, it



190 CHAPTER 6. SUSY DEFECTS IN THE MALDACENA-NÚÑEZ BACKGROUND

is readily checked that these configurations satisfy the equations of motion of the probe.
Notice that the angular embedding is undetermined. However, the above projection only
makes sense if s(θ2, φ2, ψ) does not depend on the angles. Although the angular embedding
is not uniquely determined, there are some embeddings that can be discarded. For example
if we take θ1 = θ2, φ1 = φ2 the corresponding three-cycle has vanishing volume and s is
not well defined. For θ1 = constant, φ1 = constant one has s = 1. The same value of s is
obtained if θ1 = π−θ2, φ1 = φ2 or when θ1 = θ2, φ1 = 2π−φ2. Notice that this configuration
consists of a D5-brane, which is finite in the internal directions, wrapping the finite S3 inside
the geometry, which has minimal volume at r = 0. This object is thought to correspond to
a domain wall of the field theory [34, 61]. However, the physics of domain walls is yet not
fully understood in this model.

General case

Let us now come back to the general case. By using the relation between the spinors ǫ and
ǫ0, the kappa symmetry equation Γκ ǫ = ǫ can be rephrased as the following condition on
the spinor ǫ0:

e−
α
2

Γ1Γ̂1Γκe
α
2

Γ1Γ̂1 ǫ0 = ǫ0 . (6.4.12)

Let us evaluate the left-hand side of this equation by imposing the projection (6.4.11), i.e.
the same projection as the one satisfied by the supersymmetric configurations at r = 0.
After some calculation one gets an expression of the type:

e−
α
2

Γ1Γ̂1Γκe
α
2

Γ1Γ̂1 ǫ0 =
e3φ√−g

[
dI + d11̂ Γ1Γ̂1 + d1̂2̂ Γ̂1Γ̂2 + d12̂ Γ1Γ̂2 +

+d2̂3̂ Γ̂2Γ̂3 + d23̂ Γ2Γ̂3 + d1̂3̂ Γ̂1Γ̂3 + d13̂ Γ1Γ̂3

]
ǫ0 , (6.4.13)

where the d’s depend on the embedding (see below). Clearly, in order to satisfy eq. (6.4.12)
we must require the conditions:

d11̂ = d1̂2̂ = d12̂ = d2̂3̂ = d23̂ = d1̂3̂ = d13̂ = 0 . (6.4.14)

The expressions of the d’s are quite involved. In order to write them in a compact form let
us define the quantities P1, P2 and P3 as:

P1 ≡ W1θW2φ − W1φW2θ + e2h sin θ1 ∂θ2θ1 ∂φ2φ1 ,

P2 ≡ eh
(
W2φ ∂θ2θ1 − W1θ sin θ1 ∂φ2φ1

)
,

P3 ≡ eh
(
W1φ ∂θ2θ1 + W2θ sin θ1 ∂φ2φ1

)
. (6.4.15)

Then the coefficients of the terms that do not contain the matrix Γ̂3 are:

dI =
s

2

[
P2 cosα − P1 sinα

]
+
[
P1 cosα + P2 sinα

]
∂ψx

3 + sP3 ∂ψr ,

d11̂ = −s
2

[
P1 cosα + P2 sinα

]
+
[
P2 cosα − P1 sinα

]
∂ψx

3 ,

d1̂2̂ =
s

2
P3 − s

[
P2 cosα − P1 sinα

]
∂ψr ,

d12̂ = s
[
P1 cosα + P2 sinα

]
∂ψr − P3 ∂ψx

3 . (6.4.16)
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From the conditions d11̂ = d1̂2̂ = 0 we get the BPS equations that determine ∂ψx
3 and ∂ψr,

namely:

∂ψx
3 =

s

2

P1 cosα + P2 sinα

P2 cosα − P1 sinα
, ∂ψr =

1

2

P3

P2 cosα − P1 sinα
, (6.4.17)

while the equation d12̂ = 0 is satisfied if the differential equations (6.4.17) hold.
The expressions of the coefficients of the terms with the matrix Γ̂3 are:

d2̂3̂ = −W3φ

[
W1θ cosα + eh ∂θ2θ1 sinα

]
∂ψx

3 ,

d23̂ = W3φ

[ (
W1θ sinα − eh ∂θ2θ1 cosα

)
∂ψx

3 − sW2θ ∂ψr
]
,

d1̂3̂ = W3φ

[
W2θ ∂ψx

3 − s
(
eh ∂θ2θ1 cosα − W1θ sinα

)
∂ψr

]
,

d13̂ = sW3φ

[
W1θ cosα + eh ∂θ2θ1 sinα

]
∂ψr . (6.4.18)

Let us impose now the vanishing of the coefficients (6.4.18). Clearly, this condition can
be achieved by requiring that r and x3 be constant. It is easy to see from the vanishing
of the right-hand side of eq. (6.4.17) that this only happens at r = 0 and, therefore, the
configuration reduces to the one studied above. Another possibility is to impose W3φ = 0,
which is equivalent to the following differential equation:

−cos θ2
cos θ1

= ∂φ2φ1 . (6.4.19)

For consistency, both sides of the equation must be equal to a constant which we will denote
by m:

∂φ2φ1 = m , cos θ1 = −cos θ2
m

. (6.4.20)

Moreover, by differentiating the above relation between θ1 and θ2, we immediately obtain:

∂θ2θ1 = − sin θ2
m sin θ1

= −sign(m)
sin θ2√

sin2 θ2 + m2 − 1
. (6.4.21)

Moreover, by using eqs. (6.4.20) and (6.4.21) one can easily find the following expression of
the P’s:

P1

sin θ2
=

1

4

[
1 + a

(
∂θ2θ1 +

1

∂θ2θ1

)
cosψ + a2

]
− e2h ,

e−h
P2

sin θ2
=

1

2

(
∂θ2θ1 +

1

∂θ2θ1

)
cosψ + a ,

e−h
P3

sin θ2
=

1

2

(
∂θ2θ1 +

1

∂θ2θ1

)
sinψ . (6.4.22)

For consistency with our ansatz, the right-hand side of the equation for ∂ψr in (6.4.17)
must necessarily be independent of θ2. By inspecting the right-hand side of (6.4.22) it is



192 CHAPTER 6. SUSY DEFECTS IN THE MALDACENA-NÚÑEZ BACKGROUND

evident that this only happens if ∂θ2θ1 is constant which, in view of eq. (6.4.21) can only
occur if m2 = 1, i.e. when m = ±1. In this case ∂θ2θ1 = −m and the angular embedding is:

θ1 = π − θ2 , φ1 = φ2 , (m = +1) ,

θ1 = θ2 , φ1 = 2π − φ2 , (m = −1) . (6.4.23)

Notice that the functions in (6.4.23) are just the same as those corresponding to the embed-
dings with constant ψ (eq. (6.2.45)). Moreover, taking ∂θ2θ1 = −m in the expression of the
Pi’s in eq. (6.4.22), and substituting this result on the right-hand side of eq. (6.4.17), one
finds the following BPS differential equations for r(ψ) and x3(ψ):

