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Chapter 1

Summary

1.1 English versionMy dotorate study spreads over di�erent theoretial and phenomenologi-al aspets of Quantum Chromo-Dynamis (QCD) at high energies and highparton densities as well as their onnetions to the phenomenology of rela-tivisti nuleus-nuleus (AA) and proton-nuleus (pA) ollisions and DeepInelasti Sattering experiments with nuleons and nulear targets. Gener-ally speaking, these studies are relevant for the phenomenology of the exper-iments arried on at Relativisti Heavy-ion Collider (RHIC) in BrookhavenNational Laboratory and the Large Hadron Collider (LHC) in CERN.The introdution is presented in Chapter 2, where some aspets to heavy-ion physis are introdued with the time evolution of the relativisti heavy-ion ollisions. Radiation of photons in a hot and dense QCD medium isdisussed in Chapter 3. Photon interats with the partiles in a hot anddense QCD medium through eletromagneti interation, whih is negli-gible as ompared with the strong interation. Following the BDMPS-Z-W approah, we alulate the medium-indued two-photon ladder emissionspetrum [1℄, and �nd that in the Moli�ere limit the Landau-Pomeranhuk-Migdal e�et still holds and the spetrum an not be fatorized as a prod-ut of two medium-indued single-photon radiation spetra beause of thestruture of the Moli�ere fator. Radiation of gluons in a hot and denseQCD medium is disussed in Chapter 4. Due to the non-Abelian nature,gluon interats with the partiles in a hot and dense QCD medium throughstrong interation. The medium-indued gluon radiation o� a single emit-ter is disussed. Then we study the in-medium olor oherene e�et byintroduing a double-emitter set-up, i.e. a quark-antiquark antenna. As anextension, the medium-indued one-gluon radiation spetrum o� a massivequark-antiquark antenna in the olor singlet state traversing a olor deon-3



�ned medium is alulated [2℄. The interferene between the quark and theantiquark dominates the spetrum when the antenna opening angle is smalland the emitted gluon is soft, whereas the antenna behaves like a superpo-sition of two independent emitters when the opening angle is large and theradiated gluon is hard. We investigate the average radiative energy loss ofthe antenna. More ollimated antenna loses less energy. The broadening ofthe gluon radiation o� the antenna is also studied. In the soft gluon emis-sion limit, the broadening of the emitted gluon is due to the interferenebetween the quark and the antiquark, rather than the gluon resatteringin the medium. This opens more phase spae for the soft gluon emission.The in-medium t-hannel antenna radiation is also presented in Chapter 5[3℄. The interferene between initial and �nal state radiation is investigated.The medium-indued gluon radiation spetrum is disussed in three limits:the oherent, the inoherent and the soft limits. The soft on-shell gluonradiation o� the initial state inoming quark is further broadened by themedium, and more phase spae is opened for the soft gluon radiation o�the �nal state outgoing quark. Then we extend the results obtained at �rstorder in the opaity expansion by providing general results for multiple softsatterings and their spei� formulation within the harmoni osillator ap-proximation [4℄. We disuss some phenomenologial onsequenes of thissetup in high-energy AA ollisions. The onlusions are given in Chapter 6.The metri tensor is de�ned as gµν = diag (1,−1,−1,−1). The natural units
c = ~ = 1 are hosen in this thesis, and we set the Boltzmann onstant as
kB = 1.
1.2 Versión en españolMis estudios de dotorado se extiende sobre diferentes aspetos te�orios yfenomenol�ogios de la Cromodin�amia Cu�antia (QCD) a altas energ��as ydensidades part�onias as�� omo sus onexiones on la fenomenolog��a de lasolisiones relativistas n�uleo-n�uleo (AA) y prot�on-n�uleo (pA) y los exper-imentos de dispersi�on inel�astia profunda on nuleones y n�uleos. En gen-eral, estos estudios son relevantes para la fenomenolog��a de las experieniasrealizadas en el Relativisti Heavy Ion Collider (RHIC) en el BrookhavenNational Laboratory y el Large Hadron Collider (LHC) en el CERN.La introdui�on se presenta en el ap��tulo 2, donde algunos aspetos dela f��sia de iones pesados se introduen siguiendo la evolui�on temporalde las olisiones de iones pesados relativistas. La radiai�on de fotones enun medio QCD aliente y denso se disute en el ap��tulo 3. Los fotonesinterat�ua on las part��ulas en un medio QCD a trav�es de la interai�oneletromagn�etia, que es insigni�ante en omparai�on on la interai�on4



fuerte. Siguiendo el enfoque BDMPS-Z-W, se alula el espetro de emisi�onladder de dos fotones induida por el medio [1℄, y se enuentra, en el l��mitede Moli�ere que el efeto Landau-Pomeranhuk-Migdal se mantiene y que elespetro de dos fotones no puede ser fatorizado omo un produto de dosespetros de un fot�on induidos por el medio. La radiai�on de gluones enun medio de QCD aliente y denso se disute en el ap��tulo 4. Debido a lanaturaleza no-abeliana, los gluones interat�ua on las part��ulas en el mediode QCD a trav�es de la interai�on fuerte. Se disute la radiai�on de gluonesinduida por el medio de un �unio emisor. A ontinuai�on, se estudia elefeto de la oherenia de olor en medio mediante la introdui�on de undoble emisor en un aso senillo, una antena quark-antiquark. Como unaextensi�on, el espetro de la radiai�on de un gluon induida por el medio deuna antena de quark-antiquark masivos en estado singlete es alulada [2℄.La interferenia entre el quark y el antiquark domina el espetro uandoel �angulo de apertura de la antena es peque~na y el gluon emitido es soft,mientras que la antena se omporta omo una superposii�on de dos emisoresindependientes uando el �angulo de apertura es grande y el gluon radiadoes hard. Investigamos la p�erdida promedio de energ��a por radiai�on de laantena. La antena m�as olimada pierde menos energ��a. El aumento de laradiai�on de gluones de la antena tambi�en se estudia. En el l��mite de emisi�onde gluones soft, el aumento de la radiai�on de gluones emitida es debido ala interferenia entre el quark y el antiquark, y no a la redifusi�on de gluonesen el medio. Esto abre m�as espaio de fase para la emisi�on de gluones. Laradiai�on por una antena en anal-t tambi�en se presenta en el ap��tulo 5 [3℄.La interferenia entre la radiai�on iniial y �nal del estado es investigado. Elespetro de la radiai�on de gluones induida por el medio se analiza en tresl��mites: oherente, inoherente y el l��mite soft. Los gluones reales emitidospor el quark inidente sufren un proeso de broadening por interai�on onel medio, al mismo tiempo que se aumenta el espaio de fase para radiai�ondel quark saliente. Por �ultimo, extendemos los resultados obtenidos en elprimer orden en la expansi�on de la opaidad presentando resultados para elaso de sattering m�ultiple, as�� omo su formulai�on espe���a dentro de laaproximai�on del osilador arm�onio [4℄. Se disuten algunas onseueniasfenomenol�ogias de esta on�gurai�on en olisiones AA de alta energ��a. Lasonlusiones se presentan en el ap��tulo 6.El tensor m�etrio se de�ne omo gµν = diag (1,−1,−1,−1). Las unidadesnaturales c = ~ = 1 se eligen en esta tesis, y se toma la onstante deBoltzmann omo kB = 1.
5
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Chapter 2

Some aspects to heavy-ion

physics

2.1 Within the Standard ModelThe Standard Model is a uni�ed gauge theory with U(1) × SU(2) × SU(3)gauge symmetry. U(1) gauge theory is alled Quantum Eletro-Dynamis(QED). It is an Abelian gauge theory desribing the eletromagneti intera-tions between fermions and photon. Photons do not interat with eah otherbeause of the Abelian nature of QED. SU(2) gauge theory desribes theweak interations between fermions and W±, Z0 bosons. The weak inter-ation supports transformations among quarks and among leptons, respe-tively. SU(3) gauge theory is alled Quantum Chromo-Dynamis (QCD).
2.1.1 Quarks and gluonsQCD is a non-Abelian gauge theory of the strong interations among par-tons, i.e. quarks and gluons, in the Standard Model. Quarks are spin-1/2fermions, whih means that they are matter and they obey the Fermi-Dirastatistis and follow the Pauli exlusion priniple. Gluons are spin-1 gaugebosons, whih means that they are strong interation arriers and they obeythe Bose-Einstein statistis. In QCD, quarks interat with eah other by ex-hanging gluons. Moreover, the interations among quarks and gluons andamong gluons themselves an also happen beause of the non-Abelian na-ture of QCD. Quarks are desribed by the Dira �elds with olor degrees offreedom. Note that the olor of quarks and gluons has nothing to do withvisual pereption of olor, but rather olor harge has properties analogousto eletri harge. Quark has six avors: up, down, harm, strange, top,and bottom. Gluons are desribed in terms of the gauge �elds with eightolor degrees of freedom. The gauge �elds belong to the SU(3) olor group.7



Here it is the elegant and beautiful QCD Lagrangian density:
LQCD = −1

4
Fµν

a F a
µν + ψ̄i

f (i 6D −mf )ij ψ
j
f + Lgauge−fixing + Lghost. (2.1)

µ and ν in Eq.(2.1) are Lorentz indies. A repeated index implies a summa-tion with respet to that index in this thesis. The non-Abelian �eld strengthtensor for the gluon gauge �eld in Eq.(2.1) reads
Fµν

a = ∂µAν
a − ∂νAµ

a + g fabcAµ
b A

ν
c . (2.2)

g in Eq.(2.2) is the strong oupling onstant and fabc is the struture on-stant of SU(3). The ovariant derivative in Eq.(2.1) reads
(Dµ)ij = ∂µδij − i g Aµ

a t
a
ij. (2.3)

taij = λa
ij/2 and λa

ij are the eight generators of SU(3). Note that the olormatries in the fundamental representation are di�erent from the ones inthe adjoint representation. There are still free parameters entering the QCDLagrangian density: quark rest masses mf and the QCD energy sale ΛQCD.
2.1.2 Choice of gaugeGluon propagator is impossible to be de�ned without a hoie of gauge. Thelight-one gauge, for example, is desribed by

n ·Aa = 0, n2 = 0 (2.4)orresponding to a gauge-�xing term
Lgauge−fixing = − 1

2 ξ
(n ·Aa)2 , ξ → 0. (2.5)

n in Eq.(2.4) is a �xed 4-vetor, whih de�nes a preferred axis in spae. Forthe gauge parameter approahes zero in Eq.(2.5), a nonzero value of n · Aaleads to an in�nite ation, and therefore in the homogeneous axial gaugeone has n · Aa = 0. The light-one gauge is the most onvenient hoie ofgauge in high-energy proesses and is therefore hosen for this thesis. Thegluon propagator in the light-one gauge reads8



Dµν =
−i

k2 + i ǫ

(

gµν − kµ nν + kν nµ

k · n

)

. (2.6)For the physial polarization states of on-shell gluon, one has k · ǫ = 0 and
n · ǫ = 0. The sum over two physial polarization states normalized by
|ǫλ|2 = −1 reads

ǫµλ ǫ
ν∗
λ → −gµν +

kµ nν + kν nµ

k · n . (2.7)The sum of photon polarization is analogous but simpler than the one ofgluon. The gluon propagator in the light-one gauge an thus be replaedby the polarization sum over two physial states:
Dµν =

i

k2 + i ǫ
ǫµλ ǫ

ν∗
λ . (2.8)The ghost degrees of freedom in Eq.(2.1) depends on the hoie of the gauge-�xing degrees of freedom. The wonderful thing is that the ghost degrees offreedom is eliminated in the light-one gauge sine the gauge parameter istaken to be zero. Another good news is that the number of ontributingFeynman diagrams an be redued if the alulation is performed in thelight-one gauge. These simpli�ations are the reason why we hoose thelight-one gauge here.

2.1.3 Asymptotic freedomThe strong oupling onstant satis�es the renormalization group equation
µ2 dαs

dµ2
= β = −

(

b0 α
2
s + b1 α

3
s + b2 α

4
s + · · ·

)

. (2.9)
b0 = (11Nc − 2Nf ) / (4π Nc) in Eq.(2.9) is referred to as the 1-loop betafuntion oeÆient, and so on. Nc = 3 is of ourse the number of quarkolors. Nf is the number of ative light quark avors. The solution of thebeta funtion for QCD at the seond order of αs in Eq.(2.9) reads

αs

(

Q2
)

=

[

g
(

Q2
)]2

4π
=

1

b0 ln(Q2/Λ2
QCD)

. (2.10)9



Figure 2.1: The values of αs at various energy sales [5℄
αs must be positive, so the 1-loop beta funtion oeÆient has to be pos-itive, i.e. gluoni vauum utuations produe an anti-sreening betweentwo quarks, whih overwhelms the sreening produed by fermioni vauumutuations. The strong oupling onstant is atually not a onstant. Thestrong oupling onstant approahes zero at a logarithmi rate as the energysale approahes the positive in�nity (see �gure 2.1). Suh a feature of thestrong oupling onstant of QCD is named asymptoti freedom [6, 7℄. Onthe other hand, αs(Q

2) is very large in the infrared region Q2 ∼ Λ2
QCD. Thevalue of αs an be measured in, e.g. e+ e− annihilation into hadrons. Theenergy assoiated with the bare quark is enough to produe a neutralizingquark of the opposite olor harge. The running property of the strongoupling onstant naturally separates the study of the system of quarksand gluons into perturbative QCD and nonperturbative QCD. Perturbative10



QCD is the tool for the study in this thesis. One important appliation andalso justi�ation of asymptoti freedom is the predition of the existene ofjets in high-energy sattering proesses.
2.1.4 Color confinement

Figure 2.2: Quark potential as a funtion of length sale with three di�erent
β values (6.0, 6.2 and 6.4) in units of r0 ≈ 0.5 fm [8℄The radius of olor on�nement is around the inverse of the QCD energysale, whih is the harateristi size of the hadron. The quark potentialinreases linearly with an inreasing separation between quarks (see �gure2.2). In old nulear matter, olor on�nement is ontrolled by the non-perturbative sale. All physial observables are in the olor singlet state,i.e. their olors are on�ned. In order to study the dynamis of free quarksand gluons, relativisti heavy-ion ollisions are performed to reate a quark-gluon plasma phase, whih is di�erent from the hadroni phase with thelak of the observation of isolated quarks and gluons (see 2.4.1).11



2.2 Light-cone variablesBefore getting to know more about suh a brand new phase, let us �rst befamiliar with the light-one variables that I use in my work. In the light-one oordinate system, one writes the 4-oordinate as x = (x+, x−,x), with
x± =

(

x0 ± x3
)

/
√

2 and the transverse oordinates x =
(

x1, x2
), and the

4-momentum is given by p = (p+, p−,p), with p± =
(

p0 ± p3
)

/
√

2 and thetransverse oordinates p =
(

p1, p2
). Therefore the Lorentz invariant salarproduts are

x2 = 2x+ x− − x2, p2 = 2 p+ p− − p2, (2.11)and
p · x = p+ x− + p− x+ − p · x. (2.12)The 4-momentum of an on-shell partile of rest mass m and transversemomentum p an also be expressed as

p =

(
√

p2 +m2

2
ey,

√

p2 +m2

2
e−y,p

)

. (2.13)The rapidity in Eq.(2.13) is de�ned as
y =

1

2
ln
p+

p−
. (2.14)When the 3-momentum is large, one an substitute the energy of the partileby its 3-momentum in Eq.(2.14) to de�ne the pseudorapidity. Note that if a(positive or negative) boost along the p3-diretion is very large, only one ofthe �rst two omponents in the parentheses of Eq.(2.13) is large and anotheris exponentially suppressed. Consider two olliding partiles p1 and p2. Wesuppose that p1 is highly boosted along the p3-diretion relative to p2, say

p+
1 is large and p−1 is suppressed without loss of generality, and aordingly
p−2 is large and p+

2 is suppressed. Then the salar produt of the sum ofthese two partiles simpli�es
(p1 + p2)

2 ≈ 2 p+
1 p

−
2 . (2.15)12



It is lear that it is easier to analyze the size of the salar produt of highlyboosted partiles by using the light-one oordinates than by using the or-dinary oordinates.One useful variable that is going to appear frequently in the rest of my thesisis the forward light-one variable of the emitted daughter partile k relativeto the parent partile p, whih is de�ned as
x =

k+

p+
. (2.16)Sine the daughter partile is always softer than the parent partile, onealways has 0 ≤ x ≤ 1. The forward light-one variable is equal to thelongitudinal momentum fration in the high-energy limit.