∂ψr =
1

2

sinh(2r) sinψ

cosh(2r) cosψ − m
,

∂ψx
3 =

sm

2
e−h

(
r coth(2r) − 1

2

) cosh(2r) − m cosψ

cosh(2r) cosψ − m
. (6.4.24)

Lets us now verify that the BPS equations written above are enough to guarantee that
(6.4.12) holds. With this purpose in mind, let us compute the only non-vanishing term of
the right-hand side of eq. (6.4.13), namely dI . By plugging the BPS equations (6.4.17) into
the expression of dI in eq. (6.4.16), one gets:

dI |BPS = s
P2

1 + P2
2 + P2

3

P2 cosα − P1 sinα
. (6.4.25)

From eq. (6.4.25) one can check that:

√−g |BPS = e3φ
∣∣∣ dI |BPS

∣∣∣ . (6.4.26)

In order to verify that the kappa symmetry condition (6.4.12) is satisfied we must check that
the sign of dI |BPS is positive. It can be verified that:

sign
[
P2 cosα − P1 sinα

]
|BPS

= −m sign(cosψ) , (6.4.27)

and therefore (see eq. (6.4.25)), the condition sign (dI |BPS) = +1 holds if the sign s of the
projection (6.4.11) is such that:

s = −m sign(cosψ) . (6.4.28)

Then, given an angular embedding (i.e. for a fixed value of m), we must restrict ψ to a range
in which the sign of cosψ does not change and the sign s of the projection must be chosen
according to (6.4.28). Moreover, one can show that the equations of motion are satisfied if
the first-order equations (6.4.24) hold.
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Figure 6.2: The functions r(ψ) and x3(ψ) for the solutions (6.4.31) in the interval ψ ∈
[−π/2, π/2] mod 2π. The continuous line represents the embedding with m = +1, while the
dashed line corresponds to m = −1. In this latter case r(ψ) and x3(ψ) remain finite, while
for m = +1 they diverge at ψ = ±π/2.

Integration of the BPS equations

After a short calculation one can demonstrate that the equation for r(ψ) in (6.4.24) can be
rewritten as:

∂ψ

[
cosψ sinh(2r) − 2mr

]
= 0 . (6.4.29)

In this form the BPS equation for r(ψ) can be immediately integrated, namely:

cosψ =
C + 2mr

sinh(2r)
, (6.4.30)

where C is a constant. Moreover, once the function r(ψ) is known, one can get x3(ψ) by
direct integration of the right-hand side of the second equation in (6.4.24).

Let us study the above solution for different signs of cosψ. Consider first the region in
which cosψ ≥ 0, which corresponds to ψ ∈ [−π/2, π/2] mod 2π. If the constant C > 0, let
us represent it in terms of a new constant r∗ as C = sinh(2r∗) − 2mr∗. Then, the above
solution can be written as:

cosψ =
sinh(2r∗) + 2m(r − r∗)

sinh(2r)
, (6.4.31)

from which it is clear that r∗ is the value of r such that cosψ = 1. The functions r(ψ) for
m = ±1 written in eq. (6.4.31), and the corresponding x3(ψ), have been plotted in Fig. 6.2.
If m = +1, the solution (6.4.31) is such that r → ∞ and |x3| → ∞ when ψ → ±π/2 mod 2π.
However, if m = −1 the radial coordinate r grows from its minimal value r∗ at ψ = 0 mod 2π
to a maximal value r̂ = r∗ + sinh(2r∗)

2
at ψ = ±π/2 mod 2π, while x3(ψ) remains finite when

ψ ∈ [−π/2, π/2] mod 2π.
If C < 0, it is clear from (6.4.30) that, as we are considering the region cosψ ≥ 0, only

the solution with m = +1 is possible. Defining 2r̃ = −C, the solution in this case can be
written as

cosψ =
2(r − r̃)

sinh(2r)
, (m = +1). (6.4.32)
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This solution has two branches such that r → r̃,∞ when ψ → ±π/2. Finally, if C = 0 only
the m = +1 solution makes sense. In this case the solution grows from r = 0 at ψ = 0 to
r = ∞ at ψ = ±π/2.

In the region cosψ ≤ 0, i.e. for ψ ∈ [π/2, 3π/2] mod 2π, the solutions can be found from
those for cosψ ≥ 0 by means of the following symmetry of the solution (6.4.30):

ψ → π − ψ , C → −C , m→ −m . (6.4.33)

Then, one can get solutions in the range ψ ∈ [0, 2π] by joining one solution in the
region cosψ ≥ 0 to the one obtained by means of the transformation (6.4.33). Notice
that the resulting solutions preserve supersymmetry at the cost of changing the angular
embedding, i.e. by making m → −m, when the sign of cosψ changes. In particular, in the
solution obtained from the one in (6.4.31) when m = −1 the coordinate r does not diverge.
One can apply this construction to a single brane probe with a singular embedding or,
alternatively, one can consider two different brane probes preserving the same supersymmetry
with different angular embeddings and lying on disjoint regions of ψ.

6.4.2 Two-dimensional defects

In analogy with what we have just done with the wall defect solitons, let us find some
codimension two embeddings of the D5-brane probe in which the angle ψ is not constant.
We shall take the following set of worldvolume coordinates:

ξµ = (x0, x1, r, θ2, φ2, ψ) , (6.4.34)

and we will adopt an ansatz in which x2 and x3 are constant and

θ1 = θ1(θ2), φ1 = φ1(φ2).

The induced gamma matrices γxµ (µ = 0, 1), γθ2 and γφ2 are exactly those written in eq.
(6.4.4), while γr and γψ are given by:

e−
φ
2 γr = Γr , e−

φ
2 γψ =

1

2
Γ̂3 . (6.4.35)

Let us try to implement the kappa symmetry condition in the form displayed in eq. (6.4.12).
For this case, the left-hand side of (6.4.12) can be written as:

e−
α
2

Γ1Γ̂1Γκe
α
2

Γ1Γ̂1 ǫ0 =
e3φ

2
√−g Γx0x1

[
fI + f11̂ Γ1Γ̂1 + f12̂ Γ1Γ̂2

]
ǫ0 , (6.4.36)

where the f ’s are expressed in terms of the Pi functions of (6.4.15) as:

fI = cosαP1 + sinαP2 ,

f11̂ = − sinαP1 + cosαP2 ,

f12̂ = −P3 . (6.4.37)
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Since the matrices Γ1Γ̂1 and Γ1Γ̂2 do not commute with the projection (6.2.48), it is clear
that we must impose:

f11̂ = f12̂ = 0 . (6.4.38)

From the condition f11̂ = 0, we get:

P2

P1

= tanα , (6.4.39)

while f12̂ = 0 is equivalent to the vanishing of P3, which implies:

sin θ2 ∂θ2θ1 = sin θ1∂φ2φ1 . (6.4.40)

By using this condition for the angular part of the embedding, we can write the ratio between
the functions P1 and P2 as:

P2

P1
=

r sinα
(
∂θ2θ1

)2

r cosα +
(
e2h − a2

4

)((
∂θ2θ1

)2 − 1
) . (6.4.41)

The consistency between the expressions (6.4.39) and (6.4.41) requires that ∂θ2θ1 = ±1.
Moreover, by separating variables in the angular embedding equation (6.4.40) one concludes
that ∂φ2φ1 = m , with m constant. Proceeding as in the previous subsection, one easily
verifies that the only consistent solutions of (6.4.40) with ∂θ2θ1 constant are:

θ1 = θ2 , φ1 = φ2 , (m = +1) ,

θ1 = π − θ2 , φ2 = 2π − φ1 , (m = −1) . (6.4.42)

Notice the difference between (6.4.42) and (6.4.23). One can verify that this embedding is a
solution of the equations of motion of the probe. Moreover, by computing

√−g and fI for
the embeddings (6.4.42), one readily proves that the kappa symmetry condition is equivalent
to the following projection on ǫ0:

Γx0x1 ǫ0 = ǫ0 . (6.4.43)

6.5 Summary and Discussion

In this chapter we have systematically studied the possibility of adding supersymmetric
configurations of D5-brane probes in the MN background in such a way that they create
a codimension one or two defect in the gauge theory directions. The technique consists of
using kappa symmetry to look for a system of first-order equations which guarantee that
the supersymmetry preserved by the worldvolume of the probe is consistent with that of the
background. Although the general system of equations obtained from kappa symmetry is
very involved, the solutions we have found are remarkably simple. For a given election of
worldvolume coordinates and a given ansatz for the embedding, chosen for their simplicity
and physical significance, the result is unique.

In order to extract consequences of our results in the gauge theory dual, some additional
work must be done. First of all, one can study the fluctuations of the probes around the
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configurations found here and one can try to obtain the dictionary between these fluctuations
and the corresponding operators in the field theory side, along the lines of refs. [88, 90]. In
the analysis of these fluctuations we will presumably find the difficulties associated with the
UV blowup of the dilaton, which could be overcome by using the methods employed in ref.
[71] in the case of flavour branes. Once this fluctuation-operator dictionary is obtained we
could try to give some meaning to the functions x3(r) and r(θ1, θ2) of eqs. (6.2.68) and
(6.3.31) respectively, which should encode some renormalization group flow of the defect
theory. This analysis could shed light on the exact nature of the deformation introduced
by the defect. Another possible way of getting information of this subject could be trying
to go beyond the probe approximation and to study how the defect modifies the geometry.
From the behaviour of this backreacted geometry one could possibly learn about the type of
deformation that we have on the field theory side.

Interestingly, our non-abelian solitons of sections 6.2 and 6.3 select certain values of
the R-symmetry coordinate ψ (see eqs. (6.2.60) and (6.3.20)). This seems to suggest that
the mechanism of spontaneous breaking of R-symmetry (explaining in subsection 1.2.6) is
also acting on our defects, perhaps by forming a condensate of the fields living on the
defect. Notice that we have also found in section 6.4 other defect solitons in which ψ is not
constant. Although the interpretation is less clear, the defects of subsection 6.4.1 at r = 0
might correspond to domain walls which interpolate between different vacua of the field
theory dual. Notice that the tension of these domain walls remains finite for some particular
choice of the embedding (see eq. (6.4.31) with m = −1 and C > 0), as it should be for an
object of that nature in field theory.

Let us also point out that one could explore with the same techniques employed here some
other supergravity backgrounds (such as the one obtained in [138], which are dual to N = 1,
d = 3 super Yang-Mills theory) and try to find the configurations of probes which introduce
supersymmetric defects in the field theory. It is also worth mentioning that, although we
have focussed here on the analysis of the supersymmetric objects in the MN background,
we could have stable non-supersymmetric configurations, such as the confining strings of
ref. [55], which are constructed from D3-branes wrapping a two-sphere. Another example
of an interesting non-supersymmetric configuration is the baryon vertex, which consists of a
D3-brane wrapped on a three-cycle which captures the RR flux [139].



Chapter 7

Final Conclusions

In this last chapter we will briefly summarise the main achievements of this Ph.D. thesis.
At the end of each chapter we have already discussed the partial results obtained and some
possible extensions to the research performed in that chapter. However we would like to
finish with an overview of the work presented in this thesis.

We have concentrated on the study of some aspects of the (extensions of the) AdS/CFT
correspondence to more realistic theories [9, 10]. Let us recall that the AdS/CFT correspon-
dence states that type IIB string theory on AdS5 × S5 is dual to four-dimensional N = 4
superconformal Yang-Mills theory with SU(Nc) gauge group living at the boundary of AdS5

[4]. This is a holographic duality in the sense that the boundary of the AdS5 space where
the gauge theory lives encodes all the bulk information [6]. By extensions of the above
conjecture to “more realistic theories” we mean extensions to less supersymmetric theories.
In particular we have payed attention to supersymmetric solutions of type IIB supergravity
which are dual to N = 1 supersymmetric gauge theories in four dimensions. These theories
are more interesting from a phenomenological point of view when the conformal invariance
is broken. They present some features analogous to QCD, such as for instance confinement.

We have searched for the possibility of adding supersymmetric D-branes in those super-
gravity backgrounds and we have analysed which nontrivial information of the gauge theory
dual we are capturing with these additional degrees of freedom. It is worth pointing out that
the addition of extra D-branes to a supergravity background can have two different goals.
On one side, as it was firstly proposed by Witten [8], the dual of a field theory cannot be
simple supergravity but it must contain extra D-branes. These D-branes (wrapped on non-
trivial cycles) correspond to solitonic-like states in the large Nc gauge theory dual. On the
other side, the addition of D-branes extended infinitely in the holographic direction modifies
the lagrangian of the field theory since we are adding degrees of freedom to the boundary of
the AdS space [5]. This modification could be due to the addition of a new operator to the
lagrangian or could be interpreted as though this new operator takes a VEV. The nature of
the new operator which enters into the game depends on the kind of D-brane that we are
adding and on the way that we add it.

In this Ph.D. thesis we have explored the two goals of the addition of D-branes to super-
gravity backgrounds dual to N = 1 supersymmetric gauge theories in four dimensions. The
main tool that we have used to introduce the extra D-branes is a local fermionic symmetry of
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the worldvolume theory on the branes called kappa symmetry. By looking for configurations
of D-branes which preserve this local symmetry, we have explicitly determined their embed-
ding in the supergravity background and we have read the fraction of supersymmetry that
they preserve. The system of first-order BPS equations that the kappa symmetry condition
gives rise fulfils the second-order equations of motion for the worldvolume bosonic fields.
Actually, this system saturates a bound for the energy, as it usually happens in the case of
worldvolume solitons.