2.3 Initial state evolutionNow let us go bak to the proess of relativisti heavy-ion ollisions andsee how suh an exoti phase of quark-gluon plasma is reated and how itfurther evolves. If we want to study suh a olor deon�ned medium, wehave to �rst reate it by aelerating two heavy nulei and then smash them.A nuleon at rest ontains quantum utuations at all spae-time salessmaller than its own size. Only quantum utuations that have longer lifetime than the external probe an be resolved by suh probe. The short livedquantum utuations, on the other hand, are of the role to just renormalizethe ouplings and the masses. Contrary to the nuleon at rest, time dilationof all internal time-sales happens for a high-energy nuleon aelerated bya mahine, e.g. RHIC or the LHC. The onstituents of the nuleon behaveas if they were free sine the interations among the onstituents take plaeover time-sales that are muh longer than the harateristi time-sale ofthe external probe. Therefore more quantum utuations an be resolved bythe probe for the nuleon at high energy than at rest. Pre-existing quantumutuations are ompletely stati as ompared with the time-sale of theexternal probe, and therefore at as stati olor soures of new partons. Itmotivates the utility of the lassial gauge �eld approximation (see 4.2.1).
2.3.1 Pure bremsstrahlungWhat happens in the early stage of the aeleration? The nuleon an beseen as a olletion of partons desribed by non-perturbative parton distri-butions, whih depend on the longitudinal momentum fration of the partonand a transverse resolution sale. In a simpli�ed piture, only valene quarks13



are present inside the hadron in the very beginning of the aeleration, butmore and more partons are emitted during the aeleration. The inreaseof the number of partons inside the hadron is linear in energy as long as thedensity of the partons is small during the aeleration. The way to probethe inner struture of a nuleon is by using Deep Inelasti Sattering exper-iments to kind of taking a snapshot of the inner struture of the aeleratednuleon.
2.3.2 Gluon saturationAn estimate of the gluon density, i.e. the number of gluons per unit area, is

ρ ∼ xG
(

x,Q2
)

π R2
, (2.17)where R is the radius of the nuleon. When the density of the partons islarge enough, the evolution of the partons inside the hadron beomes non-linear beause they start to overlap, i.e. the proess of gluon fusion startsto ompete against the one of gluon splitting. This e�et is known as gluonsaturation. The ross setion of the merge of two gluons reads

σgg→g ∼ π αs

(

Q2
)

Q2
. (2.18)Gluon saturation happens when ρ σgg→g & 1, whih is equivalent to Q2 .

Q2
s. The saturation sale Qs is de�ned here as

Q2
s ∼ π αs xG

(

x,Q2
s

)

π R2
, (2.19)At gluon saturation, the phase spae density reads

dNg

d2xd2p
∼ ρ

Q2
∼ 1

αs
. (2.20)14



2.4 Color deconfinement

2.4.1 Deconfinement transitionRelativisti heavy-ion ollisions are able to reate a olor deon�ned medium,i.e. the quark-gluon plasma, with initial energy densities above the ritialvalues indiated by lattie QCD. The size of suh a hot and dense QCDmedium depends on the ollision area of two heavy ions, whih is de�ned asentrality. At τ ∼ 0, hard partiles, e.g. jets, heavy quarks, quarkonia anddiret photons are produed at this stage. And I would like to remind thereader that perturbative QCD is a valid theoretial tool here. At τ ∼ 0.2 fm,most of the multipliity with relatively small transverse momentum around
1− 2 GeV is made up. Semi-hard partiles, i.e. gluons and light quarks areprodued in this time interval. At τ ∼ 1 − 2 fm, a fast thermalization isindiated by experiments. At 2 fm/ ≤ τ . 10 fm, new phase of matter, i.e.the quark-gluon plasma is believed to be reated with temperature higherthan the ritial temperature. A basi di�erene between the quark-gluonplasma and the gas of protons, neutrons and pions is that the quark-gluonplasma has a muh larger number of degrees of freedom than the hadrongas (see Eq.(2.21) below).In disussing the temperature dependene of the pressure of the system, theQCD phase an be divided into three regions: the low-temperature regionwith the temperature of the system of interest lower than the ritial tem-perature, the ritial region with the temperature of the system of interestaround the ritial temperature, and the high-temperature region with thetemperature of the system of interest higher than the ritial temperature.At high-temperature and zero hemial potential, the energy density asymp-totially approahes the Stefan-Boltzmann limit for an ideal gas of gluonsand Nf massless quarks:

εSB

T 4
=

3 pSB

T 4
=

(

16 +
21

2
Nf

)

π2

30
, (2.21)where the number 16 omes from the produt of heliity and olor of gluon,and the fration 21/2 omes from the produt of spin, quark/antiquark,olor and Fermi-Dira statistis. The pressure divided by T 4 in Eq.(2.21)inreases drastially above the ritial temperature, and then starts to sat-urate by around twie the ritial temperature, whih is still below theStefan-Boltzmann limit (see �gure 2.3). Lattie QCD indiates a 1st orderphase transition for the pure gauge at around 270 MeV, and a ross-over forthe light quarks at around 150− 170 MeV, depending on the number of theavors of light quarks. 15



Figure 2.3: The QCD olor deon�nement transition [9℄At low temperature, the typial orrelation length among olor harges ina nuleon is of the order of the nuleon size. Nuleons merge with eahother as far as the temperature of the nuleons reahes a ritial value, andthen the quarks and gluons gain extra degrees of freedom to move insidethe entire nulear volume rather than only the nuleoni one. All kindsof hadrons and nulei behave in the same way at high temperature. Notethat the same explanation works with respet to the hange of the densityof normal old nuleons, but does not work with respet to the hange ofthe density of nulear matter with very large net baryon density at lowtemperature.
2.4.2 Heavy flavor and quarkoniaThe ompletely di�erent behaviors of the Debye sreening mass divided bytemperature around the ritial temperature predited by both the pertur-bative QCD and the lattie QCD alulations (see �gure 2.4) show learlythe large non-perturbative e�ets in the viinity of the ritial temperature.Perturbative QCD is therefore proved to be not valid at low energy sales.The e�etive potential between a heavy quark-antiquark pair is desribed16



Figure 2.4: Temperature dependene of the Debye sreening mass dividedby temperature [10℄ (Tc is the ritial temperature and note that µ (T ) =

mD as introdued in the text. The solid urve represents the result fromperturbative QCD alulations and the dots denote the lattie QCD result.)by the sreened Coulomb potential. From �gure 2.4 one an see that theDebye sreening mass inreases with inreasing temperature, whih meansa dereasing sreening length, and therefore a shortening of the range ofthe interation between the quark and the antiquark. A suppression of thequarkonium prodution in the quark-gluon plasma has been argued basedon this behavior.
2.5 Jet evolutionA jet is a spray of highly energeti partiles produed in a ollision andappearing in the detetor in a lose by region, whih is so hard that it anbe easily and learly identi�ed from the bakground of softer partiles. Thegeneration of jets is due to the asymptoti freedom. On one hand, a hardparton an be produed diretly from the initial hard proess. On the otherhand, it is muh easier to deohere a parton from the parent hard partonollinearly, i.e. with a negligible separation, than to emit a parton with a17



distinguishable separation from the parent hard parton. The struture ofthe �nal state is determined by parton branhing and hadronization, i.e.a hard parton, produed in some initial hard proess, traveling in vauumwith some initial virtuality will radiate gluons to beome on-shell.
2.5.1 Medium modification on the QCD branchingThe olor deon�ned medium an not be studied diretly from experimentsto date. Therefore one has to study some indiret probes in order to studythe properties of the hot and dense QCD medium, and the hard probes,i.e. the jets, are the perfet hoie for this aim. The reason that one anstudy the hard probes in order to indiretly study the properties of thereated olor deon�ned medium is that the prodution of hard partonsours at 0 < τ ≪ 1 fm, i.e. before the formation of the quark-gluonplasma. Photon and gluon radiation is modi�ed when the hard parton,again produed in some initial hard proess, traverses a hot and dense QCDmedium. Still, we have to show some experimental evidenes to justify ourargument. The nulear modi�ation fator (see �gure 2.5), whih is thenumber of the harged partile yields observed in AA ollisions divided bythe expeted one in the binary saled pp ollisions, reads

RAA (p) =
dNAA

ch /
(

dη d2p
)

〈Ncoll〉dNpp
ch / (dη d2p)

. (2.22)The nulear modi�ation fator in the high-p range is muh smaller than
1, so it is obvious that the quenhing of inlusive hadron spetra is a �nalstate e�et due to parton energy loss in the medium.High-p hadrons with the magnitude of the transverse momentum larger than
∼ 5 GeV are interesting and important in studying the hot and dense QCDmedium formed in relativisti heavy-ion ollisions due to several reasons.First: The medium e�et modi�es the hadron spetrum, so the hadronsan be used to study the olor deon�ned medium produed in relativistiheavy-ion ollisions. Seond: The high-p hadrons oupy a small part ofthe total hadron multipliity (see �gure 2.6), so the suppression of high-phadrons is easy to see in experiments. Third: High-p probes are produedin relativisti heavy-ion ollisions in extremely short time sales, and per-turbative QCD is therefore a valid theoretial tool to study QCD matter.The high-p partons emit partiles when they traverse a hot and dense QCDmedium. This phenomenon is alled medium-indued radiation. Due to themedium-indued radiation, the jets stemming from parton fragmentation18



lose energy and therefore exhibit a signi�ant broadening and softening.The phenomenon of jet energy loss is alled jet quenhing.Now it is the time to end this hapter with the motivation of my dotoratework. How to improve our knowledge about the QCD branhing in a olordeon�ned medium? This question will be addressed in Chapters 3, 4 and
5.

19



Figure 2.5: RAA in entral (0−5%) Pb-Pb ollisions at √sNN = 2.76 TeV atALICE, in entral (0− 5%) Au-Au ollisions at √sNN = 200 GeV at STAR,and in entral (0 − 10%) Au-Au ollisions at √sNN = 200 GeV at PHENIX[11℄
20



Figure 2.6: Transverse momentum distributions of di�erent hadrons (pions,kaons, protons and antiprotons) in Au+Au ollisions at √
sNN = 200 GeV[12℄

21



22



Chapter 3

Medium-induced photon

radiation

3.1 Medium-induced one-photon radiationBeause of the Abelian nature, photon interats with a hot and dense QCDmedium through eletromagneti interation. The eletromagneti ouplingis negligible as ompared with the strong oupling. Therefore photon isan important probe for studying QCD matter formed after the relativis-ti heavy-ion ollisions, and is lassi�ed into eletroweak ollision produts,whih an be used to haraterize the bulk properties during the early ol-lision stages.
3.1.1 The Gyulassy-Wang modelThe Gyulassy-Wang model [13℄ is employed in this thesis to desribe thesattering enters in a hot and dense QCD medium. The key feature of thismodel is that the sattering enters are assumed to be stati. Thereforethe ollisional energy loss of a hard parton traversing the medium is zeroand the total energy loss will be only due to the radiation. This modelis appliable for hot nulear matter with the temperature higher than theritial temperature. In hot nulear matter a quark or a gluon polarizesthe partons in its viinity in order to sreen its olor harge. This is theso-alled Debye sreening. Aording to the Gyulassy-Wang model and theassumption that the stati sattering enters are loated at �xed longitudinalpositions, the reated olor sreened Coulomb potential in on�gurationspae redues to 23



Va
i =

g tai
4π

e−mD |x−xi|

|x− xi|
. (3.1)The Debye mass is de�ned in Eq.(3.1), whih is the typial transverse mo-mentum transfer from a single stati sattering enter to the hard parton.Debye mass is the minimum energy sale that the hard parton must have inorder to be able to exhange a gluon with the sattering enter. The e�etiverange of the sreened Coulomb potential is the inverse of the Debye mass.It is onsidered that the e�etive range of the sreened Coulomb potentialis muh smaller than the mean free path of the hard parton, and thereforethe suessive sattering enters are independent and the hard parton prop-agation is path-ordered. In momentum spae, the olor sreened Coulombpotential of the stati sattering enter at �xed longitudinal position reduesto

Va
i =

g tai
|q|2 +m2

D

e−iq·xi . (3.2)
q in Eq.(3.2) is the transverse momentum transfer from the medium to thehard parton, sine in the high-energy limit the + and −-omponents arenegligible.
3.1.2 One-photon emission induced by a single scattering

Figure 3.1: One-photon emission indued by a single satteringThe one-photon emission indued by a single sattering is depited in �gure3.1. In order to deal with the pure perturbative proess, hadronization is24



onsidered to our outside of the medium in this thesis. From now on, we�x the oupling onstant. The initial and the �nal quarks and the emittedphoton are all on-shell. Alternatively, one an onsider the initial quark as anasent quark produed during a hard ollision inside the medium produedin relativisti heavy-ion ollisions. The spin e�et on the quark is negletedin the eikonal limit, whih is that the quark energy is too high to be hangedby the medium and the emitted partile is both soft and ollinear. Thereforeone an get the well-known eikonal vertex by using the Gordon identity. Inthe light-one oordinate system, the light-one gauge spei�es n = (0, 1,0),
n · Aa = 0, and ǫ = (0,k · ǫ/k+, ǫ). The amplitude of soft photon emissionin �gure 3.1 reads

iM(1) ≈ 2Qe

(

pi · ǫ∗
pi · k

− pf · ǫ∗
pf · k

)

i g p+A−
a t

a. (3.3)
e in Eq.(3.3) is the eletromagneti oupling onstant and the amount ofthe eletri harge depends on the spei� avor of the quark, and A is agauge �eld modeling the medium interation. The longitudinal momentumfration of the emitted photon relative to the parent quark is de�ned as theratio of the +-omponent of the emitted photon to the one of the parentquark. In the high-energy limit and to the leading order of the longitudinalmomentum fration of the emitted photon, one has

pi · ǫ∗
pi · k

≈ pf · ǫ∗
pf · k ≈ 2

k · ǫ
k2

. (3.4)In order to get a nonvanishing ontribution from Eq.(3.3), one has to keepall terms in the expansion of the salar produt of the 4-momenta and dis-tinguish the transverse omponents of the �nal quark momentum from theinitial ones by the transverse momentum transfer from the single sattering.In order to simplify the alulation without loss of generality, one an hoosethat the transverse momentum of the initial quark is zero. The high-energylimit of the Bethe-Heitler spetrum [14℄ an be readily obtained by squaringthe amplitude disussed above, whih reads
dNBH

d2qd2kd (lnx)
∝ αemCF

π2

x2 q2

k2 (k− xq)2
, (3.5)where q is the transverse momentum transfer from the medium. Only quarkinterats with the hot and dense QCDmedium, but photon does not beauseof its Abelian nature. The sattering is most e�etive for soft partiles,therefore the Bethe-Heitler spetrum peaks at x = 1.25



3.1.3 Photon emission induced by multiple soft scatterings

Figure 3.2: The trajetory of two satterings entersNext, we study the photon emission indued by multiple soft satterings.Let us start from the ase of two sattering enters. The ontribution to the
S-matrix of two sattering enters (see �gure 3.2) is given by

M2 =

∫

d4p1

(2π)4
d4xd4x1e

i(p1−p)·xei(p
′−p1)·x1

× ūs
(

p′
)

i g γµ1 Aa1
µ1

(x1) t
a1

i ( 6 p1 +m)

p2
1 −m2 + i ǫ

× i g γµAa
µ (x) ta us (p) ,

(3.6)where A is the same as in Eq.(3.3). In the eikonal approximation, the hardquark traverses the olor deon�ned medium with only its olor rotated.One an neglet the dependene of the target �elds on the −-omponentof the position of the sattering enter, beause the hard quark propagatesin the +z diretion and thus only feels the target �elds at the origin of the
−-omponent of the position of the sattering enter. With this, the integra-tion on the x− omponent of the position of the sattering enter is trivialand gives the onstraint on the +-omponent of the quark momentum. Theintegration on −-omponent of the quark momentum gives

∫

dp−1
1

p−1 − m2

2 p+ + i ǫ
exp

[

i p−1
(

x+ − x+
1

)]

= − 2π iΘ
(

x+
1 − x+

)

exp

[

i
m2

2 p+

(

x+ − x+
1

)

]

.

(3.7)The integration on the transverse momentum is trivial and gives the on-straint on the transverse position. Hene the amplitude, i.e. Eq.(3.6), anbe simpli�ed in the eikonal approximation as26



M2 ≃ 2π δ
(

p′+ − p+
)

2 p+ e
i m2

2 p+ (x+−x+
1 )
∫

d2x e−ix·(p′−p)

× 1

2
P
[

i g

∫

dξ A−
a (ξ,x) ta

]2

.

(3.8)

Figure 3.3: The trajetory of multiple soft satteringsThe generalization to the ontribution of n-fold sattering enters (see �gure3.3) in the eikonal approximation reads
Mn ≃ 2π δ

(

p′+ − p+
)

2 p+ e
i m2

2 p+ (x+−x+
f )
∫

d2x e−ix·(p′−p)

× 1

n!
P
[

i g

∫

dξ A−
a (ξ,x) ta

]n

.

(3.9)After performing the resummation of n-fold sattering enters in Eq.(3.9),one gets
M ≃ 2π δ

(

p′+ − p+
)

2 p+ e
i m2

2 p+ (x+−x+
f )
∫

d2x e−ix·(p′−p) U (x) . (3.10)The Dira delta funtion in Eq.(3.10) indiates that the quark energy istoo high to be hanged by the medium. The Wilson line in Eq.(3.10) isde�ned to desribe the eikonal phase aquired by the hard quark when itgoes through the medium, whih reads
U
(

[r (ξ)] ;x+, x+
0

)

= P exp

[

i g

∫ x+

x+
0

dξ A−
a (ξ, [r (ξ)]) ta

]

. (3.11)27



P in Eq.(3.11) denotes the path ordering of the olor �elds.In some appliations, as e.g. the photon emission the eikonal approximationneeds to be relaxed. If one keeps the terms in the norm to the leading orderof the inverse of the +-omponent of the quark momentum, and keeps theterms in the phase to the next-to-leading order of the inverse of the +-omponent of the quark momentum, the integration on −-omponent of thequark momentum (see Eq.(3.7)) is slightly modi�ed as
∫

dp−1
1

p−1 − p
2
1+m2

2 p+ + i ǫ
exp

[

i p−1
(

x+ − x+
1

)]

= − 2π iΘ
(

x+
1 − x+

)

exp

[

i
p2

1 +m2

2 p+

(

x+ − x+
1

)

]

.