Once we know how to include in a supersymmetric way the D-branes in a given su-
pergravity background, we should extract the information about the stringy spectrum that
these additional degrees of freedom source. The final goal would be to introduce extra D-
branes in a supergravity background and to take into account, not only the effects that the
D-branes feel coming from the background fields, but also the backreaction undergone by
the supergravity background due to the presence of these extra D-branes. However this
is a very involved problem from a technical point of view and it is still not clear how to
solve it for a D-brane of arbitrary dimension. Thus, the first thing that one may do is to
tackle this problem in the probe approximation and to discard the backreaction undergone
by the supergravity background. We have seen in chapters 2, 3 and 6 that, even in the probe
approximation, we can still capture nontrivial information of the gauge theory dual.

In chapters 2 and 3 we have performed a systematic analysis of the possible supersym-
metric D-brane configurations in backgrounds dual to N = 1 four-dimensional supercon-
formal field theories. We have focused our attention on the recently found extensions to
the Klebanov-Witten model, firstly on the AdS5 × Y p,q solution of type IIB supergravity in
chapter 2 and then on a further generalisation of it, namely AdS5 × La,b,c in chapter 3. In
both cases we have also been able to identify the configurations of D3-branes wrapping a
three-cycle dual to the dibaryonic operators of the gauge theory dual. The study of the BPS
fluctuations of these D3-brane configurations (dibaryons) was performed in the AdS5 × Y p,q

case and it was shown to match the gauge theory results. In both chapters we have found
configurations of D3-branes wrapping a two-cycle which could describe a “fat” string in the
gauge theory dual, configurations of D5-branes wrapping a two-cycle which could be suitable
to couple a defect conformal field theory and (non-supersymmetric) D5-branes which look
like domain walls (if they wrap a three-cycle) or a baryon vertex (if they wrap a five-cycle)
in the field theory dual. We have also studied in both chapters configurations of spacetime
filling D7-branes, which could be used to add flavour to the gauge theory, as well as configu-
rations of D7-branes wrapping a five-cycle which are dual to one-dimensional defects in field
theory.

A systematic analysis of the possible supersymmetric D5-brane configurations dual to
defects (of codimension one and two) in four-dimensional N = 1 Super Yang-Mills theory
was also carried out in the framework of the Maldacena-Núñez solution in chapter 6. We
also found the configuration of a D5-brane wrapping a three-cycle, which should be dual to
a domain wall.

In order to extract more consequences of our results of chapters 2, 3 and 6 in the gauge
theory dual, some additional work must be done. First of all, one could study the fluctuation
of the brane probes around the configurations found there and one could try to obtain the
dictionary between these fluctuations and the corresponding operators in the field theory
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side, as we did in subsection 2.2.5.

Another way of getting information would be to go beyond the probe approximation and
to study how the geometry is modified by the D-branes included. This analysis was performed
in chapters 4 and 5, where the extra D-branes added to the geometry were suitable to account
flavour degrees of freedom. Recall that the final goal in the study of realistic extensions of the
AdS/CFT correspondence would be to attain the best possible dual description of theories
similar to QCD, like its supersymmetric extension. Understanding fields on the fundamental
representation is essential for this purpose. The construction and analysis of duals to gauge
theories with flavours in the so-called Veneziano limit [101], i.e. Nc → ∞ with

Nf
Nc

fixed,
where Nf is the number of flavours and Nc is the number of colours, hence becomes of capital
importance. The interesting fact about this limit (unlike the ’t Hooft limit [7] where Nf is
kept fixed) is that the quantum effects associated to the existence of fundamental quarks
are not quenched, i.e. they are not suppressed by the large Nc limit. In chapters 4 and
5, which addressed respectively N = 1 superconformal field theories and their extension
to cascading theories in four dimensions (in particular, to the Klebanov-Strassler model),
techniques were developed in order to take into account the backreaction in the geometry
of the Nf fundamentals. In both cases, several gauge theory features were matched, like
β-functions and anomalies. Moreover, in chapter 5 we managed to provide an analysis of
the duality cascade which describes the RG flow of the field theory. The approach that we
considered consists of finding solutions of supergravity coupled to D-brane sources.

In the framework of chapters 4 and 5, it would be interesting to study the fluctuations
of the flavour branes since they can be identified with the dynamical mesons of the gauge
theory dual. Another stimulating problem in the same context would be to find a black hole
in the backreacted geometry of chapters 4 and 5 where to study plasmas which include the
dynamics of colour and flavour at strong coupling. Finally, it would be of great interest to
study the possibility of softly breaking SUSY in these backgrounds with flavour degrees of
freedom.

As a final conclusion, it seems that in the absence of a string theory formulation on
backgrounds dual to N = 1 field theories in four dimensions, the addition of extra D-branes
to a supergravity background (in the probe approximation or more interestingly, taking into
account their backreacted effects) captures nontrivial stringy information of the gauge theory
dual. This is an important theme in the context of the gauge/gravity correspondence which
deserves further research.
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Chapter 8

Resumo

A Teoŕıa de Cordas naceu nos anos sesenta no marco da f́ısica hadrónica, como un intento
de explicar as interaccións fortes. A idea era considerar as cordas como tubos de fluxo
que mediaban a interacción entre hadróns. Pouco despois, esta idea fenomenolóxica foi
escurecida pola formulación da “Cromodinámica Cuántica” ou QCD e logo pola formulación
do “Modelo Estándar”. Este modelo describ́ıa de forma axeitada tres das catro interaccións
fundamentais, é dicir, a interacción electromagnética, a feble e a interacción forte. Áında
que a consistencia do modelo estándar baséase na existencia dunha part́ıcula (o bosón de
Higgs) que áında non foi detectada, este modelo pred́ı resultados que están de acordo co
experimento.

A diferencia do modelo estándar, a cuarta interacción (a gravidade) ten serias inconsis-
tencias. A teoŕıa non é renormalizable e as correccións cuánticas de calquera cantidade f́ısica
que calculamos na teoŕıa da gravidade cuántica depende dun número infinito de parámetros.
Sen embargo, este é un problema teórico xa que para calquera valor dos parámetros de-
scoñecidos, os seus efectos vólvense desprezables á escala de enerx́ıas observables (na que
se fan os experimentos hoxe en d́ıa). Por esta razón o ĺımite clásico de teoŕıa da gravidade
cuántica (Relatividade Xeral) está de acordo co experimento de forma moi impresionante.

O interese real pola teoŕıa de cordas comeza nos anos oitenta. Pensando nas part́ıculas
fundamentais como vibracións dun obxecto dunha dimensión (unha corda), o gravitón (a
part́ıcula que media a interacción gravitatoria, sen masa e con sṕın dous) aparece de forma
natural no espectro da teoŕıa. Ademais, a teoŕıa é consistente unha vez que consideramos a
súa extensión supersimétrica. Este é un punto moi importante a favor da teoŕıa de cordas,
que parece ser o candidato máis serio para describir unha teoŕıa consistente da gravidade
cuántica. A teoŕıa de cordas tamén contén, ademais da gravidade, un número enorme de
part́ıculas e de interaccións que teñen as mesmas caracteŕısticas que o modelo estándar.
Textos t́ıpicos en teoŕıa de cordas son [1].

Desafortunadamente, as part́ıculas e as interaccións que pred́ı a teoŕıa de cordas están
moi lonxe de ser únicas. Hai moit́ısimas posibilidades e áında non está claro si o modelo
estándar está entre elas. A nivel fenomenolóxico, áında é un reto intentar seleccionar un
baleiro entre tódalas posibilidades cando se reduce a dimensión do espacio-tempo dende
a dimesión cŕıtica na que viven as supercordas a catro dimensións. Ademais, hai cinco
teoŕıas de cordas consistentes que poden ser pensadas como distintos réximes perturbativos
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dunha única teoŕıa, chamada Teoŕıa M, que áında non foi formulada fora do ĺımite de baixas
enerx́ıas. Nesta teoŕıa, os obxectos fundamentais van ser membranas en dúas dimensións en
vez de cordas (obxectos nunha dimensión). Estas cinco teoŕıas de cordas están relacionadas
entre si por medio dunha cadea de dualidades que conecta diferentes rexións da teoŕıa M de
forma non-perturbativa. A acción efectiva a baixas enerx́ıas ven dada pola correspondente
supergravidade, tanto para a teoŕıa M como para as cinco teoŕıas de cordas consistentes.
Estas teoŕıas de supergravidade non son renormalizables pero son relevantes no sentido de
que as solucións clásicas destas teoŕıas van ser solucións de tipo solitónico da teoŕıa de cordas.

Algúns destes solitóns non-perturbativos, normalmente chamados D-branas, son hiper-
planos onde as cordas poden rematar con condicións de contorno de Dirichlet (ver [2] para
unha introducción sobre branas). Hai dúas formas duais de describir estos obxectos: por un
lado son fontes do sector de cordas pechadas da teoŕıa de cordas pero, sen embargo, a súa
dinámica pode ser descrita polas cordas abertas (e aśı polo sector de cordas abertas da teoŕıa
de cordas) que rematan nela. A baixas enerx́ıas, a dinámica dunha D-brana da lugar a unha
teoŕıa de campos de gauge que vive no seu volume de universo [3]. Esta descripción dual
das branas é unha consecuencia da dualidade corda aberta/pechada que xa está presente a
nivel de teoŕıa de cordas.

Maldacena conxecturou no ano 1997 unha dualidade espećıfica da clase de dualidades
que acabamos de explicar. Esa dualidade [4] baseábase en que a teoŕıa de cordas tipo IIB no
espacio AdS5 × S5 é dual a unha teoŕıa de campos de Yang-Mills en catro dimensións con
supersimetŕıa conforme N = 4 e grupo de gauge SU(Nc). O que está dicindo esta conxectura,
en outras palabras, é que o sector de cordas pechadas da teoŕıa de cordas cuantizado no
espacio AdS5 × S5 é dual á teoŕıa de campos vivindo sobre un conxunto Nc de D3-branas
(un resumo desta dualidade podémolo atopar en [5]). Trátase dunha dualidade holográfica
no sentido de que o borde do espacio AdS5 onde a teoŕıa de campos dual vive codifica toda
a información contida no espacio [6]. Áında que esta dualidade suponse que se mantén en
todo o rango de valores dos parámetros que definen o réxime das dúas teoŕıas, por razóns
técnicas foi inspeccionada principalmente no réxime de baixas enerx́ıas. Neste ĺımite podemos
obter información sobre o réxime de constante de acoplo forte da teoŕıa de campos realizando
cálculos clásicos en supergravidade. Este é o poder da dualidade conxecturada por Maldacena
e que se coñece co nome de correspondencia AdS/CFT. Unha idea máis vella que xa sinala
a existencia da despois conxecturada correspondencia entre unha teoŕıa de cordas e unha
teoŕıa de gauge foi suxerida por G. ’t Hooft [7], quen se decatou de que expandindo unha
teoŕıa de gauge U(Nc) no parámetro sen dimensións 1/Nc e tomando o ĺımite de Nc grande,
podemos ordenar os diagramas de Feynman como unha suma sobre a clase de superficies
nas que o diagrama se pode pintar. Isto é similar ó cálculo de amplitudes de interacción de
cordas onde a suma é agora sobre a clase de sabas de universo posibles da corda. Tomando
o ĺımite de baixas enerx́ıas na correspondencia AdS/CFT, estamos restrinxindo a dualidade
a un subsector do espacio de parámetros da teoŕıa, tanto na parte de teoŕıa de cordas como
na de teoŕıa de campos de gauge, onde os resultados sinalados por ’t Hooft pódense aplicar.
Neste ĺımite, a conxectura AdS/CFT afirma que unha solución de supergravidade debe ser
dual a unha teoŕıa supersimétrica de campos no réxime de constante de acoplo de ’t Hooft1

1A constante de acoplo de ’t Hooft é o producto do cadrado da constante de acoplo da teoŕıa de gauge
polo rango do grupo de gauge.
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forte. Sen embargo, non tódala información que contén a teoŕıa de cordas sobre o seu dual
de campos está contida na solución de supergravidade [8]. É necesario inclúır D-branas
extra no lado (da dualidade) de supergravidade para extraer información non trivial que non
sobrevive ó ĺımite de baixas enerx́ıas.

Extensións destas ideas a teoŕıas máis realistas (dende o punto de vista fenomenolóxico)
foron feitas nos últimos anos (un resumo pódese atopar en [9, 10]). A reducción da can-
tidade de supersimetŕıa e a rotura da invariancia conforme conduciŕıa a unha formulación
máis interesante (fenomenolóxicamente) da dualidade. A finalidade seŕıa encontrar o dual en
teoŕıa de cordas de QCD, unha teoŕıa que non é supersimétrica e que non presenta simetŕıa
conforme. Hoxe en d́ıa estase traballando na procura de formas de romper de forma suave
supersimetŕıa a unha escala axeitada de enerx́ıa. Mentras tanto, teoŕıas con menos super-
simetŕıa e sen invariancia conforme presentan algunhas caracteŕısticas análogas a QCD, como
por exemplo confinamento, e as ideas da dualidade poden estenderse aqúı de forma natural.

Neste traballo de tese centrámonos básicamente na extensión das ideas da correspon-
dencia AdS/CFT a teoŕıas máis realistas, principalmente en solucións supersimétricas de
supergravidade tipo IIB que son duais a teoŕıas de campos de gauge en catro dimensións
con supersimetŕıa N = 1. Nestas solucións engadimos D-branas de forma supersimétrica e
analizamos que información da teoŕıa de campos dual estamos capturando con esos novos
graos de liberdade.