(3.12)In the massless ase, the integration on the transverse momentum gives theFeynman propagator
G0

(

r(x+
1 ), x+

1 ; r(x+), x+|p+
)

=

∫

Dr (ξ) exp

[

i p+

2

∫ x+
1

x+

dξ ṙ2 (ξ)

]

, (3.13)whih desribes the Brownian motion of the free partile in the transverseplane. Then one an get the Green funtion with the higher order orretionto the phase of the eikonal Wilson line inluded:
G
(

r(x+), x+; r(x+
0 ), x+

0 |p+
)

=

∫

Dr (ξ) exp

[

i p+

2

∫ x+

x+
0

dξ ṙ2 (ξ)

]

U
(

[r (ξ)] ;x+, x+
0

)

.
(3.14)

3.1.4 Medium averageDue to the loality, the two point funtion an be written as [15℄
1

Nc

〈

trU
(

x+, y+; r (ξ)
)

U †
(

x+, y+; z
)

〉

= exp

[

−1

2

∫ x+

y+

dξ n (ξ) σ (r − z)

]

,

(3.15)where n (ξ) is the one-dimensional medium density. The dipole ross setionin Eq.(3.15) is de�ned as 28



σ (r− z) = 2

∫

d2q

(2π)2
∣

∣a−a (q)
∣

∣

2
[

1 − ei(r−z)·q
]

, (3.16)where CF =
(

N2
c − 1

)

/ (2Nc) is the Casimir operator in the fundamentalrepresentation, and a (q) is the Fourier transform of the gauge �eld A (x).The elasti high-energy ross setion for a single sattering in Eq.(3.16) isusually taken as that of a olor sreened Coulomb potential
∣

∣a−a (q)
∣

∣

2
= (2π)2 g2 CF

m2
D

π
(

q2 +m2
D

)2 , (3.17)where mD, the Debye mass, orresponds to the typial momentum ex-hanged in a sattering. Fixing |z| = 0 for simpliity, the leading quadratidependene of the dipole ross setion (see Eq.(3.16)) for mD |r| ≪ 1 is
σ (r) ≈ C r2, (3.18)with

C = 4π αsCF m
2
D

(

1

2
− γ + log

2

mD |r|

)

. (3.19)In Eq.(3.19) the logarithm an be treated as a onstant for small value oftransverse size, and hene C is a onstant, whih denotes the probability ofa sattering enter in the medium interating with the hard quark. In thisapproximation the two point funtion for the leading quadrati dependenereads
1

Nc

〈

trU †
(

x+, y+; z
)

U
(

x+, y+; z′
)

〉

=exp

[

−1

4

∫ x+

y+

dξ q̂ (ξ)
(

z− z′
)2

]

.

(3.20)The transport oeÆient in Eq.(3.20) is de�ned as
n (ξ) σ (r) ≃ 1

2
q̂ (ξ) r2, (3.21)29



where r = z− z′ is de�ned as the transverse distane. The transport oeÆ-ient enodes all the information about the medium properties, and hara-terizes the average transverse momentum transfer from the medium to thehard quark per mean free path:
q̂ (ξ) ≃ 〈q2〉

λ
= n (ξ)

∫

d2q

(2π)2
q2
∣

∣a−a (q)
∣

∣

2
, (3.22)where λ is the mean free path. A initial ondition for the transport oeÆ-ient an be related to the saturation sale, i.e.

q̂ (ξ = 0) ∼ q̂cold ∼ Q2
s/L

+. (3.23)Therefore the two point funtion an be written as
1

Nc

〈

trU †
(

L+, 0; z
)

U
(

L+, 0; z′
)

〉

= exp

[

−1

4
Q2

s

(

z − z′
)2
]

, (3.24)where the square of the saturation sale reads
Q2

s =

∫ L+

0
dξ n (ξ)

∫

d2q

(2π)2
q2
∣

∣a−a (q)
∣

∣

2
. (3.25)One the medium average of a dipole is known, the medium average of twoGreen funtions in the fundamental representation an be easily alulatedto be [16℄

∫

d2r
(

x+
)

d2r̄
(

x+
)

exp
{

−ik ·
[

r
(

x+
)

− r̄
(

x+
)]}

× 1

Nc

〈

trG†
(

r̄(x+), x+; r̄(x+
0 ), x+

0 |p+
)

G
(

r(x+), x+; r(x+
0 ), x+

0 |p+
)

〉

= exp
{

−ik ·
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r
(

x+
0

)

− r̄
(

x+
0

)]}

× exp

{

−1

2

∫ x+

x+
0

dξ n (ξ) σ
[

r
(

x+
0

)

− r̄
(

x+
0

)]

}

. (3.26)30



Also needed in the appliations of this thesis, the medium average of oneWilson line and one Green funtion in the fundamental representation reads[15℄
1

Nc

〈

trG†
(

r̄(x+), x+; r̄(x+
0 ), x+

0 |p+
)

U
(

x+, x+
0 ; r (ξ)

)

〉

=

∫

Dr̄ exp

{

i p+

2

∫ x+

x+
0

dξ ˙̄r
2
(ξ) − 1

2

∫ x+

x+
0

dξ n (ξ) σ [r̄ (ξ) − r (ξ)]

}

≡K
(

r̄(x+), x+; r̄(x+
0 ), x+

0 |p+
)

.

(3.27)
3.1.5 The Landau-Pomeranchuk-Migdal effectAt this moment I would like to emphasize an important longitudinal inter-ferene e�et. Let us �rst analyze two limits. In the Bethe-Heitler limit, theseparation between sattering enters is large enough suh that the radiationspetrum is the sum of N Bethe-Heitler spetra, given by

∑

i

dNBH

d2qi d2kd (lnx)
∝ αem CF

π2

∑

i

x2 q2
i

k2 (k− xqi)
2 , (3.28)where αem = e2/ (4π), the longitudinal momentum fration x is given bythe ratio of the +-omponent of the emitted photon to the one of the parentquark, k is the transverse momentum of the emitted photon, and qi isthe transverse momentum transfer from the ith sattering enter. In thefatorization limit, the �xed N sattering enters are not resolvable by theemitted photon. Therefore the spetrum is given by

dN fac

d2 (
∑

i qi) d2kd (lnx)
∝ αem CF

π2

x2 (
∑

i qi)
2

k2 (k− x
∑

i qi)
2 . (3.29)The formation length (time) sale is in between the above two limits, whihharaterizes the Landau-Pomeranhuk-Migdal (LPM) interferene e�et.The virtual photon an not resolve the sattering enters within its forma-tion length. Sattering amplitudes for the photon radiation o� the satter-ing enters within the photon formation length interfere destrutively. Thesofter photons su�er more the LPM suppression. In QCD, gluon an satterdiretly o� the sattering enters beause of its non-Abelian nature. Therelative phases of di�erent ontributions to the sattering amplitude deter-mine quantitatively the LPM interferene e�et. The softer gluons su�erless the LPM suppression. 31



3.2 Medium-induced two-photon ladder emissionNow we investigate the mediummodi�ations on more exlusive observables,i.e. medium-indued two-photon radiation. In QED, as is well-known, thelak of ordering of the radiation an be traed bak to the fat that thephoton does not arry olor harge. But how is the LPM suppression ef-fet for medium-indued multi-photon radiation? Does this e�et still holdfor more exlusive observables? As one of the attempts to improve ourknowledge about the QCD branhing in a olor deon�ned medium, in thefollowing we study the medium-indued two-photon radiation.

Figure 3.4: Medium-indued two-photon ladder emission (Here p+
1 = p+,

p+
2 = (1 − x) p+, p+

3 = (1 − y) (1 − x) p+, k+
1 = x p+ and k+

2 = y (1 − x) p+.The boldfae letters represent the positions of the projetile in the twodimensional transverse plane. The overline is used here to denote the quan-tities in the omplex onjugate.)The idential extension of the medium-indued one-photon radiation to themedium-indued two-photon radiation in both the amplitude and the om-plex onjugate amplitude is denoted as a ladder emission (see �gure 3.4).The medium-indued two-photon ladder emission spetrum is alulated in[1℄. More spei�ally, �rst a photon is radiated with transverse momentum
k1 and arrying a momentum fration x of the parent quark, and subse-quently another photon with transverse momentum k2 and arrying a mo-32



mentum fration y of the quark. Of ourse, one an have other ases suhas exhanging the positions of k1 and k2 in the omplex onjugate only, orexhanging the positions of k1 and k2 in the amplitude only, et. It mightbe a solution that one studies the spetrum in a mixture of oordinate andmomentum spaes. Bak to the two-photon ladder emission, in this ase thespetrum is relatively neat:
dN lad

d2pf d2k1 d2k2 d (lnx) d (ln y)
=
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+
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.(3.30)
ρ1 = y−ȳ, ρ2 = a−ā = b−b̄, and ρ4 = z−z̄ are the dipole sizes at di�erentlongitudinal positions. The shorthand notations ∂1 = ∂/∂ρ1, ∂2 = ∂/∂ρ2,and ∂4 = ∂/∂ρ4 are introdued. Σ (ξ1, xρ1) = n (ξ1) σ (xρ1) /2 is de�nedas the produt of the density of sattering enters in the medium n (ξ1) andthe elasti Mott ross setion σ (xρ1), and analogously for Σ (ξ3, xρ2) =

n (ξ3) σ (xρ2) /2 and Σ (ξ5, y ρ4) = n (ξ5) σ (y ρ4) /2. The shorthand nota-tions q̄1 = xm2/ (2 (1 − x) p+) and q̄2 = ym2/ (2 (1 − y) (1 − x) p+) are thereiproals of the photon formation lengths. m is the rest mass of the quark.Also the shorthand notations µ1 = (1 − x) x p+ and µ3 = (1 − y) y (1 − x) p+are introdued. The path integral in Eq.(3.30) is given by33



K
(

ρ2, a
+;ρ1, y

+|µ1

)

=

∫

Dr exp

[

i µ1

2

∫ a+

y+

dξ2 ṙ2 (ξ2) −
1

2

∫ a+

y+

dξ2 n (ξ2) σ (x r)

]

,
(3.31)where r (y+) = ρ1 and r (a+) = ρ2 are boundary onditions. The path inte-gral (see Eq.(3.31)) an be written as a harmoni osillator for the leadingquadrati dependene:

Kosc

(

ρ2, a
+;ρ1, y

+|µ1

)

=
µ1 Ω1

2π i sin (Ω1 (a+ − y+))

× exp

{

i µ1 Ω1

[(

ρ2
2 + ρ2

1

)

cos (Ω1 (a+ − y+)) − 2ρ2 · ρ1

]

2 sin (Ω1 (a+ − y+))

}

,

(3.32)where the harmoni osillator frequeny is de�ned as
Ω1 =

1 − i√
2

√

n0 C x2

µ1
, (3.33)and n0 is a onstant for denoting the medium density.The oherene nature of the photon spetrum beomes most pronouned inthe Moli�ere limit written in the light-one oordinate system:

|q| ≪ |k| ≪ k+ ≪ p+,

k2

2 k+
L+ ≫ 1,

xm2

2 (1 − x) p+
L+ ≫ 1,

∣

∣ΩL+
∣

∣≪ 1.

(3.34)
|q| ≪ |k| in the �rst ondition in Eq.(3.34) indiates that the transversemomentum transfer from the medium to the quark should be muh smallerthan the transverse momentum freed from the quark. |k| ≪ k+ ≪ p+ inthe �rst ondition in Eq.(3.34) is the eikonal approximation. The seondand the third onditions in Eq.(3.34) require that the medium size must belarger than at least one formation length of the photon. The last onditionin Eq.(3.34) requires a suÆiently low density medium. With the help of theMoli�ere limit introdued in Eq.(3.34), one an perform all the integrationsin Eq.(3.30) analytially, and then the spetrum beomes34



dNMol

d2pf d2k1 d2k2 d (lnx) d (ln y)
∝ exp

[

−(k1 + k2 + pf )2

2n0 C L+

]

, (3.35)where |k1 + k2 + pf | =
∑

i qi is the total transverse momentum transferfrom the medium. The appearane of the Moli�ere fator in Eq.(3.35) sig-nals that the LPM e�et still holds for the medium indued two-photonladder emission. In partiular, Eq.(3.35) is not simply a superposition oftwo one-photon radiation spetra as one naively would have expeted fromindependent radiation, e.g. in vauum. Thus the medium indues someoherene on the multi-photon radiation spetrum.
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Chapter 4

Medium-induced gluon

radiation

4.1 Single-emitter set-upAlthough the eletroweak ollision produts are important probes for study-ing QCD matter, their prodution is sare and one has to �lter them out ofthose produed in hadron deay and in the �nal state interations. Gluonis also an interesting and important probe for the investigation of the olordeon�ned medium in both the initial and the �nal state interations.
4.1.1 One-gluon emission induced by a single scattering

Figure 4.1: One-gluon emission indued by a single satteringFollowing the same approah as in the last hapter, here we �rst disuss theone-gluon emission indued by a single sattering as shown in �gure 4.1.The longitudinal momentum transfer from the medium is negligible in thehigh-energy limit. The initial and the �nal quarks and the emitted gluonare all on-shell. The gluon propagator here has the support only from thetransverse omponents in the high-energy limit. Also in the high-energy37



limit, the spin e�et on the quark is negleted. To the leading order of thelongitudinal momentum fration, the amplitude for soft gluon emission in�gure 4.1 reads
iM(1) ≈ −4 i g2

[

k

k2
− k − q

(k − q)2

]

· ǫ∗[ta, tb] p+A−
b . (4.1)Note that for the gluon emission, one only needs to keep the leading orderof the longitudinal momentum fration term beause of the non-Abeliannature. One an get the high-energy limit of the Gunion-Bertsh spetrumfrom the amplitude disussed above, whih is

dNGB

d2qd2kd (lnx)
∝ αsCA

π2

q2

k2 (k− q)2
. (4.2)Both quark and gluon interat with the hot and dense QCD medium, there-fore the Gunion-Bertsh spetrum is at in the gluon energy.

4.1.2 Parton radiative energy lossThe parton average radiative energy loss reads
〈∆E〉 =

∫ E

0
dω

∫ ω

0
d2kω

d3N

dω d2k
. (4.3)One an easily get the numerial results of the radiative energy loss byplugging Eq.(4.53) in the above one, and performing the numerial alula-tions by using either Fortran or C++. Analytially, on the other hand, theBaier-Dokshitzer-Mueller-Peign�e-Shi� (BDMPS) parton energy loss for anin�nite size medium reads [19℄

−dE

dz
≃ αs

√

m2
D E

λ
. (4.4)For a medium with a �nite size L, Eq.(4.4) gives

L ∝
√

λE

m2
D

, (4.5)38



where the non-intuitive predition of the L2 dependene of the radiativeenergy loss is a onsequene of the destrutive interferene e�ets, i.e. theLPM e�et. The transverse momentum broadening an be obtained fromEq.(4.5):
〈

k2
〉

≃ q̂ L ∝ 〈∆E〉
L

. (4.6)
4.2 Double-emitter set-upOne important ingredient is missing in the single-emitter set-up, i.e. theinterferene e�ets between di�erent emitters. Therefore, one has to intro-due at least two emitters in order to study the interferene e�et betweenthem. Feynman diagrams are powerful tools in performing the perturbativeQCD alulations. Alternatively, one an use the lassial gauge �eld ap-proximation to deal with soft partile prodution in relativisti heavy-ionollisions.
4.2.1 Validity of the classical gauge field approximationThe Feynman diagram language is not the only option for studying the QCDin the high parton density limit. The lassial gauge �eld approximationis valid in this limit beause of the large gluon oupation number, i.e.
Nk ∼ 1/αs ≫ 1, and then the Heisenberg ommutators between partilereation and annihilation operators are negligible:

[

ak, a
†
k

]

= 1 ≪ a†k ak = Nk, (4.7)whih signals the validity of the use of the lassial gauge �eld approximationfor studying the QCD in the high parton density limit.
4.2.2 s-channel antenna radiation in vacuumTo �x the notation and as a warm-up, we study the well known ase of theantenna radiation in vauum. In the lassial gauge �eld approximation,the single-gluon inlusive radiation spetrum with the gluon 4-momentum
k = (ω,~k) is given by

(2π)3 2ω
dN

d3~k
= |Mλ|2 , (4.8)39



Figure 4.2: Soft gluon radiation o� a quark-antiquark antenna in vauum[17℄where the gluon 3-momentum is ~k = (k, kz) and the transverse polarizationsof the emitted gluon are the only physial polarization states. The satteringamplitude is related to the lassial gauge �eld by the redution formula:
Ma

λ(~k) = lim
k2→0

−k2Aa (k) · ǫ∗λ. (4.9)The gauge �eld is the solution of the lassial Yang-Mills equations,
[Dµ, F

µν ] = Jν , (4.10)where the ovariant derivative is de�ned in Eq.(2.3), and the non-Abelian�eld strength tensor is de�ned in Eq.(2.2).A virtual time-like photon or gluon splits into a quark-antiquark antennawith 4-momenta p = (E, ~p) and p̄ = (Ē, ~̄p) for the quark and antiquark,respetively (see �gure 4.2). The urrent is ovariantly onserved. The light-one gauge spei�es n ·Aa = 0 with a spei� axial vetor n = (0, 1,0). Thegauge ondition n · ǫ = 0 and the transversality k · ǫ = 0 �x the light-onedeomposition of the polarization vetor ǫ = (0,k · ǫ/k+, ǫ). In vauum,the lassial urrent that desribes the quark-antiquark antenna reated atinitial time t0 = 0 reads
J(0) = Jq,(0) + Jq̄,(0) + J3, (4.11)40



where the subsript (0) denotes vauum quantities, and the third omponent
J3 is required for 4-urrent onservation. The urrents for the quark andthe antiquark, are given by