Esta tese doutoral está baseada nos artigos [11, 12, 13, 14, 15] áında que algúns puntos
técnicos non relevantes para a comprensión deste traballo non foron inclúıdos.

No caṕıtulo 1 comezamos resumindo de forma breve as bases principais da corresponden-
cia AdS/CFT. Logo mostramos algunhas solucións supersimétricas de supergravidade tipo
IIB e os seus duais en teoŕıa de campos, teoŕıas con supersimetŕıa N = 1 en catro dimensións.
Centrámonos principalmente no modelo coñecido como o modelo de Klebanov-Witten e nas
súas extensións, coñecidas como o modelo de Klebanov-Tseytlin e Klebanov-Strassler, onde
se rompe a simetŕıa conforme e posteriormente se resolve unha singularidade infravermella,
respectivamente. Despois describimos dúas familias de solucións de supergravidade tipo IIB
encontradas recentemente que son duais a teoŕıas de campos N = 1 superconformes en
catro dimensións. A xeometŕıa destas familias de solucións é, respectivamente, AdS5 × Y p,q

e AdS5 × La,b,c. A derradeira solución de supergravidade tipo IIB que describimos foi o
modelo coñecido como o modelo de Maldacena-Núñez onde a teoŕıa de campos dual é unha
teoŕıa N = 1 supersimétrica de Yang-Mills. Finalmente explicamos por que é preciso engadir
D-branas ás solucións de supergravidade e como facelo para preservar (canto menos) unha
parte da supersimetŕıa da solución supergravitatoria. A ferramenta principal para facelo foi
unha simetŕıa local fermiónica da teoŕıa no volume de universo das branas chamada simetŕıa
kappa. Unha forma sinxela de introducir branas nun fondo de supergravidade é tomando o
ĺımite onde o fondo de supergravidade non se ve perturbado polas D-branas engadidas. Este
ĺımite coñécese como o ĺımite de proba. Tamén explicamos como inclúır os efectos das D-
branas na solución de supergravidade para un tipo particular de branas, as branas de sabor.
Este ĺımite onde o fondo de supergravidade si se ve perturbado polas branas engadidas recibe
o nome de ĺımite non amortiguado. Este caṕıtulo introductorio proporciona as ferramentas
básicas e asenta a notación que seguiremos ó longo da tese.

No caṕıtulo 2 estudiamos de forma sistemática configuracións de branas no ĺımite de
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proba na xeometŕıa AdS5 × Y p,q usando como ferramenta a simetŕıa kappa. O noso estudio
centrouse en tres clases de branas, D3-, D5- e D7-branas. Os resultados obtidos resumı́molos
a continuación:

D3-branas: Este é o caso que estudiamos máis en profundidade. Para D3-branas envol-
vendo un tres-ciclo en Y p,q, primeiro reproducimos tódolos resultados presentes na literatura.
En particular, obtivemos dúas clases de ciclos supersimétricos: localizados en y1 e y2 [25] e
localizados na dúas-esfera S2 [26, 33]. Para estas branas encontramos un acordo perfecto cos
resultados da teoŕıa de campos. Ademais, tamén encontramos unha nova clase de configu-
racións supersimétricas de D3-branas neste fondo de supergravidade. Estas configuracións
non corresponden a operadores dibariónicos debido a que as D3-branas non envolven un
tres-ciclo. A interpretación en teoŕıa de campos destas novas configuracións non é completa-
mente clara para nos debido a varios problemas cas propiedades globais. Cremos que estas
novas configuracións son un punto de partida bo para encontrar candidatos que representen
a parte enteira do terceiro grupo de homolox́ıa de Y p,q, xustamente como a familia análoga
de ciclos encontrados en [83, 105], que eran representantes da parte enteira H3(T

1,1,Z). Seŕıa
importante entender estas D3-branas envoltas en termos de xeometŕıa alxebraica e tamén en
termos de operadores na teoŕıa de campos dual, seguindo o traballo feito en [111], onde se fai
énfase no uso de coordenadas homexéneas globais no caso do conifold. Merece a pena poñer
énfase en que esas coordenadas homexéneas globais existen en calquera variedade tórica [119]
pero a relación cos operadores de teoŕıa de campos é menos clara no cono formado sobre
a variedade Y p,q. Analizamos tamén o espectro de excitacións de D3-branas envoltas que
describen un dibarión cargado frente ó grupo SU(2) e encontramos resultados análogos ós
esperados en teoŕıa de campos para esas excitacións. Ademais, consideramos outras config-
uracións e encontramos que unha D3-brana envolta nun dous-ciclo de Y p,q non é un estado
supersimétrico pero segue sendo estable. Na teoŕıa de campos, esta configuración describe
unha corda “gorda”.

D5-branas: As configuracións ás que prestamos máis atención foron as de D5-branas
estendidas ó longo dunha subvariedade en dúas dimensións no espacio Y p,q e tendo codi-
mensión un en AdS5. En teoŕıa de campos esta é a clase de branas que representa un
defecto de parede. Cando permitimos que a D5-brana se estendera infinitamente na di-
rección holográfica, conseguimos unha configuración dual a unha teoŕıa de campos conforme
con defectos. Mostramos de forma expĺıcita que tales configuracións preservan catro super-
simetŕıas e saturan un ĺımite inferior en enerx́ıa como se espera para obxectos de natureza
solitónica. Para estas configuracións tamén consideramos o caso no que se acende un fluxo
de volume de universo na brana de forma que a configuración segue sendo supersimétrica. O
fluxo no volume de universo da brana proporciona un curvado no perfil do defecto de parede,
similar ó que ocorŕıa en AdS5×T 1,1 [105]. Tamén mostramos a consistencia de configuracións
similares nas que a D5-brana envolve unha subvariedade diferente de dimensión dous en Y p,q.
Ademais consideramos D5-branas envolvendo tres-ciclos. Esta configuración parece ser unha
parede de dominio na teoŕıa de campos dual. Áında que non é supersimétrica, vimos que se
trata dunha configuración que si é estable. Finalmente consideramos unha D5-brana envol-
vendo completamente a variedade Y p,q, que corresponde a un vértice bariónico. Verificamos
que se trata dunha configuración non supersimétrica, como xa pasaba para a xeometŕıa T 1,1.

D7-branas: Ca finalidade de introducir mesóns na teoŕıa de campos dual correspondente,
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consideramos o caso de D7-branas estendidas en tódalas direccións do espacio-tempo. De-
mostramos de forma expĺıcita que esas configuracións preservan catro supersimetŕıas e dimos
unha configuración precisa en termos da coordenada radial. Tamén encontramos unha inter-
pretación da ecuación para a configuración en termos de coordenadas complexas. Ademais,
encontramos outras configuracións diferentes de D7-branas que poden servir para introducir
mesóns na teoŕıa. Finalmente, consideramos unha D7-brana que envolve completamente
a variedade Y p,q e que ten codimensión dous en AdS5. Dende o punto de vista da teoŕıa
de campos dual, esta configuración parece ser unha corda (un defecto nunha dimensión) e
preserva dúas supersimetŕıas.