Jµ,a
q,(0) = g

pµ

E
δ(3)

(

~x− ~p

E
t

)

Θ (t) Qa
q ,

Jµ,a
q̄,(0) = g

p̄µ

Ē
δ(3)

(

~x−
~̄p

Ē
t

)

Θ (t) Qa
q̄ ,

(4.12)where Qa
q and Qa

q̄ are the olor harge of the quark and the antiquark,respetively, and one has analogously Qa
3 for the third omponent of theurrent. In momentum spae the total urrent reads

Jµ
(0),a = i g

(

pµ

p · k Q
a
q +

p̄µ

p̄ · k Q
a
q̄ −

pµ
3

p3 · k
Qa

3

)

. (4.13)One an prove the olor harge onservation Qa
q + Qa

q̄ = Qa
3 by using theurrent onservation. Then for a olor singlet antenna one has Qa

3 = 0,and for a olor otet antenna the third omponent of the urrent does notontribute in the frame where p3 ≈
(

0, p−3 ,0
) beause of the hoie of thegauge. Therefore, one has (Qa

q +Qa
q̄

)2
= 0 and (Qa

q +Qa
q̄

)2
= CA for a olorsinglet antenna and a olor otet one, respetively. Sine Qa 2
q = Qa 2

q̄ = CF ,one gets
Qa

q ·Qa
q̄ =

{

−CF color singlet
CA

2 − CF color octet
(4.14)One an simplify the lassial Yang-Mills equations (4.10) by linearizing itin the strong oupling onstant:

∂2Aµ
(0) − ∂µ ∂ ·A(0) = Jµ

(0), (4.15)where A(0) is the gauge �eld of the quark-antiquark antenna in vauum.With the help of the light-one gauge, one may break down Eq.(4.15):
− ∂+ ∂ · A(0) = J+

(0),

∂2Ai
(0) − ∂i ∂ ·A(0) = J i

(0).
(4.16)41



It is safe to ignore the equality for the negative light-one omponent ofthe gauge �eld, sine only the transverse omponents of the gauge �eld aredynamial in the light-one gauge. Plugging the �rst equality in the seondone, one obtains
∂2Ai

(0) = − ∂i

∂+
J+

(0) + J i
(0), (4.17)whih in momentum spae reads

−k2Ai,a
(0) (k) = −2 i g

(

κi

κ2
Qa

q +
κ̄i

κ̄2
Qa

q̄

)

, (4.18)where
κi = ki − x pi,

κ̄i = ki − x̄ p̄i
(4.19)denote the gluon transverse momenta relative to the ones of the quark andthe antiquark, respetively, and the square of eah of them reads

κ2 = 2x (p · k) ,
κ̄2 = 2 x̄ (p̄ · k) .

(4.20)One an now ombine the gauge �eld with the gluon emission amplitude inthe soft limit by using the redution formula (4.9), i.e.
Ma

(0),λ (k) = lim
k2→0

−k2Ai,a
(0) (k) ǫi∗λ (k) . (4.21)Then one an get the square of the gluon emission amplitude, whih reads

|Ma
(0),λ|2 = 4 g2

(

1

κ2
Qa 2

q +
1

κ̄2
Qa 2

q̄ + 2
κ · κ̄
κ2 κ̄2

Qa
q ·Qa

q̄

)

, (4.22)where the sum of the transverse polarizations of the emitted gluon is per-formed, sine it is the only physial ontribution to the spetrum. Takinginto aount the phase spae fator, the vauum spetrum of a soft gluonradiation o� a olor otet antenna reads42



ω
dNvac

d3~k
=

αs

(2π)2 ω2
(CF R + CA J ) , (4.23)where the shorthand symbol R = Rq + Rq̄ − 2J is used, and

Rq ≡ 4ω2

κ2
,

Rq̄ ≡ 4ω2

κ̄2

(4.24)are the independent radiation spetra o� the quark and the antiquark, re-spetively, and
J ≡ 4ω2 κ · κ̄

κ2 κ̄2
(4.25)denotes the interferene between the quark and the antiquark. For thease of a olor singlet antenna, the spetrum orresponds to taking CA =

0 in Eq.(4.23). A onvenient deomposition of the spetrum onsists onseparating the ollinear divergenes belonging to either the quark or theantiquark by de�ning the oherent spetra Pq ≡ Rq − J and Pq̄ ≡ Rq̄ −
J , respetively. For instane, Pq is divergent along the diretion of thequark and vanishes when the gluon is emitted ollinearly with respet to theantiquark. After setting the quark momentum on the z-axis and averagingthe azimuthal angle of the emitted gluon, one has

∫ 2 π

0

dϕ

2π
Pq =

2

1 − cos θ
Θ (cos θ − cos θqq̄) , (4.26)where θ is the gluon emission angle and θqq̄ is the antenna opening angle.The Heaviside step funtion in Eq.(4.26) indiates that gluon emissions o�the quark are on�ned within the antenna opening angle and is ollinearlydivergent along the diretion of the quark. The orresponding gluon radia-tion spetrum reads

〈dNvac
q 〉ϕ =

αsCF

π

dω

ω

sin θ dθ

1 − cos θ
Θ (cos θ − cos θqq̄) . (4.27)For the olor otet antenna, the seond term in the parentheses of Eq.(4.23)should be kept, whih is responsible for large angle radiation, i.e.43



∫ 2 π

0

dϕ

2π
J =

2

1 − cos θ
Θ (cos θqq̄ − cos θ) . (4.28)The large angle radiation appears along with the total olor harge of theantenna, so it an be reinterpreted as the radiation o� the parent gluonimagined to be on shell [18℄.

4.2.3 s-channel antenna radiation in a dilute medium

Figure 4.3: Soft gluon radiation o� a quark-antiquark antenna in a dilutemedium [17℄After reviewing the s-hannel antenna radiation in vauum, now one anonsider the same set-up in the environment of a olor deon�ned medium.The alulation is performed in the in�nite momentum frame, i.e. the quark-antiquark antenna is assumed to move nearly at the speed of light in the
+z diretion while the olor deon�ned medium moves in the −z diretionnearly at the speed of light, but the proess is boosted bak to the targetrest frame at the end of the alulation. Note that this approximation isvalid only if the antenna opening angle is very small and the proess is in thehigh-energy limit. The gauge �eld of a quark-antiquark antenna, originatedfrom a virtual time-like photon, is treated as a perturbation around thestrong medium �eld (the shaded retangle in �gure 4.3), where the strongmedium �eld is desribed by

A−
med

(

x+,x
)

=

∫

d4q

(2π)4
2π δ

(

q+
)

A−
med

(

q−,q
)

e−i q·x, (4.29)44



whih is the solution of the 2-dimensional Poisson equation in the asymptotilimit:
−∂2A−

med

(

x+,x
)

= ρmed

(

x+,x
)

, Ai
med = A+

med = 0. (4.30)
ρmed (x+,x) in Eq.(4.30) is the medium olor harge density. Therefore thetotal �eld is written as

A ≡ Amed +A(0) +A(1), (4.31)where A(1) is the �rst order ontribution from the medium to the quark.Linearizing the lassial Yang-Mills equations in αs, one gets
− ∂+ ∂ ·A(1) = J+

(1),

∂2Ai
(1) − 2 i g

[

A−
med, ∂

+Ai
(0)

]

= ∂i ∂ · A(1) + J i
(1).

(4.32)As in vauum, one an omit the equality for the negative light-one ompo-nent of the �eld. Applying the �rst equality in the seond one, one obtains
∂2Ai

(1) − 2 i g
[

A−
med, ∂

+Ai
(0)

]

= − ∂i

∂+
J+

(1) + J i
(1). (4.33)The urrent obeys the ontinuity equation:

∂ · J(1) = i g
[

A−
med, J

+
(0)

]

. (4.34)The solution of Eq.(4.34) is given by
Jµ

(1) = i g
pµ

p · ∂
[

A−
med, J

+
q,(0)

]

+ i g
p̄µ

p̄ · ∂
[

A−
med, J

+
q̄,(0)

]

. (4.35)For the quark, the urrent in momentum spae reads
Jµ,a

q,(1) (k) = (i g)2
pµ

−i p · k

∫

d4q

(2π)4
p+

p · (k − q) + i ǫ
i

×
[

T · A−
med (q)

]ab
Qb

q,

(4.36)45



where [T · A−
med (q)

]ab
Qb

q = −i fabcA−,c
med (q) Qb

q. The Dira delta funtionin Eq.(4.29) makes it trivial to do the integration of the +-omponent of themomentum transfer from the medium. Integrating out the −-omponent ofthe momentum transfer from the medium by piking up the pole yields
Jµ,a

q,(1) (k) = − i g2 pµ

p · k

∫

d2q

(2π)2

∫ +∞

0
dx+ e

i p+ k−+p− k+
−p·(k−q)

p+ x+

×
[

T · A−
med

(

x+,q
)]ab

Qb
q.

(4.37)Inserting the expression Eq.(4.37) into Eq.(4.33), one obtains
−k2Ai

q,(1) (k) = 2 g

∫

d4q

(2π)4

[

A−
med (q) , (k − q)+Ai

q,(0) (k − q)
]

− ki

k+
J+

q,(1) (k) + J i
q,(1) (k) ,

(4.38)where
− (k − q)2 Ai,a

q,(0) (k − q) = −2 i g
νi

(κ − q)2
Qa

q . (4.39)It is again trivial to do the integration of the +-omponent of the momentumtransfer from the medium in Eq.(4.38) due to the Dira delta funtion. In-tegrating out the −-omponent of the momentum transfer from the mediumby piking up the poles yields
−k2Ai,a

q,(1) (k) =2 i g2

∫

d2q

(2π)2

∫ ∞
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q e
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{
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+
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(κ − q)2

2 k+
x+
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.

(4.40)
One an now onnet the gauge �eld with the gluon emission amplitude inthe soft limit by using the redution formula, and the amplitude of medium-indued gluon radiation o� the quark reads46



Ma
λ,q,(1) = 2 i g2

∫

d2q

(2π)2

∫ ∞

0
dx+

[

T · A−
med

(

x+,q
)]ab

Qb
q

×
{

κ − q

(κ − q)2
− L exp

[

i
(κ − q)2

2 k+
x+

]}

· ǫ∗λ,
(4.41)where

L =
κ − q

(κ − q)2
− κ

κ2
(4.42)are the transverse omponents of the Lipatov vertex in the light-one gauge[19, 20, 21℄, and it represents the genuine medium-indued gluon radia-tion o� an on-shell quark. The other term in Eq.(4.41) orresponds tothe bremsstrahlung o� the aelerated quark with a subsequent resatter-ing of the emitted on-shell gluon. The amplitude of medium-indued gluonradiation o� the antiquark an be obtained diretly from Eq.(4.41) by sub-stituting the quark momentum and the quark olor harge.The orrelation of the olor harges in the medium is assumed to be loalalong the x+-diretion. The medium harge density an therefore be treatedas a Gaussian white noise de�ned by the two-point orrelation funtion

〈ρa
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〉
= δabm2

D n
(

x+
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δ
(
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(2π)2 δ(2)
(

q − q′
)

,
(4.43)whih gives the medium average of the interation potential:

〈A−,a
med

(

x+,q
)

A−,b∗
med
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x′+,q′
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〉
= δabm2

D n
(

x+
)

δ
(

x+ − x′+
)

(2π)2 δ(2)
(

q − q′
)

V2 (q) .
(4.44)The interation potential in Eq.(4.44) is de�ned to be of the Yukawa-type,i.e.

V (q) =
1

|q|2 +m2
D

. (4.45)47



mD in Eq.(4.45) is the Debye sreening mass, whih serves as an infraredut-o� in the medium. In the following we will assume that the medium isuniform in the longitudinal diretion suh that the one-dimensional mediumdensity is onstant, i.e. n (x+) = n0 Θ (L+ − x+). L = L+/
√

2 is the size ofthe medium in the longitudinal diretion. The medium transport parameteris de�ned here as
q̂ = αsCA n0m

2
D, (4.46)whih is di�erent from the one in [22℄ and the one in Eq.(3.21). This isbeause the standard de�nition of the medium transport oeÆient is donein the multiple soft sattering approximation, while the one here is de�nedin the single hard sattering approximation. When the smoke lears, one�nds the medium-indued radiation spetrum o� a quark-antiquark antennain a singlet on�guration
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=
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+
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2
· δnx+

)]

L · L̄
}

,

(4.47)
where in order to aount for unitarity the virtual orretions, also knownas the ontat terms [19, 23, 24℄, have already been added. The expliitform of the ontat terms here reads

ω
dNmed

d3~k

∣

∣

∣

∣
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= −2αsCF

π

p · p̄
(p · k) (p̄ · k) q̂ L

+

∫

d2q

(2π)2
V2 (q) . (4.48)In other words, adding the ontat terms simply orresponds to rede�ningthe square of the interation potential:

V2 (q) → V2 (q) − (2π)2 δ(2) (q)

∫

d2q′

(2π)2
V2
(

q′
)

. (4.49)48



The spetrum in Eq.(4.47) depends not only on the transverse omponentsof the Lipatov vertex, .f. Eq.(4.42), but also on the transverse emissionurrent from the hard emission vertex assoiated with gluon resattering inthe medium, i.e.
C (k− q) ≡ κ − q

(κ − q)2
− κ̄ − q

(κ̄ − q)2
. (4.50)

4.2.4 The dead-cone effectFor the up and down quarks, one an safely neglet their masses in thehight-energy limit. But this is not ompletely orret for the heavy quarks,suh as the harm and bottom quarks. In vauum, the distribution of softgluon radiation o� a massless quark is given by
dNvac

m=0 =
αsCF

π

dω

ω

dk2

k2
, (4.51)while that o� a massive quark reads

dNvac
m6=0 =

αsCF

π

dω

ω

k2 dk2

(

k2 + ω2 θ2
0

)2 , θ0 ≡ m

E
, (4.52)where θ0 is the dead-one angle. The soft gluon emission is suppressedinside the one set by the dead-one angle around the parent massive quarkas ompared with the massless quark (see Eq.(4.51)).For a dense medium, due to the non-Abelian nature, Wilson line an be usedto desribe the quark trajetory in the eikonal limit, and the emitted gluontrajetory is desribed by Green funtion. The medium-indued single-gluon radiation spetrum o� a massive quark reads [28℄

(2π)3 2ω
dNmed
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dω d2k
= 8 (4π)2 α2

s CACF n0
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0
dx+

∫

d2q

(2π)2

× m2
D

(
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D

)2

(k− q)2 k · q − x2m2 (k− q) · q
[

(k − q)2 + x2m2
]2

(k2 + x2m2)

×
{

1 − cos

[

(k − q)2 + x2m2

2 k+
x+

]}

. (4.53)49



This spetrum is for both the massless quark (m = 0) and the massive one,and one an study the parton energy loss from it by integrating out theentire phase spae of the gluon.
4.2.5 Massive s-channel antennaAs an extension to the study of the massless s-hannel antenna radiation, thespetrum o� an antenna made out of a massive quark-antiquark pair travers-ing a olor deon�ned medium assumed to be made out of stati satteringenters spaed on average at a typial mean free path λ is studied in [2℄. Asbefore, the medium interation is modeled by a gauge �eld Aµ

med (q), and
q denotes the momentum exhange with the medium. The single elastidi�erential sattering ross setion ∝ |A (q)|2 is then usually hosen to be aolor sreened Coulomb potential with the Debye mass mD. For the sake oftranspareny, we study the ase when the antenna arises from the deay of ahighly virtual time-like photon. Note that the alulation of the deay of avirtual gluon proeeds in the soft limit analogously to the one performed inthis thesis, di�ering only in the olor algebra. The 3-momenta are given by
~p ≡ (p, pz) and ~̄p ≡ (p̄, p̄z) as usual, and p2 = p̄2 = m2 de�nes the rest massof the on-shell quark (antiquark). The quark-antiquark antenna is hara-terized by the antenna opening angle. We ompute the amplitude at �rstorder in the opaity expansion, i.e. onsidering the ontribution with onesattering enter in the amplitude, but due to the unitarity one has to takeinto aount virtual orretions to the interation, i.e. the so-alled ontatterms, with two sattering enters in the amplitude in the ontat limit (seee.g. [24, 25℄). All in all, 64 diagrams oming from the amplitudes withone sattering plus 32 ontat terms ontribute to the s-hannel antennaspetrum.

Figure 4.4: Typial ontributions to the quark-antiquark antenna spetrum[2℄ 50



Sine the Born ross setion is not altered by the presene of a olor deon-�ned medium, it an be fatored out of the expression. Then the medium-indued single-inlusive gluon radiation spetrum o� the quark-antiquarkantenna, f. Eq.(4.47), an be deomposed in terms of three harateristiontributions, whih are denoted by
(2π)3 2ω

dN

dω d2k
= I indep

qq̄ + I interf I
qq̄ + I interf II

qq̄ . (4.54)The three ontributions in Eq.(4.54) are illustrated in �gure 4.4. They rep-resent the independent emission o� the quark and the antiquark ontainedin I indep
qq̄ , and the interferenes given by I interf I

qq̄ and I interf II
qq̄ , i.e. ontribu-tions where the gluon is emitted by one of the antenna onstituents to theleft of the ut and absorbed by the other to the right.Let us turn to the sum of the independent emission spetra o� the quark andthe antiquark, denoted as I indep

qq̄ above. Note that this part of the spetrumwas denoted as GLV in [26℄. This ontribution reads
I indep

qq̄ = 2 (4π)2 α2
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(4.55)
where all momenta and positions are written in the light-one oordinatesystem. Indeed, I indep

qq̄ is a superposition of the individual spetra o� thequark and the antiquark, whih are to be found in the seond and thethird lines of Eq.(4.55), respetively, and therefore does not ontain anyinformation about the opening angle of the pair. Above, we have assumed amedium of onstant density n0 whih extends over a distane L+ =
√

2L inthe longitudinal diretion, suh that n0 L
+ = L/λ gives the average numberof sattering enters.In Eq.(4.55), αsCF denotes the emission strength in terms of the strong ou-pling onstant, and analogously αsCA for the interation with the medium.The 4-momentum of the emitted on-shell gluon is de�ned in the light-oneoordinate system as v ≡

[

k+, (k− q)2 / (2 k+) ,k − q
]. κ = k − xp and

ν = (k− q)−xp are the transverse displaement vetors, where x = k+/p+is the longitudinal momentum fration. Ωq = p ·v/p+ denotes the inverse of51



the formation time. Analogous expressions hold for the antiquark ontribu-tion simply by substituting p → p̄. Kinematially, the terms proportionalto ν2/ (x p · v)2 aount for the ontribution purely from gluon resattering,while those proportional to ν ·κ/
(

x2 (p · v) (p · k)
) aount for the ontribu-tion from the destrutive interferene between gluon and quark (antiquark)resatterings. The ontributions from purely quark resattering anel dueto the ontat terms (see [24, 25℄).The independent spetrum o� the quark simpli�es in the |p| = 0 frame,where it reads

I indep
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(
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[
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2 k+
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.

(4.56)
This expression oinides with the one obtained in [27, 28℄ and the onedisussed in Eq.(4.53). We reover the independent spetrum o� a masslessquark, whih was �rst alulated in [25, 32℄, by setting m = 0 in Eq.(4.56).Qualitatively, the interation with the medium leads to a harateristibroadening of the mean transverse momentum, i.e. 〈k2〉 ∼ m2

D, whihfurther implies a harateristi energy sale. In the �rst order opaity ex-pansion, this harateristi gluon energy is denoted by ω̄c = m2
D L/2 (see[22, 28℄). The presene of these intrinsi sales in the medium-indued spe-trum renders it both the infrared and the ollinear onvergenes in ontrastto the vauum spetrum.As expeted, the non-zero quark mass appears in the e�etive formationtime, i.e. in the argument of the osine funtion, and as a dead-one fatoranalogously to the vauum ase in Eq.(4.56). For soft gluons, these twomodi�ations work in opposite diretions and ompensate eah other. Onthe other hand, the dead-one suppression at small angles is partiularlyimportant for hard gluons, whih mainly oupy this part of the phasespae. Sine the energy loss distribution is biased toward the hard setor, itfollows that the typial energy loss is smaller in the massive ase than in themassless one [28℄. The non-zero quark mass does not hange the infraredand the ollinear onvergene of the independent spetrum.The individual spetra o� the two antenna onstituents lak the informa-tion about the presene of the other emitter. Assuming a strong medium52



sreening, leaving the quark and the antiquark ompletely unaware of oneanother, it an serve as a building blok for a asade of multiple indepen-dent medium-indued gluon emissions [33, 34℄. Yet, suh a heuristi gen-eralization fails to inlude subtle interferene e�ets whih are ruial forsoft gluons, most prominently in vauum [18℄, and whih were alulatedreently [2, 26, 29, 35, 36℄ for the olor deon�ned medium.

Figure 4.5: Canellation between the sum of the independent spetra for aquark-antiquark antenna and the interferene spetrum I, for massless (ploton the left) and bottom (m = 5 GeV, plot on the right) quarks in thesoft limit [2℄ (Quark and antiquark energies are E = Ē = 100 GeV, gluonenergy ω = 2 GeV, Debye mass mD = 0.5 GeV, medium length L = 4 fmand antenna opening angle θqq̄ = 0.1. The dotted urve orresponds to theindependent spetra for the antenna, the dashed urve orresponds to theinterferene spetrum I and the solid urve orresponds to the interferenespetrum II.)The main di�erene between I indep
qq̄ in Eq.(4.55) and the omplete antennaspetrum is the existene of the extra novel ontributions stemming fromthe gluon exhange between the emitters of the antenna, i.e. the quark andthe antiquark. These ontributions an be further separated aording totheir infrared behaviors, what will be alled in the following type I and type53



II. The former is infrared safe while the latter is infrared divergent. It has asimple diagrammati interpretation, visualized in �gure 4.4. This diagram-mati interpretation is in the spirit of lassial urrents, whih is valid forsoft emissions, and stritly speaking not in terms of Feynman diagrams dueto the existene of the ontat terms. Namely, all interferenes of the typeI inlude at least one gluon exhange with the medium, while the type IIinludes only the ase that gluon does not interat with the medium. Theinteration of the o�-shell gluon with the medium sreens both the soft andthe ollinear divergenes in I interf I
qq̄ as is the ase for the independent spe-trum. It is therefore the interferene spetrum II that gives the dominantontribution in the soft limit.The interferene spetrum I reads
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, (4.57)with Ωqq̄ = p ·v/p+− p̄ ·v/p̄+ and Ω0
qq̄ = p ·k/p+− p̄ ·k/p̄+. The interferenespetrum II reads
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(4.58)The divergent struture of Eq.(4.58) is apparent from the fration in theseond line. Furthermore, arranged in this way the novel ontributionsexhibit a anellation between I indep
qq̄ and I interf I

qq̄ in the soft limit. Thisanellation as �rst observed in [26℄ still holds numerially in the massivease (see �gure 4.5).In the following, we will be onerned with omparing the oherent spetrumo� one of the onstituents, say the quark, de�ned as54



Icoh
q = I indep

q +
(

I interf I
qq̄ + I interf II

qq̄

)

/2, (4.59)with the purely independent omponent I indep
q . In vauum, it is well knowm[18℄ that the oherent spetrum o� the quark (antiquark) di�ers from theindependent spetrum only by the angular ordering ondition.For the medium-indued spetrum, on the other hand, sine only the I interf II

qq̄omponent ontains an infrared divergene, the main ontribution to Eq.(4.54)is readily found for soft gluon emissions. In the ultrarelativisti limit, afteraveraging over the azimuthal angle with respet to the quark diretion, oneobtains
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,(4.60)where η =
√

1 − θ2
0. Note that the ollinear divergene in the seond frationon the right-hand-side of Eq.(4.60) is expliitly regulated by the quark massdue to the dead-one e�et. In Eq.(4.60), the expression for H (θqq̄, θ; θ0)reads
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 ,(4.61)whih redues to the Heaviside step funtion in the ase of massless antenna,i.e. H (θqq̄, θ; θ0 = 0) = Θ (cos θqq̄ − cos θ). This generalized Heaviside stepfuntion omes with the reverse ordering ondition ompared to the vauumradiation, thus mainly allowing radiation to be indued at angles larger thanthe opening angle of the pair. This spetrum is therefore a generalizationof the property of the anti-angular ordering, found for the �rst time in [26℄,for a massive quark-antiquark antenna here.The medium deoherene parameter appearing in Eq.(4.60) reads
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whereK1 is the modi�ed Bessel funtion of the seond kind and |r| = |δn|L+is the transverse separation between the emitters of the antenna when theyleave the medium. The transverse angular separation of the quark-antiquarkpair is given by
δn =

p

p+
− p̄

p̄+
= −

√
2 sin θqq̄

1 +
√

1 − θ2
0 cos θqq̄

n̂, (4.63)where n̂ denotes the diretion of δn. δn ontains only a weak dependene onthe quark mass. The medium transport parameter is de�ned in Eq.(4.46).Note that the approximation performed in the seond line of Eq.(4.62) isstritly valid as long as |r|mD ≪ 1. Under the same ondition, one anfurther simplify Eq.(4.62) by observing that the medium deoherene pa-rameter exhibits only a mild logarithmi dependene on |r|mD. Then onesimply has
∆med
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∝ q̂ L+ |r|2 ∝ q̂ L3 θ2
qq̄. (4.64)Keeping in mind the angular ordered vauum ontribution, it beomes ev-ident that the medium deoherene parameter ontrols the onset of deo-herene or, in other words, the breakdown of the angular ordering for softgluons. For a dense medium, one has to go beyond the single sattering ap-proah and resum multiple interations [29, 35, 36℄. It is easy to hek thatthe medium deoherene parameter in Eq.(4.62) is in fat the leading orderontribution to the full result. In the opaque medium limit, i.e. ∆med → 1,all sensitivity on the medium harateristis are thus lost.Above, we have relied on the fat that Ω0

qq̄ → 0 in the soft limit. Thisapproximation breaks down for the emitted gluon energy ω ≫ 0, when onealso has to keep the fator cos (Ωqq̄ x
+) in Eq.(4.58). Moreover, for hardgluons one has to take into aount all the omponents of the spetrum onequal footing. This gives rise to a harateristi ut-o� sale that governsthe transition between the independent and interferene-dominated parts ofthe spetrum. This ut-o� sale is independent of the quark mass.In order to analyze the new interferene ontributions, to ompare themwith the already known independent ones and to explore phenomenologialonsequenes, we turn to the numerial evaluation of the results.Due to symmetry reason, one only needs to onsider the emissions o� oneof the antenna onstituents, e.g. the quark. Its propagation establishes apreferred diretion suh that all azimuthal averages are performed with re-spet to it, and additionally the vetor of the momentum exhange with56



the medium is perpendiular to it. These approximations are valid in thehigh-energy limit, where all angles are assumed to be small enough. Fur-thermore, the medium density is normalized by n0 L
+ = 1 and αs = 1/3. Ifnot spei�ed expliitly, all alulations are made for the quark and the anti-quark energies of E = Ē = 100 GeV. The heavy quark masses are hosen tobe m = 1.5 GeV for the harm quark and m = 5 GeV for the bottom one.The hoie of the remaining medium parameters reets two extreme se-narios: the moderate medium interation with mD = 0.5 GeV and L = 4 fmand the dense medium interation with mD = 2 GeV and L = 10 fm. In arealisti situation both of these quantities depend strongly on loal mediumproperties and its global evolution.We �rst study the antenna angular spetrum and deoherene features, thenwe analyze the transition between the antenna spetrum and independentspetrum, to �nally examine the average radiative energy loss and the trans-verse momentum broadening. In all ases, both the di�erene between theantenna and the independent radiation and the mass e�et on them aredisussed.The angular distribution of the medium-indued gluon radiation spetrumo� a quark-antiquark antenna at �rst order in the opaity expansion is shownin �gures 4.5 and 4.6, where the massless antenna (solid urve) exhibits theanti-angular ordering for the emitted gluon energy ω = 2 GeV. As alreadymentioned, this emerging feature is the result of anellations between vari-ous omponents of the spetrum, whih also holds for the massive spetrum(see �gure 4.5 and the disussion above).For the harm and the bottom antennas, on the other hand, suh stritanti-angular ordering is modi�ed by the non-zero quark (antiquark) mass forsmall opening angles of the pair (see the right panel of �gure 4.5 and the leftone of �gure 4.6). This is due to the sreening of the ollinear singularity andthe appearane of the generalized Heaviside step funtion in Eq.(4.61). Theheavier the quark is, the stronger the suppression of the radiation spetrumis. Sine the dead-one suppression mostly a�ets small angle emissions, thise�et beomes weaker and weaker with an inreasing opening angle of thepair (see the right panel of �gure 4.6). In this situation, medium-induedlarge angle emission does not display a strong mass ordering as expetedfrom the dead-one suppression.Both the massless antenna [29℄ and the massive one exhibit omplete deo-herene in the opaque medium limit [29, 35, 36℄, i.e. ∆med → 1 in Eq.(4.60)(see �gure 4.7, where we have also inluded the orresponding oherent va-uum spetra for the harm and the bottom quarks, respetively). This illus-trates that the quark-antiquark system deoheres and behaves like two inde-pendent emitters whih radiate as if propagating in vauum. The mass e�et57



Figure 4.6: The angular distribution of the medium-indued gluon radiationspetrum o� a quark-antiquark antenna at �rst order in the opaity expan-sion in the soft limit [2℄ (The parameters are hosen to be the same as in�gure 4.5. The solid urve orresponds to the massless antenna, the dashedurve orresponds to the harm antenna and the dotted urve orrespondsto the bottom antenna.)smears out the angular separation between vauum and medium-indued ra-diation, whih holds stritly in the massless ase. Due to the small anglenature of the dead-one suppression, the intensity of the vauum radiationis suppressed almost by a fator of 3 between the harm and the bottomquark spetra while the medium-indued spetrum is almost una�eted (seealso �gure 4.6).Let us now onsider the medium-indued gluon energy spetrum alulatedvia
ω

dN

dω
=

∫ π/2

0
dθ ω

dN

dω dθ
, (4.65)where the upper limit for the integration over the gluon emission angleis hosen so that |k|max = ω. In �gure 4.8 we plot the antenna and the58



Figure 4.7: The deoherene limit of the angular distribution of the gluonradiation spetrum o� harm (plot on the left) and bottom (plot on theright) antennas in the presene of a medium [2℄ (The parameters are hosento be the same as in �gure 4.5. The solid urve orresponds to the spetrumomputed up to �rst order in the opaity expansion, and the dashed urveorresponds to the antenna spetrum in the presene of a ompletely opaquemedium, i.e. ∆med → 1.)independent spetra o� a massless quark and a quark with massm = 10 GeV(for the purpose of illustration), respetively. In the left olumn of �gure4.8 we show alulations for a moderate medium, while the right olumnontains the same urves in the ase of a dense medium. First: We notie thedi�erent behaviors in the soft setor of the two types of spetra reeting theinfrared properties of the independent spetrum and the oherent spetrumo� the quark. Seond: We notie that the oherent spetrum mathes theindependent one for the emitted gluon energy ω > ωcoh as expeted. Inbetween these extremes, the anellations that dominate for the moderatemedium, f. upper left panel of �gure 4.8, turn to be an enhanement of theoherent spetrum, f. lower left panel of �gure 4.8. These general featuresof the medium-indued oherent spetrum hold for both the massless andthe massive ases. 59



The e�ets of the quark mass are found both in the soft and the hardsetors and are highlighted by the shaded area in �gure 4.8. Starting withthe former, for the antenna spetrum this is a manifestation of the dead-one e�et whih is sizeable at small opening angles (see the upper row of�gure 4.8), and vanishes with an inreasing opening angle (see the lower rowof �gure 4.8). Clearly the dead-one e�et is more pronouned in the softgluon regime for the antenna spetrum. The independent spetrum, on theother hand, is not notieably modi�ed due to the ompensation between thedead-one suppression and the formation time e�et. The typial medium-indued soft gluon radiation takes plae at large angles. In the hard setor,one is only left with the independent omponents as mentioned before, andthe medium-indued hard gluon radiation happens at small angles. Wetherefore observe that the spetra o� the massive quarks are more steeplyfalling than the ones o� the massless quarks. This is a well-known e�etfrom the onstraint on the phase spae of the perpendiular momentum,whih ultimately gives a manifestation of the dead-one e�et. As seen inthe right olumn of �gure 4.8, this e�et is independent of the openingangle of the pair. Finally we notie that the independent spetrum o� amassive quark is in fat enhaned for the small medium parameters, i.e. inthe moderate medium senario in the left olumn of �gure 4.8, as omparedwith the massless one. This reets the situation when the formation timee�et prevails over the dead-one suppression, leading to a net enhanementof medium-indued radiation as already notied in [28℄.The amount of energy taken away by the radiated gluon an be interpretedas an energy loss of the emitter. Thus one de�nes the radiative energy lossfor the emission of gluons with energies in a ertain energy interval, i.e.
ωmin < ω < ωmax, as

∆E =

∫ ωmax

ωmin

dω

∫ π/2

0
dθ ω

dN

dω dθ
. (4.66)The ratio ∆E/E as a funtion of the antenna opening angle is shown in�gure 4.9 for three distint gluon energy ranges. In the soft and semi-softgluon energy regions, i.e. 0 ≤ ω ≤ 2 GeV and 2 GeV ≤ ω ≤ 6 GeV,both the massless and the massive antenna frational energy losses growmonotonously with an inreasing opening angle and the former energy lossis larger than the latter. In the hard gluon radiation setor, i.e. 6 GeV ≤