Parte da nosa análise sobre algunhas branas podeŕıa facerse de forma máis precisa. En
particular, seŕıa interesante entender a nova familia de configuracións supersimétricas de
D3-branas en termos de xeometŕıa alxebraica e en termos de operadores na teoŕıa de campos
dual. Tampouco presentamos unha análise do espectro de excitacións para tódalas branas.
Seŕıa de gran interese entender mellor as excitacións de D7-branas estendidas ó longo de
todo o espacio-tempo e tamén do vértice bariónico. Sen embargo, o estudio de excitacións
de branas de sabor é moito máis relevante cando se ten en conta, xa lonxe do ĺımite de proba,
os efectos que estas producen no fondo de supergravidade. Esto foi estudiado no caṕıtulo 4
do que falaremos máis adiante.

No caṕıtulo 3 presentamos un estudio sistemático similar ó do caṕıtulo 2 de configuracións
de branas no ĺımite de proba na xeometŕıa AdS5 × La,b,c introducida no caṕıtulo 1, usando
de novo a simetŕıa kappa como ferramenta principal. O noso estudio centrouse de novo en
tres clases de branas, D3-, D5- e D7-branas que corresponden fundamentalmente a dibarións,
defectos e branas de sabor na teoŕıa de campos de gauge dual. Vamos a resumir de forma moi
breve os resultados obtidos neste caṕıtulo xa que son similares ós do caṕıtulo 2 pero nunha
xeometŕıa máis xeral. Para D3-branas envolvendo tres-ciclos en La,b,c, primeiro reproducimos
tódolos números cuánticos dos campos quirais na representación bifundamental da teoŕıa de
campos dual. Tamén encontramos unha nova clase de configuracións supersimétricas de
D3-branas neste fondo de supergravidade que identificamos cunha configuración holomorfa
xenérica. Os tres-ciclos que envolven estas D3-branas son calibrados. No caso de D5-branas,
encontramos unha configuración que corresponde a un defecto de codimensión un en AdS5.
Dende o punto de vista das D5-branas, este defecto trátase dun solitón de volume de universo
saturado en enerx́ıa (BPS). Finalmente encontramos configuracións de D7-branas estendidas
ó longo de todo o espacio-tempo que poden ser vistas como configuracións holomorfas no
Calabi-Yau con base La,b,c. Estas configuracións son adecuadas para introducir sabor na
teoŕıa de campos de gauge dual. Outras configuracións de branas de proba tamén foron
consideradas, obtendo resultados similares ós do caṕıtulo 2.

No caṕıtulo 4, seguindo o método presentado en [80], constrúımos un dual para a teoŕıa
de campos definida por Klebanov e Witten (e resumida no caṕıtulo 1) cando se engaden Nf

sabores de quarks e antiquarks a cada grupo de gauge. O número de sabores Nf engadidos
é do mesmo orde de magnitude que o número de cores Nc que xeran a xeometŕıa, polo que
estamos indo máis alá do ĺımite de proba e temos que considerar os efectos que as D-branas
de sabor producen no fondo de supergravidade proposto por Klebanov e Witten. Na sección
4.1 deste caṕıtulo escribimos as ecuacións BPS describindo a dinámica do sistema e encon-
tramos solucións ó sistema de ecuacións de primeira orde que tamén resolven as ecuacións do
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movemento de segunda orde. Tamén analizamos as solucións do sistema BPS e aprendimos
que, áında que son singulares, o carácter da singularidade permite dar conclusións da teoŕıa
de campos dende unha perspectiva puramente gravitatoria.

Propuxemos unha formulación da teoŕıa de campos dual a esas solucións constrúındo un
superpotencial catro-dimensional preciso. Estudiamos esas solucións facendo moitas compro-
bacións cos resultados esperados de teoŕıa de campos, que inclúen a rotura da simetŕıa R e a
función β Wilsoniana. A teoŕıa de campos ten funcións β definidas positivas ó longo do fluxo
do grupo de renormalización, exhibindo un polo de Landau no ultravioleta. No infravermello
áında temos unha teoŕıa de campos fortemente acoplada que é “casi conforme”. Ademais,
usando o método aproximado do superpotencial gravitatorio, aprendimos que a nosa teoŕıa
de campos dual, ademais de ser deformada por un operador marxinal (logo irrelevante no
infravermello), modifica a súa dinámica dando valor esperado no baleiro a operadores de
dimensión seis e oito. Tamén explicamos, dende a perspectiva das nosas solucións, como
cambiar as relacións entre acoplos e ángulos Θ na teoŕıa.

Na sección 4.2 deste caṕıtulo presentamos unha coidadosa descripción de moitos detalles
técnicos necesarios para derivar os resultados da sección 4.1. Usando a lóxica e a intuición
desenrolada aĺı, xeneralizamos o método para calquera variedade en cinco dimensións que
pode ser escrita como un espacio de Sasaki-Einstein (unha fibración un-dimensional sobre
un espacio de Kähler-Einstein). É moi sorprendente que se repita a mesma estructura de
ecuacións BPS e de superpotencial dez-dimensional. Esto claramente nos indica algún tipo
de “universalidade” do comportamento de teoŕıas de campos N = 1 superconformes con
sabor.

Neste caṕıtulo tamén comentamos a posibilidade de engadir á dinámica da teoŕıa de
campos catro-dimensional, campos transformando na representación fundamental do grupo
de gauge con masa, presentando un contexto xeral para facelo. Parece moi interesante ex-
plotar este procedemento para entender mellor os nosos fondos de supergravidade singulares,
tomando contacto cos resultados de teoŕıa de campos e estudiando outros problemas intere-
santes.

Seŕıa de gran interese estudiar a dinámica de cordas movéndose nestes fondos de super-
gravidade con sabor, detalles relacionados con dibarións, rotura da simetŕıa de sabor, etc.
Áında que complicado dende un punto de vista técnico, estaŕıa ben entender os efectos que
producen as branas de sabor no fondo supergravitatorio cando se acenden campos de volume
de universo nas branas.