ω ≤ E = 100 GeV, the situation is similar for the large medium parameters,i.e. for the dense medium senario, while for the small medium parameters,i.e. for the moderate medium senario, there is a reversal of the behaviorsbetween the massless and the bottom antennas due to the formation time60



e�et, whih results in a larger energy loss for larger masses as disussedabove. For the large medium parameters the dead-one suppression is themain mass e�et in all gluon energy setors.Both the results of the massless and the massive antennas approah the onesof independent emitters when the antenna opening angle is large enough,displaying that the interferene between the quark and the antiquark re-dues with an inreasing opening angle as expeted. Besides, in the softgluon emission region and for the large medium parameters there is appar-ently more energy loss for the antenna than for the independent emitters inboth the massless and the massive ases. This reets the fat that the an-tenna spetrum exhibits a soft divergene while the independent spetrumis infrared �nite (see �gure 4.8 and the disussion below). In the semi-softand the hard gluon emission setors, the antenna average radiative energyloss inreases and gradually approahes the independent average radiativeenergy loss with an inreasing antenna opening angle, whih indiates thatin general more ollimated projetiles lose less energy. Naturally there isno medium-indued antenna radiation for a vanishing opening angle due tothe onservation of the olor harge. Overall, the phase spae restritionfor gluon radiation implied by the dead-one e�et is similar for both theantenna of large opening angles and the independent emitters.In order to further investigate the relation between the radiative energy lossand its angular struture, we ompute the medium-indued radiative energyloss outside of a spei� gluon emission angle:
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. (4.67)The ratio ∆E (θ) /E as a funtion of the gluon emission angle is shownin �gures 4.10 and 4.11 for the moderate and the dense medium senar-ios, respetively. Note that the behavior of ∆E (θ) with the gluon emissionangle traes the angular behavior of the di�erential energy spetrum. Aderease slower than linear of ∆E (θ) omes from an inreasing energy spe-trum. A dereasing linear behavior of ∆E (θ) results from a at energyspetrum. A derease stronger than linear of ∆E (θ) traes a falling energyspetrum. A at behavior of ∆E (θ) indiates the null ontribution, whihis due to the anti-angular ordering for the antenna. An inreasing behaviorof ∆E (θ) indiates the existene of negative ontributions at small anglesdue to the destrutive interferenes, whih is a well-known phenomenonin the BDMPS-Z/ASW/GLV framework [22, 28℄ for the small medium pa-rameters. The �rst behavior points to k-broadening of the radiation whihreahes the upper bound at a �nite gluon emission angle. Reall that the61



medium-indued gluon radiation spetrum o� a single emitter is known toexhibit k-broadening, and a proportionality relation between 〈k2〉 and ∆Eholds there (see Eq.(4.6)).Examining �gures 4.10 and 4.11, one an see that the independent emitterexhibits k-broadening in the regions of soft and semi-soft gluon emission,i.e. 0 ≤ ω ≤ 2 GeV and 2 GeV ≤ ω ≤ 6 GeV. k-broadening emerges due tothe resattering of the emitted o�-shell gluon with the medium. Sine theinterferene spetrum II dominates in the soft limit ω → 0, and it only on-tains the on-shell gluon bremsstrahlung and the resatterings of the quarkand the antiquark with the medium, there is no k-broadening for the an-tenna. For the antenna opening angle θqq̄ = 0.1 in the regions of soft andsemi-soft gluon emission, ∆E (θ) of the massless antenna is almost a on-stant for the gluon emission angle θ ≤ θqq̄ due to the anti-angular ordering.For the gluon emission angle θ > θqq̄, the urve of the massless antennadrops monotonously and faster than linear with an inreasing gluon emis-sion angle. The suppression of the gluon radiation o� the bottom antenna(dotted urve) as ompared with the one o� the massless antenna (solidurve) an be learly seen at the gluon emission angle θ ≤ θqq̄, beausemost of the gluons are emitted around the antenna opening angle. For theantenna opening angle θqq̄ = 0.4, the antenna still keeps the interferenefeature, i.e. the at behavior for the gluon emission angle θ < θqq̄ in thesoft gluon emission setor, but it shows some k-broadening in the semi-softgluon emission setor (more evident for the large medium parameters).Note that in �gure 4.10 the interferene between the emitters inluded inthe antenna generates more gluon radiation at the antenna opening angle
θqq̄ = 0.4 than at θqq̄ = 0.1 for the spei� hoie of the parameters, i.e.
mD = 0.5 GeV, L = 4 fm and 0 ≤ ω ≤ 2 GeV. It agrees with the medium-indued gluon energy spetrum (see the left olumn in �gure 4.8). In theregion of large gluon emission energy, i.e. 6 GeV ≤ ω ≤ E = 100 GeV, forboth the antenna opening angles θqq̄ = 0.1 and 0.4, the antenna and theindependent spetra exhibit similar features with respet to the transversemomentum broadening in both the massless and the massive ases. Onean see that the interferene spetrum dominates gluon radiation when theantenna opening angle is small and the emitted gluon is soft. In this ase, theantenna exhibits a new type of broadening, i.e. anti-angular ordering; whilethe antenna behaves like a superposition of independent emitters when theopening angle is large and the radiated gluon is hard, and then the antennashows the typial k-broadening.As a short summary, we notie that more ollimated antennas lose lessenergy and the size of the mass e�et on the energy loss for a quark-antiquarkantenna with inreasing opening angles beomes more and more similar to62



the one resulting from independent emitters (see �gure 4.12). Thereforeonly a superposition of two independent radiation exists in a bak-to-bakquark-antiquark system.
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Figure 4.8: The medium-indued gluon energy spetrum [2℄ (We presentalulations for the moderate medium senario in the left olumn and thedense medium senario in the right, where the opening angle is θqq̄ = 0.1 inthe upper row and θqq̄ = 0.4 in the lower row. The solid urve orresponds tothe massless antenna, the dotted urve orresponds to the massive antenna,the dashed urve orresponds to the massless independent spetrum and thedash-dotted urve orresponds to the massive independent one. The use ofrest mass m = 10 GeV is for the purpose of illustration.)
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Figure 4.9: Dependene of the relative medium-indued radiative energyloss on the antenna opening angle [2℄ (The parameters are: Debye mass
mD = 0.5 (2) GeV and medium length L = 4 (10) fm for the plots onthe left (right). The solid urves orrespond to the massless antenna, thedotted urves to the bottom antenna, the dashed urves to the masslessindependent spetra and the dash-dotted urves to the bottom independentspetra. From top to bottom, the values used for ωmin are 0, 2 GeV and 6GeV, while those for ωmax are 2 GeV, 6 GeV and Eq = E = 100 GeV.)
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Figure 4.10: Dependene of the relative medium-indued radiative energyloss outside of a one on the angle de�ning the one [2℄ (The parametersare: Debye mass mD = 0.5 GeV, medium length L = 4 fm, and antennaopening angle θqq̄ = 0.1 (0.4) for the plots on the left (right). The solidurves orrespond to the massless antenna, the dotted urves to the bottomantenna, the dashed urves to the massless independent spetra and thedash-dotted urves to the bottom independent spetra. From top to bottom,the values used for ωmin are 0, 2 GeV and 6 GeV, while those for ωmax are
2 GeV, 6 GeV and Eq = E = 100 GeV.)
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Figure 4.11: Dependene of the relative medium-indued radiative energyloss outside of a one on the angle de�ning the one [2℄ (The parametersare: Debye mass mD = 2 GeV, medium length L = 10 fm, and antennaopening angle θqq̄ = 0.1 (0.4) for the plots on the left (right). The solidurves orrespond to the massless antenna, the dotted urves to the bottomantenna, the dashed urves to the massless independent spetra and thedash-dotted urves to the bottom independent spetra. From top to bottom,the values used for ωmin are 0, 2 GeV and 6 GeV, while those for ωmax are
2 GeV, 6 GeV and Eq = E = 100 GeV.)
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Figure 4.12: Summary plot on mass e�ets for medium-indued radiation[2℄ (The solid line refers to the antenna spetrum, while the dashed line tothe independent one.)
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Chapter 5

Antenna in t-channel

5.1 t-channel antenna radiation in vacuumStudies of medium-indued QCD radiation usually rely on the alulationof single-gluon radiation spetrum o� an energeti parton traversing an ex-tended olored medium. In 4.2.5, the importane of interferene e�etsbetween two emitters in the medium has been explored. As an extension tothe study of the s-hannel antenna radiation, the t-hannel antenna radia-tion is studied in [3℄, i.e. the olor oherene pattern between initial and�nal state radiation.

Figure 5.1: Soft gluon radiation in the quark sattering proess without olortransfer in t-hannel in vauum [30℄ (Note that θpp̄ = θqq as introdued inthe text.)A Deep Inelasti Sattering proess with an exhange of a virtual spae-likephoton is onsidered (see �gure 5.1). The virtual photon exhange is denotedas hard sattering in the following. The alulation is again performed inthe light one gauge A+ = 0 with n = (0, 1,0). The lassial urrent thatdesribes the inoming and the outgoing quarks with the hard sattering69



taking plae at a ertain time t = t0 reads
J(0) = Jin,(0) + Jout,(0), (5.1)where the subsript (0) denotes vauum quantities, and the urrents for theinoming and the outgoing quarks are given by

Jµ,a
in,(0) = g

pµ

E
δ(3)

(

~x− ~p

E
t

)

Θ (t0 − t) Qa
in,

Jµ,a
out,(0) = g

p̄µ

Ē
δ(3)

(

~x−
~̄p

Ē
t

)

Θ (t− t0) Q
a
out.

(5.2)In Eq.(5.2), Qa
in and Qa

out are the olor harges of the inoming and theoutgoing quarks, respetively, and the overline is used here to denote themomentum and other related quantities of the outgoing quark. By urrentonservation, one has Qa
in = Qa

out and Qa 2
in = Qa 2

out = CF . Here we willfollow the approah of the last hapter and we start again by the vauum.By linearizing the lassial Yang-Mills equations, f. Eq.(4.10), the solutionof the lassial gauge �eld at leading order of the strong oupling onstantin momentum spae reads
−k2Ai,a

(0) = 2 i g

(

κi

κ2
Qa

in − κ̄i

κ̄2
Qa

out

)

, (5.3)where the forms of the transverse vetors κi and κ̄i are the same as inEq.(4.19), but here the transverse vetors desribe the transverse momentaof the gluon relative to the ones of the inoming and the outgoing quarks,respetively. Taking the solution of the lassial gauge �eld, i.e. Eq.(5.3),into the redution formula and summing over the physial polarizations, thevauum spetrum of a soft gluon radiation in the quark sattering proesswithout olor transfer in t-hannel reads
ω

dNvac

d3~k
=

αsCF

(2π)2 ω2
(Rin + Rout − 2J ) , (5.4)where 70



Rin ≡ 4ω2

κ2
,

Rout ≡
4ω2

κ̄2

(5.5)are the independent radiation spetra o� the inoming and the outgoingquarks, respetively, and
J ≡ 4ω2 κ · κ̄

κ2 κ̄2
(5.6)denotes the interferene between the inoming and the outgoing quarks.The same as the ase of the s-hannel antenna radiation in vauum, one anseparate the ollinear divergenes belonging to either the inoming quark orthe outgoing one by de�ning the oherent spetra Pvac

in = Rin−J and Pvac
out =

Rout −J , respetively. The vauum spetrum in Eq.(5.4) presents both thesoft and the ollinear divergenes. In addition, the inlusive spetrum issuppressed at large gluon emission angles due to the destrutive interferenebetween the emitters, i.e. taking the azimuthal angle average along thelongitudinal axis of, e.g. the inoming quark:
〈dNvac

in 〉ϕ =
αs CF

π

dω

ω

sin θ dθ

1 − cos θ
Θ (cos θ − cos θqq) , (5.7)where the gluon emission angle is de�ned as before, and θqq is the satteringangle between the inoming and the outgoing quarks whih is related tothe virtuality of the o�-shell partile in the hard sattering, e.g. the vir-tual photon in Deep Inelasti Sattering. Eq.(5.7) indiates that the gluonemissions are on�ned in the one set by the sattering angle along eitherthe inoming or the outgoing quark. The proedure desribed here an beextended to higher orders and onstitutes the basi building blok for theonstrution of a oherent parton branhing formalism [31℄.

5.2 t-channel antenna radiation in a medium

5.2.1 Dilute medium set-upOne way to inlude medium modi�ations to the t-hannel antenna radia-tion spetrum is to onsider an asymptoti highly energeti quark produedin the remote past that su�ers a hard sattering at x+ = x+
0 and afterwards71
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Figure 5.2: Medium-indued soft gluon radiation in the quark satteringproess without olor transfer in t-hannel [3℄traverses a stati olor deon�ned medium of �nite size L+ =
√

2L. Herethe olor deon�ned medium is assumed to appear at exatly the same mo-ment as the hard sattering, i.e. at x+ = x+
0 . Gluon is radiated either beforeor after the hard sattering (see �gure 5.2 for an illustration of the physialon�guration under onsideration). In the lassial gauge �eld approxima-tion, the quark �elds at as a perturbation around the strong medium �eld(the shaded retangle in �gure 5.2). The total �eld is written as

A ≡ Amed +A(0) +A(1), (5.8)where A(0) is the gauge �eld of the quarks in vauum, and A(1) is the induedgauge �eld, i.e. the response of the medium �eld at �rst order. The medium�eld in Eq.(5.8) is the solution of the 2-dimensional Poisson equation, f.Eq.(4.30). In Fourier transform the medium �eld reads
A−

med

(

x+,x
)

=

∫

d4q

(2π)4
2π δ

(

q+
)

A−
med

(

q−,q
)

e−i q·x, (5.9)At �rst order in the medium �eld, the ontinuity equation for the induedeikonalized urrent is the same as in Eq.(4.34). Its solution an be writtenas the sum of the urrents of the inoming and the outgoing quarks:
Jµ

(1)
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p · ∂
[

A−
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]

+ i g
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A−
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+
out,(0)

]

, (5.10)where J+
in,(0) and J+

out,(0) are given by the expressions in Eq.(5.2). Theurrent of the inoming quark at �rst order in the medium �eld is72
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in,(1) (k) = (i g)2
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−i p · k

∫

d4q

(2π)4
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p · (k − q) − i ǫ
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med (q)

]ab
Qb

in,

(5.11)where [T ·A−
med (q)

]ab
Qb

in ≡ −i fabcAc
med (q) Qb

in. An analogous expressionis readily obtained for the urrent of the outgoing quark. After linearizingthe lassial Yang-Mills equations in αs, the equation of motion for thetransverse omponents of the indued gauge �eld reads
∂2Ai

(1) − 2 i g
[

A−
med, ∂

+Ai
(0)

]

= − ∂i

∂+
J+

(1) + J i
(1). (5.12)While the alulation of the amplitude assoiated to the outgoing quark isidential to the one assoiated to the quark in the ase of the s-hannelantenna, the treatment to the inoming quark is slightly di�erent due tothe di�erene of the Heaviside step funtions in Eq.(5.2). The solution ofEq.(5.12) in momentum spae for the indued gauge �eld of the inomingquark an be written as
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(5.13)where Ai
in,(0) (k − q) an be identi�ed with the vauum �eld indued by theinoming quark, f. Eq.(5.3). Integrating out q− in Eq.(5.13) and assumingthat the medium starts to appear at x+ = x+

0 , one obtains
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(5.14)On the other hand, the solution of the indued gauge �eld due to the out-going quark reads [17, 26℄ 73



−k2Ai,a
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(5.15)
whih is idential to Eq.(4.40) as expeted. By using the redution formulatogether with the indued gauge �elds for both the inoming and the outgo-ing quarks, one gets the total sattering amplitude for soft gluon radiationo� the inoming and the outgoing quarks:
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. (5.16)Here we use the de�nition of the transverse omponents of the Lipatov vertexin the light one gauge:
L̄ =

κ̄ − q

(κ̄ − q)2
− κ̄

κ̄2
. (5.17)From Eq.(5.16), one observes that the ontribution to the total satteringamplitude from the inoming and the outgoing quarks is not symmetri.Suh di�erene arises due not only to kinemati onstraints but also be-ause gluons o� the outgoing quark may be radiated and resatter with theolor deon�ned medium, while gluons o� the inoming quark are reatedprior to their passage through the medium, and their momenta are going tobe simply reshu�ed one they interat with the medium during the interval

x+
0 ≤ x+ ≤ L+. To evaluate the ross setion one must average the medium�eld and inlude the virtual orretions. The medium average is performedin the same fashion as in Eq.(4.44). The ontat terms required by unitarity74



are the interferenes between the gluon emission amplitude in vauum andthe one aompanied by two satterings with the medium with no net mo-mentum transfer. These an be added to the radiative ross setion througha rede�nition of the potential, f. Eq.(4.49).

Figure 5.3: All types of Feynman diagrams ontributing to the radiativeross setion in the light-one gauge [3℄When alulating the radiative ross setion in the light-one gauge, theontributions to the gluon spetrum an be separated aording to the po-sition of the emission vertex in the amplitude and its omplex onjugate.In our setup, we have three possible ases. First: Gluons radiated inde-pendently o� the inoming quark, whih orresponds to the square of theamplitude where the emission vertex is before the hard sattering, so thatthe gluon entering the medium is fully formed. Seond: Gluons radiatedindependently o� the outgoing quark, whih orresponds to the square ofthe amplitudes with both emission verties after the hard sattering. Third:Gluons radiated in a fashion of inferene between the ases where one gluonemission vertex is before the hard sattering in amplitude and another isafter the hard sattering in the omplex onjugate of the amplitude. Fig-ure 5.3 illustrates this lassi�ation in terms of Feynman diagrams. Notethat the same result as presented here an be obtained by using the Feyn-man diagram language instead of the lassial gauge �eld approximation.75



In this ase, there are 2 vauum amplitudes, 5 amplitudes with one sat-tering and 7 amplitudes with two satterings that ontribute to the ontatterms. The medium-indued gluon radiation spetrum is proportional tothe sum of the medium averages, whih onsists of 39 diagrams in total.After squaring the amplitude, averaging the olors, summing over the phys-ial polarizations and onsidering the interferenes, the spetrum of themedium-indued gluon radiation reads
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=
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2 k+
x+

)]}

,(5.18)where the medium transport parameter is de�ned in Eq.(4.46) and one sets
x+

0 = 0. The �rst line in Eq.(5.18) is the ontribution to the gluon radiationspetrum o� the inoming quark. It orresponds to the bremsstrahlungof the aelerated olor harge, whih subsequently undergoes resattering.The seond line in Eq.(5.18) orresponds to emissions o� the outgoing quark.It is identi�ed with the so-alled GLV spetrum [25℄ or equivalently the �rstorder in the opaity expansion of the BDMPS-Z-W spetrum [24℄. Thenovel ontributions assoiated to the interferenes between both emittersare ontained in the rest. Note that the interferene ontributions showboth the soft and the ollinear divergenies. We observe that in the limitwhen the sattering angle between both emitters vanishes, i.e. θqq → 0, themedium-indued gluon radiation spetrum (see Eq.(5.18)) redues to thewell known Gunion-Bertsh spetrum [37℄ (see Eq.(4.2)). This is expetedsine the Gunion-Bertsh spetrum is the genuine indued emission due toa sattering of an asymptoti harge with the medium.In our notation, the hard emission is the one in whih the emitted gluonundergoes no sattering with the olor deon�ned medium. The patternof interferenes between the hard and the medium-indued emissions is in-volved. In order to better eluidate its physis, we onsider here three in-teresting asymptoti regimes, namely the inoherent, the oherent and thesoft limits. The GLV spetrum shows an interplay between the hard and76



the medium-indued gluon emissions. The phase ahieved by olor rotationrelates the e�etive formation time of the emitted gluon τf ∼ ω/ (κ̄ − q)2to the position of the interation with the medium whih is the main auseof the interferene between both mehanisms of emission. The spetrumreahes its maximum in the inoherent limit τf ≪ L+, where these meh-anisms an be learly separated sine the phases anel. In addition, thislimit permits a lear probabilisti interpretation [24℄. When one takes theinoherent limit, the ontribution with the osines in Eq.(5.18) an be ne-gleted and the spetrum an be written as
ω
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×
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L̄2 + C2 (k− q) − C2 (k)
]

,

(5.19)where we use the de�nition of the transverse emission urrent (an identialde�nition follows for C (k− q) by hanging k → k− q, f. Eq.(4.50))
C (k) =

κ

κ2
− κ̄

κ̄2
. (5.20)Note that the gluon spetrum in vauum, i.e. Eq.(5.4), an be rewrittenin terms of C2 (k), so this term takes into aount the independent hardgluon emissions as well as their interferenes. A similar interpretation ap-plies for C2 (k− q) but by the transverse momentum broadening of theemitted on-shell gluon due to its resattering with the medium. The in-oherent limit of the gluon spetrum given by Eq.(5.19) allows a similarprobabilisti interpretation as in the ase of the GLV spetrum but furtherinluding the interferenes. In the inoherent limit, one observes two meh-anisms of gluon radiation. The �rst term of Eq.(5.19) orresponds to thegenuine medium-indued gluon radiation o� an asymptoti quark that suf-fers a sattering with the medium, i.e. the Gunion-Bertsh spetrum. Thelast two terms in Eq.(5.19) orrespond to the radiation pattern in Eq.(5.4),i.e. the bremsstrahlung assoiated to the hard sattering, followed by theradiated on-shell gluon su�ering a lassial sequential proess of resatteringwith the medium. In addition, these last two terms inlude the interferenesbetween the inoming and the outgoing quarks.For the large formation time τf ≫ L+, the medium-indued gluon radiationspetrum o� a quark reated at �nite time is ompletely suppressed due tothe LPM e�et. When the oherent limit is taken for the gluon spetrum(see Eq.(5.18)), the osine does not osillate, i.e. cos (L+/τf ) → 1, andtherefore the gluon spetrum is further simpli�ed to be77
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(5.21)The �rst two terms in Eq.(5.21) orrespond simply to the transverse mo-mentum broadening of the on-shell gluon emission o� the inoming quarkand the onservation of the gluon radiation probability. The last two termsare the interferenes between the initial and the �nal states. The fat thatthere is no ontribution exlusively assoiated to the outgoing quark, i.e. theGLV spetrum, is aused mainly by the destrutive interferenes betweenthe hard and the medium-indued emissions taking plae ompletely insidethe medium. So, in this ase the LPM e�et beomes subleading and someof the interferenes between the initial and the �nal quarks remain. Notethat if one integrates out k in Eq.(5.21) and neglets the �nite kinematis ofthe gluon, one an reover the result shown in Eq.(3.4) of [38℄, where a sim-ilar setup as the one presented here has been advoated to be of relevanefor the energy loss of quarkonia in nulear matter. In the oherent limit theposition of the sattering enter beomes lose to the hard sattering pointwhere the medium starts, and thus it looks as if the hard gluon radiated o�the outgoing quark does not resatter and is produed ompletely outsidethe medium. This hard gluon produed outside the medium is preiselythe one that interferes with any of the hard and the medium-indued gluonemissions assoiated to the inoming quark.The medium-indued gluon spetrum (5.18) an be further simpli�ed in thesoft limit ω → 0. In this limit, the dominating ontribution to the rosssetion is
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. (5.22)From this result, one an onlude that in the soft limit the medium-indued gluon emissions ontain the same strutures as the vauum ones(see Eq.(5.4)). Thus, in the soft limit the medium-indued gluon radiationspetrum an be written as
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where ∆ = q̂ L+/m2
D ≈ L/λ is the opaity expansion parameter, i.e. thee�etive number of sattering enters. In the soft limit, the full gluon spe-trum in the presene of a medium is

dN tot
∣

∣

ω→0
=
(

dNvac + dNmed
)

∣

∣

ω→0
. (5.24)Following the similar proedure as the vauum ase, one separates the in-dependent and interferene ontributions to the inoming and the outgoingquarks in suh a way that the total spetrum reads

ω
dN tot

d3~k

∣

∣

∣

∣

ω→0

=
αsCF

(2π)2
(

Ptot
in + Ptot

out

)

∣

∣

∣

∣

ω→0

, (5.25)where
Ptot

in = (1 − ∆) (Rin − J ) ,

Ptot
out = Rout − (1 − ∆) J .

(5.26)In the absene of a medium, i.e. ∆ → 0, one naturally reovers the radiationpattern observed in vauum, i.e. Eq.(5.4). In the opposite ase of an opaquemedium, i.e. ∆ → 1, there is a signi�ant redution of soft gluon oherentradiation from the inoming quark, whih is in qualitative agreement withthe expetations from the saturation of parton densities [39℄. Note that theboundary ondition ∆ ≤ 1, although not evident in the �rst order in theopaity expansion, is given by unitarity. When multiple soft satterings, i.e.dense medium, are onsidered, we expet that the soft gluon emission fromthe inoming quark to be exponentially suppressed. In the soft limit, thetotal spetrum (5.25) presents both the soft and the ollinear divergenes.The separation of the gluon radiation, i.e. Eq.(5.26), allows not only aseparation of the ollinear divergenes but also a simple and intuitive prob-abilisti interpretation. Ptot
in is the gluon emission o� the inoming quarkredued by the probability ∆ that an interation of the emitted on-shellgluon ours inside the medium. After performing an azimuthal angle av-erage, Ptot

in has the same angular ordering onstraint as the vauum ase,i.e. the emitted gluons will be on�ned inside a one set by the satteringangle around the inoming quark, but the soft gluon radiation dereases bya quantity proportional to ∆. Ptot
out aounts for the partial deoherene ofthe emitted gluon due to the satterings with the olor deon�ned medium.79



Suh deoherene is measured by the probability of an interation withthe medium ∆. Ptot
out shows resemblane to the radiation pattern alreadyobserved for the s-hannel antenna radiation in a dilute olor deon�nedmedium [17, 26℄, whih tells us that the interation with the medium opensmore phase spae for large angle emissions and there is a strit geometrialseparation between the vauum and the medium-indued radiation, a prop-erty alled anti-angular ordering. The soft limit remains valid for a rangeof �nite gluon energies as far as ω θqq ≪ mD and |k| ≪ mD. Hene, theanalysis for �nite values of gluon energy involves two regimes related to therelevant sales of the problem, the sattering angle θqq between the inom-ing and the outgoing quarks and the typial transverse momentum transfer

|q| ∼ mD from the medium. So one has either θqq . mD/ω or θqq & mD/ω.
5.2.2 Dense medium set-upIn this setion we outline the alulation of the emission amplitude by usingthe semilassial methods of perturbative QCD. We introdue the notationsfollowed through this work. This theoretial framework has shown to bea powerful tool in alulating observables involving soft gluon emissions athigh energies [39, 41, 42℄. Within this approah, soft gluon emissions an beseen as solutions of the linearized lassial Yang Mills (CYM) equations inthe presene of a bakground �eld (the target) and a olor soure whih is aparton with large momentum fration (the projetile). Through this workwe limit ourselves to the eikonal approximation, whih is valid as far as thegluon is soft relative to the parent partons. In addition we will also onsiderthe region of small angles de�ned by p+, p̄+ ≫ |p|, |p̄| ≫ k+ ≫ |k|, whihis the interesting region in intrajet physis.We �rst reall the standard redution formula whih relates the amplitudeof gluon emission with 4-momentum k = (w,~k) with the lassial gauge �eld
Aa

µ (see for instane [14℄, pp. 217-224)
Ma

λ(~k) = lim
k2→0

∫

d4x eik·x �xA
a
µ(x)ǫµλ(~k), (5.27)where ǫµλ(~k) is the gluon polarization vetor. The lassial gauge �eld Aa

µ isthe solution of the lassial Yang Mills (CYM) equations
[Dµ, F

µν ] = J ν , (5.28)with Dµ ≡ ∂µ − igAµ and Fµν ≡ ∂µAν − ∂νAµ − ig[Aµ, Aν ]. In additionto Eq.(5.28), one must onsider the ontinuity equation for the lassialolor urrent [Dµ,J µ] = 0, whih desribes the spae-time evolution of theprojetiles. We onentrate on asymptoti states far from the region where80



the physial proess happens, i.e. at x+ → ∞. Therefore, Eq.(5.27) an berewritten as [35, 42℄
Ma

λ(~k) = lim
x+→∞

∫

dx−d2x eik·x 2∂+
x Aa(x) · ǫλ(~k) . (5.29)We perform our alulations in the light-one gauge (LCG) A+ = 0. Onlythe transverse polarization ontributes to the radiative ross-setion sine

∑

λ ǫ
i
λ(ǫjλ)∗ = δij , where i(j) = 1, 2. Finally, the gluon spetrum reads as

(2π)32k+ dN

d3k
=
∑

λ=1,2

|Ma
λ(~k)|2, (5.30)where the phase spae volume in momentum spae is d3k ≡ d2k dk+. We�rst review within this approah the oherene pattern in DIS for the singletase. Then we desribe the set-up implemented in this work to study themedium modi�ations to the interferene pattern between the initial andthe �nal state radiation.Let us �rst disuss a DIS proess when there is no olor transfer in the t-hannel exhange (e.g. an eletroweak quark sattering) at �nite angle θqq.We denote the t-hannel sattering in what follows as the hard sattering.In the absene of a QCD medium, the lassial eikonalized urrent thatdesribes the quark urrent that satters before (bef) or after (aft) the hardsattering at x+

0 = 0 reads as J µ
(0) = J µ

bef,(0) + J µ
aft,(0), where J µ

bef,(0) and
J µ

aft,(0)
are

J µ,a
bef,(0)(x) = guµΘ(x+

0 − x+)δ(x− − u−x+)δ(2)(x − ux+)Qa
bef ,(5.31a)

J µ,a
aft,(0)(x) = gūµΘ(x+ − x+

0 )δ(x− − ū−x+)δ(2)(x − ūx+)Qa
aft.(5.31b)In the last expression we have used the de�nition of the 4-veloity for eahparton in the light-one (LC) oordinates uµ = pµ/p+ ≡ (1, u−,u) and

Qa
bef(aft) denotes the olor harge of the inoming (outgoing) parton. Colorurrent onservation implies that Qa

bef = Qa
aft. An overline ¯ is used here-after to denote the related quantities of the outgoing parton. In momentumspae, the total urrent J µ

(0) an be written as
Jµ

(0),a = ig

(

− pµ

p · k + iǫ
Qa

bef +
p̄µ

p̄ · k + iǫ
Qa

aft

)

. (5.32)By taking the square of the total olor urrent, one gets the gluon spetrum[18℄
k+ dN

d3k
=
αsCF

π2

(

1

κ2
+

1

κ̄2
− 2

κ · κ̄
κ2κ̄2

)

, (5.33)81



where κ = k−xp is the transverse momenta of the gluon with respet to theinoming quark (similar de�nition follows for the outgoing quark denotedby κ̄ = k−xp̄). In order to obtain the expression (5.33) we simply onsiderthat the salar produt of two olor harges is given by QiQj = CF for theolor singlet on�guration. A generalization for any olor on�guration isstraightforward [18, 43℄.In addition to the soft and ollinear divergenes, the gluon spetrum (5.33)is suppressed at large angles. This is due to the destrutive interferenesbetween both emitters and it is the physial origin of the angular orderingin parton asades [18℄. For a more omplete disussion about the oherenephenomena in jet physis in vauum see Refs. [18, 31, 43℄.We are interested in alulating the gluon emission o� a parton reated inthe remote past, whih su�ers a hard sattering at x+
0 = 0 and subsequentlypasses through a dense QCD medium of �nite size. For simpliity we on-sider that the medium is formed immediately after the hard sattering. TheQCD medium is desribed by a bakground gauge �eld Aa,−

med whih is a so-lution of the two dimensional Poisson equation −∂xA
a,−
med = ρa(x+x), where

ρa(x+,x) is the stati distribution of medium olor harges.From the ontinuity equation [Dµ,J µ] = 0, one �nds that the lassialquark urrents (5.31) behave di�erent when a QCD medium is present. Theeikonalized urrent (5.31b) of the outgoing parton gets olor rotated due tothe multiple soft satterings with the bakground �eld A−
med and its solutionis given by [15, 41, 42℄

J µ,a
aft (x) = Uab(x+, 0)J b,µ

aft,(0)(x) , (5.34)where Uab(x+, 0) is a Wilson line in the adjoint representation and its generalde�nition is
Uab(x+, y+, [r]) = Pξ exp

[

ig

∫ x+

y+

dz+ T · A−
med

(

z+, r(z+)
)

]

, (5.35)where Pξ denotes path ordering along ξ and the trajetory of the probealong the transverse path is denoted by r = uz+.In the ase of the lassial urrent of the inoming parton (5.31a), thisone does not get olor rotated even when a QCD medium is present sinethe latter is formed after the hard sattering. As we shall see below, thegluon radiation o� the inoming parton will be simply a lassial broadeningproess. In addition, we notie that the onservation of olor harge is stillsatis�ed Qbef = Qaft, i.e. the presene of the medium does not hange thevalues of the olor harges of the projetile as one expets.We require to solve Eq.(5.28) for the total gauge �eld Aµ = δµ−A−
med + aµ,where aµ is a small perturbation around the bakground �eld A−

med. In the82



light-one gauge the linearized version of Eq.(5.28) are [41, 15℄
∂−a

− + ∂ia
i = −J+

∂−

, (5.36a)
�a− − 2ig

[

A−
med, ∂−a

−
]

− 2ig
[

ai, ∂iA−
med

]

+ i g[A−
med, ∂−a

− + ∂ia
i] = J−, (5.36b)

(

� − 2ig(T · A−
med)∂−

)

ai = J i
a − ∂i

(

J+

∂−

)

. (5.36)In the last equations, the total urrent J µ = J µ
bef,(0) + J µ

aft, where J µ
bef,(0)and J µ

aft are given by Eqs.(5.31a) and (5.34), respetively. Due to thegauge hoie only the transverse omponents ai ontribute to the gluonemission amplitude, so we will onentrate only on its equation of motion.In prinipal one an also �nd the omponent a− either by solving diretlyEq.(5.36b) or use the onstraint Eq.(5.36a) provided a known solution for
ai. See Refs.[41, 42℄, where this proedure was done in the CGC ontext.The solution of Eq.(5.36) is given by [15, 42℄

ai
a(x

+,x, k+) =

∫

d4y Gab(x, y)J̃ i
b (y), (5.37)where the modi�ed urrent reads

J̃ i = J i
a − ∂i

(J +

∂−

)

. (5.38)and Gab is the retarded Green funtion of the di�erential equation
(

� − 2 ig T · A−med∂+
)

G(x, y) = δ(4)(x− y). (5.39)The bakground �eld does not depend on x− whih implies that the Greenfuntion G(x, y) is invariant under translations along this diretion. It isonvenient to introdue here a Fourier transform of the Green funtion Gab

G(x+,x ; y+,y|k+) =

∫ +∞

−∞
dx−ei(x−y)−k+

2∂+
x G(x, y) , (5.40)whih obeys the Shr�odinger-like equation

(

i∂− +
∂2

2k+
+ gT ·A−med)G(x+,x; y+,y|k+) = iδ(x+ − y+)δ(x − y),(5.41)and its solution is written as a path integral along the transverse plane[15℄

G
(

x+,x; y+,y|k+
)

=

∫

D[r] exp

[

i
k+

2

∫ x+

y+

dξ ṙ2(ξ)

]

U(x+, y+; [r]) .(5.42)83



This propagator takes into aount the non eikonal orretions to the emit-ted gluon due to the momentum broadening aquired due to the multiplesoft satterings with the medium. Finally, by taking the solution of the ra-diation �eld ai (5.37) and replaing it into Eq.(5.29), we get the total gluonemission amplitude
Ma

tot,λ(~k) = lim
x+→∞

∫

d2x d4y ei(k
−x+−k·x) eik

+y−

× Gab

(

x+,x; y+,y|k+
)