No caṕıtulo 5 estendimos o estudio do caṕıtulo 4 de inclúır branas de sabor, agora nas
solucións de Klebanov-Tseytlin e Klebanov-Strassler introducidas no caṕıtulo 1. O número
de branas de sabor que inclúımos é de novo do mesmo orde que o número de cores que xeran
a xeometŕıa, polo que debemos ir outra vez máis alá da aproximación de proba. O resultado
é moi interesante xa que os graos de liberdade fundamentais introducidos e a “cascada”
de Klebanov-Tseytlin “empuxan” en direccións diferentes no fluxo do grupo de renormal-
ización. Encontramos que elexindo de forma axeitada os graos de liberdade, podemos en-
contrar situacións nas que a dinámica infravermella é, ou a do modelo de Klebanov-Strassler
con sabor ou a estudiada no caṕıtulo 4. Centrándonos no modelo de Klebano-Tseytlin e
Klebanov-Strassler con graos de liberdade de sabor, propuxemos unha teoŕıa de campos
dual ben definida e fixemos diferentes comprobacións da súa validez, como por exemplo a
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“cascada” de dualidades de Seiberg, as anomaĺıas e as funcións β. Mostramos en detalle
como cambia o rango dos grupos de gauge dende o punto de vista da teoŕıa de cordas (que
está de acordo ca perspectiva usual da teoŕıa de campos), proporcionando ademais unha
definición rigurosa do rango dos grupos de gauge en termos de cargas de Page. Dimos unha
interpretación da dualidade de Seiberg en termos dunha transformación grande de gauge en
supergravidade. Tamén mostramos como a variación da constante de acoplo está descrita
pola solución de cordas e como as anomaĺıas globais están capturadas pola nosa solución. O
comportamento no ultravioleta do fondo de supergravidade acoplado a branas de sabor que
encontramos neste caṕıtulo suxire que a teoŕıa de campos xera unha “parede de dualidades”.

Seŕıa interesante proporcionar unha solución máis xeral do sistema de ecuacións BPS
deste caṕıtulo e analizar en detalle a súa dinámica dual, prestando atención fundamental-
mente ó comportamento infravermello (o derradeiro paso da “cascada” conduciendo á rama
bariónica da teoŕıa de campos, o comportamento dos lazos de Wilson, etc). Seŕıa tamén
interesante estudiar as fluctuacións das branas de sabor no contexto dos caṕıtulos 4 e 5, xa
que estas fluctuacións pódense identificar cos mesóns da teoŕıa de campos dual. Outro prob-
lema estimulante no mesmo contexto seŕıa encontrar unha solución de burato negro nesas
xeometŕıas. Eso permitiŕıa estudiar plasmas que inclúen a dinámica dos cores e sabores con
constante de acoplo forte. Finalmente, seŕıa interesante estudiar a posibilidade de romper de
forma suave supersimetŕıa nestes fondos de supergravidade con graos de liberdade de sabor.

No caṕıtulo 6 estudiamos de novo de forma sistemática a posibilidade de engadir con-
figuracións supersimétricas de D5-branas no ĺımite de proba no fondo de supergravidade de
Maldacena-Núñez (estudiado no caṕıtulo 1) de tal forma que crean defectos de codimensión
un e dous nas direccións da teoŕıa de campos de gauge dual. A técnica para facelo consiste
de novo en usar a simetŕıa kappa para buscar un sistema de ecuacións de primeira orde
que garante que a supersimetŕıa preservada polo volume de universo da brana (no ĺımite
de proba) é consistente ca supersimetŕıa do fondo de supergravidade. Áında que o sistema
xeral de ecuacións que obtivemos usando a simetŕıa kappa é moi complicado, as solucións
que encontramos son moi sinxelas. Para unha elección dada de coordenadas de volume de
universo e para unha determinada configuración da brana, elexida pola súa simplicidade e
polo seu interese f́ısico, o resultado foi único.

Para extraer máis consecuencias dos resultados deste caṕıtulo na teoŕıa de gauge dual, é
preciso algún traballo adicional. Primeiro, un podeŕıa estudiar as fluctuacións das branas de
proba en torno ás configuracións presentadas no caṕıtulo e intentar obter un diccionario entre
esas fluctuacións e os correspondentes operadores no lado de teoŕıa de campos, seguindo a
liña das referencias [88, 90]. Analizando esas fluctuacións encontraremos, presumiblemente,
dificultades asociadas ó comportamento ultravioleta do dilatón, que diverxe. Esas dificul-
tades podeŕıan superarse usando os métodos empregados en [71] para o caso de branas de
sabor. Unha vez que obtivéramos o diccionario fluctuación-operador, podeŕıamos dar un sig-
nificado f́ısico ás funcións x3(r) e r(θ1, θ2) das ecuacións (6.2.68) e (6.3.31) respectivamente,
que debeŕıan codificar algunha información sobre o fluxo do grupo de renormalización da
teoŕıa con defectos. Esta análise tamén daŕıa pistas sobre a natureza exacta da deformación
introducida polo defecto. Outra forma posible de conseguir información seŕıa estudiar como
os defectos modifican a xeometŕıa, indo máis alá da aproximación de proba. Do comporta-
mento desta xeometŕıa onde se inclúe a deformación inducida polos defectos, seŕıa posible
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aprender sobre o tipo de deformación que temos no lado da teoŕıa de campos.
Os solitóns non abelianos das seccións 6.2 e 6.3 seleccionan, de xeito sorprendente, certos

valores da coordenada ψ dual ó parámetro que xera a simetŕıa R (ver ecuacións (6.2.60) e
(6.3.20)). Esto parece suxerir que o mecanismo de rotura espontánea da simetŕıa R (explicado
na subsección 1.2.6) tamén actúa nos nosos defectos, formando quizá un condensado de
campos que viven no defecto. É importante recordar que na sección 6.4 encontramos outros
defectos solitónicos nos que a coordenada ψ non era constante. Áında que a interpretación é
menos clara, os defectos da subsección 6.4.1 en r = 0 probablemente sexan duais a paredes
de dominio que interpolan entre distintos baleiros da teoŕıa de campos dual. Notar que a
tensión desas paredes de dominio permanećıa finita para certas configuracións particulares
(ver ecuación (6.4.31) con m = −1 e C > 0), como debe ocorrer para un obxecto desa
natureza en teoŕıa de campos.

Vólvese preciso indicar que se podeŕıa explorar cas mesmas técnicas empregadas no
caṕıtulo 6 algún outro fondo de supergravidade (como por exemplo o obtido en [138] que
é dual a unha teoŕıa de campos de Yang-Mills en tres dimensións espacio-temporais con
supersimetŕıa N = 1) e intentar encontrar configuracións de branas de proba que intro-
duzan defectos supersimétricos na teoŕıa de campos. Sinalar que áında que nese caṕıtulo nos
centramos na procura de obxectos supersimétricos no fondo de Maldacena-Núñez, tamén se
podeŕıan ter configuracións estables non supersimétricas tales como as cordas confinantes da
referencia [55], que se constrúen con D3-branas envolvendo unha dúas-esfera. Outro exem-
plo dunha configuración non supersimétrica interesante é o vértice bariónico, que consiste
en D3-branas envoltas nun tres-ciclo que captura o fluxo de RR [139].

Como conclusión final, parece que na ausencia dunha formulación en teoŕıa de cordas de
fondos duais a teoŕıas de campos en catro dimensións con supersimetŕıa N = 1, engadir D-
branas extra na solución de supergravidade (no ĺımite de proba ou, de forma máis interesante,
no ĺımite non amortiguado) captura información relevante da teoŕıa de gauge dual. Trátase,
por tanto, dun tema importante no contexto da correspondencia gauge/gravidade no que
merece a pena seguir investigando.
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