J̃ b(y) · ǫλ . (5.43)We an separate and interpret at the level of the amplitude what ontribu-tion omes from the parton before or after the hard sattering sine the totalurrent has two omponents (see �gure 5.2). In the following we desribeboth ontributions.Depending on the longitudinal position y+ where the gluon is emitted, thesattering amplitude of the outgoing parton an be split in two piees: when
y+ ∈ [0, L+] the emission ours inside the medium (in), and when y+ ≥ L+the emission takes plae outside the medium (out) (see �gure 5.2). This iseasily ahieved by separating the integral over y+ as

∫ ∞

0
dy+ =

(

∫ L+

0
+

∫ ∞

L+

)

dy+.Then one replaes the olor urrent (5.34) into Eq.(5.43) and after a bit ofalgebra, the sattering amplitude assoiated to the outgoing quark urrentreads as Ma
λ,aft(

~k) = Ma
λ,in(~k) + Ma

λ,out(
~k), where [15, 35, 36℄

Ma
λ,in(~k) =

g

k+

∫

d2xei(k
−L+−k·x)

∫ L+

0
dy+eik

+ū−y+
ǫλ ·

(

i∂y + k+ū
)

× Gab

(

L+,x, y+,y = ūy+|k+
)

Ubc(y
+, 0)Qout

c , (5.44a)
Ma

λ,out(
~k) = −2i

ǫλ · κ̄
κ̄2

ei(k·ū)L+ Uab(L
+, 0)Qout

b . (5.44b)It must be understood in Eq.(5.44a) that after performing the transversederivatives ∂y one sets y = ūy+. The emission amplitude inside the medium
Min an be understood as a two-step proess. Initially the highly energetiparton gets olor preessed from 0 until y+, whih is taken into aountby the produt Ubc(y

+, 0)Qout
c . Afterwards, the gluon is emitted at y+ andit gets broadened until the edge of the medium at L+. The physial in-formation regarding the broadening of the gluon is enoded in the retardedpropagator G. In the ase of Mout the projetile su�ers ompletely the olorrotation along the total length of the medium and the gluon is emitted bybremsstrahlung outside of the medium.84



(a)

(d) (e) (f)

(b) (c)

Figure 5.4: Di�erent omponents of the gluon spetrum when a QCDmedium is present: (a) the \in-in" omponent, (b) the \in-out" ompo-nent, () the \out-out" omponent, (d) the \bef-bef" omponent, (e) the\bef-in" omponent and (f) the \bef-out" omponent. The dashed line rep-resents the ut whih divides the amplitude on the right and its omplexonjugate on the left. See the text for further details.As we shall see in the following, the square of amplitude assoiated to theoutgoing parton given by the last expression will give us the BDMPS-Zspetrum [19, 23, 24, 32, 44, 45, 46℄.The gluon radiation o� the inoming parton happens ompletely before ofthe hard sattering, i.e. the longitudinal position y+ ∈ [−∞, 0]. The emis-sion amplitude in this ase is found after replaing Eq.(5.31a) into Eq.(5.43),so �nally the ontribution from the inoming parton reads
Ma

λ,bef (~k) =
g

k+

∫

x+=∞
d2x ei(k

−x+−k·x)

∫ 0

−∞
dy+eik

+u−y+

× ǫλ ·
(

i∂y + k+u
)

Gab

(

x+,x, y+,y = uy+|k+
)

Qin
b .(5.45)As we pointed out previously, there is no olor preession in the lassi-al urrent desribing the inoming parton due to the absene of a QCDmedium before the hard sattering. So Mbef takes into aount the emis-sion by bremsstrahlung of the gluon and its subsequent lassial broadeningonsidered in the propagator G.We onlude here by realling that the total sattering amplitude is the sumof the ontributions Mtot = Maft +Mbef , where Maft and Mbef are givenby Eqs. (5.44) and (5.45), respetively.The ontributions to the gluon spetrum an be separated in di�erent om-ponents aording to the longitudinal position where the gluon is emittedin the amplitude and the omplex onjugate with respet to the hard sat-85



tering, i.e. if the gluon emission happens before (bef) or after the hardsattering. When the emission takes plae after the hard sattering, thegluon an be produed either inside (in) or outside (out) the QCD medium.Therefore, we have six di�erent possibilities (see �gure 5.2.2 for a sketh interms of Feynman diagrams): the diret emissions of the inoming parton(\bef-bef") and the outgoing one (\in-in",\in-out" and \out-out") and theinterferenes between both emitters (\bef-in" and \bef-out"). So the gluonspetrum is written as follows

k+dNtot

d3k
=

6
∑

i=1

k+dNi

d3k
, (5.46)86



where the di�erent ontributions k+dNi/d
3k are given by

k+dNbef−bef

d3k
=

αsCF

π2
Re{∫ d2rd2r′d2ld2l′

d2p

(2π)2
d2p′

(2π)2
eik

+u·(l−l′)e−ik·(r−r′)ei(p·l−p′·l′)

× p · p′

p2 p′2

〈

G
(

L+, r, 0, l|k+
)

G†
(

L+, r′, 0, l′|k+
)〉

N2
c − 1

}

, (5.47a)
k+dNin−in

d3k
=

αsCF

2π2

1

(k+)2
Re

{

∫ L+

0
dy+

∫ y+

0
dy′+

∫

d2zd2z′e−ik·(z−z′)eik
+ū−(y+−y′+)

×
(

i∂y + k+ū
)

·
(

−i∂y′ + k+ū
)

×
〈

G
(

L+,z, y+,y = ūy+|k+
)

U(y+, y′+)G†
(

L+,z′, y′+,y′ = ūy′+|k+
)〉

N2
c − 1

}

,(5.47b)
k+dNin−out

d3k
=

αsCF

π2

1

k+
Re{iei(k−−k·ū)L+

∫ L+

0
dy+

∫

d2zei(k
+ū−y+−k·z)

× κ̄ · (i∂y + k+u)

κ̄2

〈

G
(

L+,z, y+,y = ūy+|k+
)

U†
(

L+, y+
)〉

N2
c − 1

}

, (5.47)
k+dNout−out

d3k
=

αsCF

π2

1

κ̄2
, (5.47d)

k+dNbef−in

d3k
=

αsCF

π2

1

k+
Re{i∫ L+

0
dy+

∫

d2k′

(2π)2
d2r d2z d2l e−ik+ū−y+

eil·(k
′+k+ū)e−ik·(r−z)

× k′ · (−i∂y + k+ū)

k′2

×
〈

G
(

L+, r, 0, l|k+
)

U†
(

y+, 0
)

G†
(

L+,z, y+,y = ūy+|k+
)〉

N2
c − 1

}

, (5.47e)
k+ dNbef−out

d3k
= −2

αsCF

π2
Re

{

eiL
+(k−−k·ū)

∫

d2k′

(2π)2
d2r d2l e−ik·reil·(k

′+k+u)

× k′ · κ̄
κ̄2k′2

〈

G
(

L+, r, 0, l|k+
)

U†
(

L+, 0
)〉

N2
c − 1

}

. (5.47f)Eqs.(5.47) are valid for a given on�guration of the lassial gauge �elds andtherefore, it is neessary to average over the proper ensemble of the medium�eld on�gurations. Di�erent tehniques have been developed to arry outsuh averages. In this work we onsider that the medium averages are givenby a Gaussian white noise in the harmoni osillator approximation whihwe desribe in the following.A neessary ingredient to alulate observables in high-energy AA ollisionsis related to the distribution of the olor harges in the target. Sine thisinformation is not known from �rst priniples, it is usually assumed that87



the bakground �eld A−
med is distributed along the medium as a Gaussianwhite noise, i.e.

〈Aa
med(x

+,q)A∗b
med(x

′+,q′)〉 = δabn(x+)δ(x+ − x′+)δ(2)(q − q′)V2(q),(5.48)where V(q) is the medium interation potential and n(x+) is the volumedensity of sattering enters. In this work we onsider that for a statimedium V(q) is a olor sreened Coloumb potential [19, 23, 24, 25, 32, 44,47℄.In the gaussian white noise approximation Eq.(5.48) and for the presentalulation, we require to evaluate the orrelators 〈GU†〉 and 〈GG†〉. The twopoint funtion 〈GU†〉 is related with the quark-gluon dipole in the mediumand it is given by
1

N2
c − 1

〈TrG(x+,x; y+,y|k+)U†(x+, y+)〉 = eik
+u·[x̄(x+)−ȳ(y+)]

×eik+u−(x+−y+)K
(

x+, x̄(x+) ; y+, ȳ(y+)|k+
)

, (5.49)where x̄(x+) = x−ux+ and ȳ(y+) = y−uy+. The multiple soft satteringof the gluon with the medium is taken into aount by evaluating the pathintegral K [16, 24, 32℄,
K(x+,x; y+,y|k+) =

∫

D[r] exp

[

∫ x+

y+

dξ

(

i
k+

2
ṙ2(ξ) − 1

2
n(ξ)σ(r)

)

]

,(5.50)whih desribes the Brownian motion of the gluon in the transverse planefrom r(y+) = y to r(x+) = x. The orrelator 〈GG†〉 is related to themedium average involving the gluon from y+ to x+ reads
∫

d2x

∫

d2x′ e
−ik·(z−z′)

N2
c − 1

〈TrG(x+,z; y+,x|k+)G†(x+,z′; y+,y|k+) 〉 =

e−ik·(x−y)S(x+, y+,x − y) . (5.51)where the S(x+, y+,x − y) is formally the sattering S-matrix for a dipolewhih is de�ned as
S(x+, y+,x − y) = exp

[

−1

2

∫ x+

y+

dξ n(ξ)σ(x − y)

]

. (5.52)Both the medium averages (5.50) and (5.51) depend on the dipole rosssetion σ(r), whose general expression reads
σ(r) =

∫

d2q

(2π)2
V(q)

[

1 − cos(r · q)
]

. (5.53)88



Following the proedure usually found in the literature, we make use of the\harmoni osillator approximation", where the produt n(ξ)σ(r) ≈ 1
2 q̂r

2[22℄. This approximation is valid in the limit of multiple soft satterings.Here q̂ is the medium transport oeÆient, whih probes the aumulatedtransverse momentum squared per unit length. The harmoni osillatorapproximation allows to alulate exatly the path integral (5.50) in a statiand homogeneous medium whih is given by
Kosc(x

+,x; y+,y|k+) =
A

πi
exp
[

iAB(x2 + y2) − 2iAx · y
]

. (5.54)
where

A =
k+Ω

2 sin(Ω(x+ − y+))
, B = cos(Ω(x+ − y+)) . (5.55)

In these expressions the parameter Ω = (1−i)
2

√

q̂
k+ . In addition, the S-matrix for a dipole (5.52) in the harmoni osillator approximation takes asimple form

Sosc(y
+, x+, r) = exp

[

−1

4
q̂r2(y+ − x+)

]

. (5.56)
Now we alulate the di�erent omponents of the gluon spetrum (5.47) byevaluating the medium averages within the harmoni osillator approxima-tion as it was desribed above. After a lengthy alulation, the ontributions89



of the gluon spetrum an be �nally written as
k+dNbef−bef

d3k
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Re{∫ d2b

d2k′

(2π2)
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, (5.57a)
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, (5.57b)
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, (5.57)
k+dNout−out

d3k
=

αsCF

π2

1
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, (5.57d)
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, (5.57e)
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. (5.57f)
Before the analysis regarding the formation time, we onsider the limit whenthere is no QCD medium. In this limit q̂ → 0 the di�erent omponents of90



the medium-indued gluon spetrum (5.57) redue to
k+dNbef−bef

d3k
=

αsCF

π2

1

κ2
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, (5.58b)
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. (5.58f)After summing together the those expressions one �nds
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, (5.59)whih redues as expeted to the vauum gluon spetrum, i.e. Eq. (5.33).The physial meaning of the gluon spetrum (5.57) an be better understoodby onsidering formation time arguments. The oherent limit orresponds tothe ase when the emitted gluon remains oherent while rossing the QCDmedium, i.e. τd ≫ L+. Hene, the emitted gluon is not able to aquireBrownian motion while passing through the QCD medium. In this ase,one enters to the fully omplete LPM regime where the medium ats as aunique sattering enter and therefore the e�etive momentum transfer is
∼ Qs = q̂L+, whih is onstant. As a onsequene, in this limit dNin−inand dNin−out are suppressed. Therefore, the total spetrum is given by thesum of three omponents

k+dNtot

d3k

∣

∣

∣

∣

∣

τd≫L+

= k+dNbef−bef

d3k
+ k+dNbef−out

d3k
+ k+ dNout−out

d3k
. (5.60)In this limit, the dipole S and the path integral K beome [32℄
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Next we make expliit use of the above expressions to simplify the non-vanishing omponents of the gluon spetrum in this limit. The �nal resultan be written as
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, (5.62a)
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. (5.62)If we onsider the ase when the hard sattering does not a�et the trajetoryof the projetile, i.e. in the high-energy limit where δκ ∼ 0, then κ ∼ κ̄ = k,so Eqs.(5.62) oinide with the well known result obtained by Kovhegovand Mueller, see Eqs. 59-61 of Ref. [48℄. The high-energy limit of the gluonprodution in the dilute-dense regime has also been studied in the past bydi�erent authors [42, 48, 49, 50, 51, 52℄.
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Chapter 6

ConclusionsIn the end, let us refresh our knowledge and see what we have just under-stood in this thesis.� The study of the spetrum of two-photon radiation o� a quark ina medium is presented in this thesis. In the Moli�ere limit, we �ndsimilar features as in the ase of one-photon radiation o� a quark in amedium, namely the appearane of Gaussian distribution of the totalmomentum transfer from the medium. In the two-photon ase, thisis quite surprising sine the orresponding vauum spetrum is just asuperposition of two independent emissions.� The above onlusions hold, stritly speaking, only for the ladder emis-sion diagram, depited in �gure 3.4. For the two-photon ase, thereappears Feynman diagrams with muh more ompliated emission se-quenes, in addition to the diagrams inluding interferene with va-uum emissions.� The medium-indued gluon radiation spetrum o� a qq̄ antenna at�rst order in opaity expansion is generalized to the massive ase. Inthis alulation, performed in the high-energy limit, both the forma-tion time e�et and the dead-one e�et for massive quarks and theinterferene between emissions o� the quark and the antiquark are in-luded. The results and tehniques presented here an also be appliedto tagged heavy-quark jets.� We �nd that the anti-angular ordering obtained in the massless aseis modi�ed by the dead-one e�et. The deoherene phenomenonextends to the massive ase. The interferene between two emittersinluded in the antenna opens more phase spae for soft gluon radia-tion at relatively large opening angles for some spei� hoies of the93



parameters. More ollimated antenna loses less energy and the sizeof the mass e�et on the energy loss for the antenna of large openingangles is similar to the one resulting from independent emitters. Theaverage energy loss outside of a given emission angle is studied, andwe �nd that there is no typial k-broadening in the antenna in eitherthe massless or the massive ases for small antenna opening anglesand small energies of the emitted gluon, whih is just the anti-angularordering regime. The antenna spetrum is found to be dominated bythe ontribution from independent emitters for large antenna openingangles and large energies of the emitted gluon.� The breakdown of the traditional relation between radiative energyloss and k-broadening that we obtain in our formalism is very sug-gestive of an interpretation of the reent experimental �ndings on re-onstruted jets in nulear ollisions at the LHC. Indeed, the dataindiate that the main observed e�et is the emission of soft partilesat large angles, while there is no strong modi�ation of the fragmen-tation funtion or the dijet azimuthal asymmetry. At the same time,a large energy loss is observed in the energy imbalane between twobak-to-bak jets. These two features are diÆult to reonile in atraditional formalism as the relation between energy loss and broad-ening is a rather general one. However, they qualitatively admit anatural interpretation in terms of the partial deoherene, whih isfound when more than one emitter is onsidered, as done here, andwhere the vauum-like soft radiation is found. Although several issuesneed to be lari�ed before interpreting these data in terms of an un-derlying physial mehanism, e.g. the sample of jets studied retainssome bias as demonstrated by the suppression in RCP measured byATLAS, the �ndings presented in this thesis are very enouraging fora full desription of the data in terms of a medium-modi�ed partonshower.� The interferene pattern between initial and �nal radiation in a olordeon�ned medium is presented in this thesis. We derive an ana-lyti expression for the medium-indued gluon spetrum o� an asymp-toti parton reated in the remote past whih su�ers a hard ollisionand subsequently rosses a olor deon�ned medium. The medium-indued gluon spetrum has three ontributions: the independentgluon emissions assoiated to the inoming and the outgoing partons,and the interferene terms between both emitters. The angular dis-tribution of gluon emission is a�eted by the presene of these inter-ferenes between the emitters when one ompares with the radiation94



pattern in vauum.� The setup studied here shows in a transparent manner how the inter-ferenes a�et the angular distribution of the gluon radiation underthe presene of a olor deon�ned medium. Note that, the same as theprevious studies in vauum and in the medium, the results presentedhere for the t-hannel exhange of a olor singlet objet hold in thesoft limit for arbitrary olor representations. In this way, they areappliable to medium-indued soft gluon prodution for any t-hannelhard sattering. The possible phenomenologial onsequenes of our�ndings an be onsidered at the level of the inlusive spetra of pro-dued gluons, and the opening of more phase spae for large angle softemissions, whih is evident in the soft limit, should lead to an inreaseof soft hadron multipliities.My dotorate studies are the �rst steps towards jet alulus in a olor deon-�ned medium, and they may give an improved guidane to the onstrutionof the building bloks for the Monte Carlo simulators.
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